Configuration Interaction



Correlated wave function based methods

or sometimes ‘“‘Post Hartree Fock’

® Three types of methods

Enr
v/ Configuration Interaction
ECOI’I’

V' Perturbation theory
v Coupled Cluster

Eexact

Ecorr = Eexact‘ EHF ‘

® Two different starting points
V' Hartree Fock: Single reference methods
V' Multireference methods (MR) like CASSCF

CISD MRCI
MP2, MP4, ... CASPT2, NEVPTY,...
CCSD, CCSD(T),... MR-CC (in development)




Configuration Interaction

Slater Determinant for a system with k electrons

Oy = |p12...0iP; ... Pk)

The molecular orbitals ¢ are constructed by making linear combinations of basis functions ¥

bp = ax1+ a5x2 + ... +abl xm = Zagxq
q

there are ‘m’ of these molecular orbitals

Hartree-Fock considers the Slater Determinant in which the electrons occupy the MOs with
the lowest energy but there are many other ways to distribute the electrons over the MOs

e D¢ = [p162... ;.. Prda)

Y = |p16a . .. PrPad)
gjblg ‘§b1¢2 : ¢a¢b¢c>

m!

kl(m —k)!




Configuration Interaction

\IJFCI_CO(I)O_|_Z aq)a_l_z abq)ab Z gjbg l§_|_

1< 1<g<k
a<b a<b<c
Hartree Fock
determinant  single excited double excited triple excited
determinants determinants determinants

In theory:

e

Full Cl gives the exact solution for m— 00

In practice:

Full Cl is the exact solution within a finite basis

Normally, Cl expansion is truncated at doubles or quadruples

Notation: - lower case (¢ and y) refer to one-electron functions
- upper case (@ and ¥) make reference to N-electron functions
- @ is a determinant, not necessarily an N-electron state

- ¥ describes an N-electron state



Cl matrix

W) = co|®o) + cs]S) +cp|D) + cr|T) +cq|Q) + .-

H ||1®0) [5) [D) | [T) Q)

Po) | |[Eo) O Hop| 0 0
Hamiltonian is hermitian

S) | 0 |Es) Hsp|Hsr 0

D) | Hpo Hps |Ep)|Hpr Hpo

\’
Hermitian matrix > T) | |0 Hrs Hrp |ET) Hro

Q) 1|0 0 Hop Hor |Eqg)

v

No direct interaction of |S> with @o. Only through interaction with the
doubles, the single excitations gain importance in the CISD wave function



An example of Full CI

® H,; ground state in minimal basis 05 =DNy(lsa+ 1sp)
0w = Ny(lsg — 1sp)

Hartree Fock: oM = |o,5,) EHE = 2(g,|h|og) + Jyq

Generation of all determinants

— g
T

L
_‘_>
<_‘_

03O w) ‘095u> ‘0u59> ‘090u> ‘595u>
' iy 25 g oz o7
N\ 4 N\ 4 N\ 4
1y + Iv+ 3y + 3v+
oy A o

Only determinants with same spatial and spin symmetry interact



An example of Full CI

Ui =o' + @ = Oy + cpPp

Matrix elements with Slater Condon rules
<(I)O’ﬁ‘q)0> — Eé{F — 2<(79’m(79> T Jgg
(Dp|H|®p) = Ep = 2(cy|h|ow) + Juu

<(I)O‘I:I‘(I)D> = <0959H0u5u> = <0959‘0u5u> —

Secular Cl equation:
Eo  Jgu 1y 1> 1 —Eo
J qu Ep CD CD

EEED E:A—\/A2+Jg2u

Hamiltonian matrix:

(D H|®o)  (®o|H|Pp)

(Po|H|®p) (Pp|H|Pp).

(040 glT00u) = Jgu

Secular determinant:

0—FE  Jg,
Jpo 20—E

/

2A = Ep — Ey = 2{oy|h|oy)—
2(09\ﬁ|09) + Juu — Jgg

= 0




Size consistency

Exs+ Ep = FEap(r — o) E(A,) =nx E(A)
2 x H,O (H20)> Binding energy (H20)2 (r— o)
MP2 | -152.49204au  -152.49975 au 4.8 kcal/mol -152.49204 au
CISD | -152.49144au  -152.47869 au -8.0 kcal/mol -152.47186 au

@ Importance of core-valence correlation: Ar(8 el.) versus Ar(18 el.)

® Comparing reaction energies: R—~AB — R—A + B for different R-groups



Separability of Full Cl

Two non-interacting H> molecules

U = Oy + cp, Pylo + cp, Pp22 + cq @y 2

Hamiltonian matrix:

Ly
Jgu

Jgu
Ey + 2A
0

o
0
Eo + 2A
o

0
g
T

Eo +4A

g191929-

In[12]:=
1 S
J 2D 0 J
ae a0 2na
0 J J 4D

Out[12]= {{or J, J, o}r {Jr 2D, 0, J}I
{3, 0, 2D, J}, {0, J, J, 4D}}

In[13]:= Eigenvalues[A

Out{13]= {2 D, 2D,[2 ]D

VD% +3% | )2 [D++/




Separability of SDCI

Two non-interacting H> molecules

U = ®y+ cp, @ + cp, P

9191

Hamiltonian matrix:

Ecorr = A — \/AQ + 2J92u

Ly
Jgu
T

T
Eo + 2A
0

<

T
0
Fo +2A

E:EO+A—\/A2+2J§U7£2E1

J 2D O
J 0 2D

1 [ | J
Inf7]:= A = ]

Out[7]= {{ol J, J}r {Jr 2D, o}l {JI 0, ZD}}

info]:= Eigenvalues[A




Truncated Cl - size consistency corrections

C’ISD 7éEvC’ISD_|_EngSD

Solutions to the size consistency error

® Complete Active Space (CAS) = Full Cl in a limited number of MO’s and e

@ Davidson correction

Ecor’/“ ESDCI + AEDG,’U AEDCL’U — (1 — C())ESDCI V= CO\IJO + Z CI\IJI

corr corr
I=S,D

® Selected Cl, including the most ‘significant’ contributions, estimated by PT

® Other methods as Perturbation theory and Coupled Cluster



Perturbation theory



Configuration Interaction or Perturbation Theory?

Configuration Interaction:
Advantages - Variational procedure, upper bound to the exact energy
- Invariance under rotations of the MOs

- Higher order interactions are included

Disadvantages - Size-consistency in truncated CI
- Computation requirements, CPU time, disk storage, memory

Perturbation theory:
Advantages - Size-consistent
- Relatively cheap computationally

Disadvantages - Non-variational, unknown sign error
- Convergence problems
- Intruder states may appear

- No interaction between excited configurations at 2" order



Rayleigh-Schrodinger Perturbation Theory

Electronic Hamiltonian: H = Z h; + S: S: L

7"..
i og>i

AN

Schrodinger equation: HY, = EV, where E; and W, are the exact energy
and wave function of state i

The perturbative treatment is based on the partition of the Hamiltonian

H —

Hamiltonian of a model sys- Perturbation operator

tem with known solutions

fl(o)\lf,(f) — E,io)\lf,(f) The zero™-order solution



Rayleigh-Schrodinger Perturbation Theory

E. V. Complicated system without analytical solution

N

H=H+\V

l

[:](O)\Ijgo) — EEO)\IJ,EO) Simple, well-known system <\IJ7(;O)]\IJ§.O)> = 0;;

Eo = Ey) + By + X E + ... o
\Ij() — \Ij(()O) -+ )\\I/(()l) —+ )\Q\IJ(()Q) + ... ground state

AOy® = gOg0
FOGWD 4 7p® = 5Oy 4 p0gO

AOWE + Vo) = B0 4 P + B



Rayleigh-Schrodinger Perturbation Theory
First-order correction to the energy

FOW 4 pg® = Oy 4 phg©)

l Multiply by \IJ*(O) and integrate

By = (v [HOwg”) + (ug” [V19”) = By 1w

1 Z :
l Expand U él)in functions of the unperturbed system and substitute \I](() ) p— a’i \If (O)
1
i 0

orthogonal to \Iléo)




Rayleigh-Schrodinger Perturbation Theory
First-order correction to the wave function

HOBD 1 V0 = EOw 1 B B = Y au
i 0

l Substitute U 61), multiply by \IJ;;(O)and integrate

0) £ 0 0) 7, 0
D oW [HOWD) + (w2 [V wg”) =
10

> aif QIO ONERIOINONTIO

"




Rayleigh-Schrodinger Perturbation Theory

Second-order correction to the energy

0) v 0 0) v 0
po _ g VO (0 VO, 7)

0 0
o B — By

Expressions for W(2), EG), etc. get more complicated very rapidly



Many Body Perturbation theory: Moller Plesset

If the Hartree-Fock solution is known, the zeroth-order Hamiltonian

% T \
a9 =3 fio
q 2 y

can be defined as the sum of the Fock operators:

The perturbation operator is:

V = H(O)—Zh +> > — —Zf(i)

Mean-field Coulomb and
exchange interactions

electron-electron interaction



Moller Plesset Perturbation theory

The zero*-order (known) solutions:

Oy = gOy®

LN, @

\IJ(O) Ppyrp =|p1¢2...0i0;...0N) E(gO) = ZE”'”

VO = |p1go...hj. . on...0a) =8¢ BV =EY ¢ te,

U = |12 .. O ... Gar) = BLF B = By — e —

The first-order correction to the energy:

1 0) v 0 0) 0 0 . 0
B = W e?) = w1 3050 ) - () - 3 a0y

) j>Z )

- ;zi:@'] Z (jj - f(j) i) — Z}’i\ S: (jj - fg) i)
- _% Z;m Z (jj - f(j) @)




Moller Plesset Perturbation theory

Energy at first-order:

E, — (0>+E(1) ZG'L—‘Z ’Z( ) ) = Eyr

First-order wave function correction:

0
0 - 0 0 - 0 0 - 0 0 0 0 - 0
— (W1 Ay — (o FOey = (w2 me () - B (e = (| mw )

/

- zero for single excitations (Brillouin theorem)
- zero for more than two electron replacements
- only double excitations need to be considered



Moller Plesset Perturbation theory

Second-order correction to the energy:

0), 0 0) 0
S (@O Oy (w10

() —
0 0
o B~ By

(wed)
At second-order only doubles,
no interaction between doubles

Third-order correction to the energy:
0 a cdi 71 (O
-3y (U | H W) (Wi |V i) (Wi | |y

a<b c<d

1<g k<l
_EM Z [(Wo |V [T90) 2 -
~ (€a +€p — €5 —€5)? "
1<9

Interaction between doubles at third-order

vl [

CISD matrix

(€a +€p — € —€5)(€c + €4 — €1 — €) ) Il

CISD matrix



Moller Plesset Perturbation theory

0) (0)
1= |ntruder states i 0 o T € — € — €

In case of quasi-degenerate occupied and virtual orbitals
(e.g. dissociation), very small denominators can appear,

leading to a breakdown of the perturbation theory

0, = =184 + 1sp)

NG
Example: Hz in minimal basis 0w = 75 (1sa — 1sy)
th_ 0) _ |, = (0)
zero™-order V.’ = |0,7,) E;

first-order \If(gl) = U = |0,5u) Eél)

Ey=E\" + E\Y =2¢, — J,, = Eyp

0) v 1 — - —
second-order 7(2) _ (¥ VIV, )P (040 Hlowau) |
0 = ©_ g 2(€w—cy)
k. —E; u—Cg

tends to zero for large distances



Moller Plesset Perturbation theory

> Separability Eaip(r — o00)=FEa+ Ep
The separability is preserved at all perturbation orders.

Easy to demonstrate up to second-order

Consider and AB system of non-interaction A and B subsystems

Hip=HatHs  AQ =00 +0)  Vap=Va+Vs
zero-order \Ij(ﬂ@ — qffz?qjgg Eg% _ Eﬁ{” 4 Eg))
first-order \11(1_23 _ {\IJ(O)\IJgJ),\P(O)\sz,\lfm)\ll(ol)f}

1 0 0 A 0 0 0 0 0 0
EYL = (WO Vs + VW ey = (i) v, w0y (0 ) | w )

(D (0)"/ ’\IJ(O)>< (0)‘\11(0)> ES)—FES)

Labels: i ground state; j,k excited state



Moller Plesset Perturbation theory

second-order
iz ATV IV VBl i) (Vi WiV + Vi V) Wi
W=
B oy E(O)+E(O) (E(O)—I—E(O))

5 CURIYRVa+ Vol Wi wio)) (W WV + Vil ¥ i)
0 0 0 0
i EG) + Byl — (B + By))

0 0 0 0 0 0 0
(TR V5 Va+ Vi 0 }I/,{;w;}w( 1Va+ Vi |08 Vi)

2 RO
. %Eég(yu];( o)

zero due to the orthogonality of the zero™-order

solutions of each fragment
() 1)) =0

VAR AR,
(W, | Bg> Labels: i ground state; j,k excited state



Moller Plesset Perturbation theory

(WA + Vel e Q) =

0 0 0 0 0
(Vv w<0>><m9gwg;> (U VW) (e = (0 )| Ve )

ZEro
(W) Va+ Va0 )W) =

0 0 0 0 0), 0 0 0), 0
@DV O (w2 W)y + <w;3\v3\w;3><\vf4@\zgw;}> = (WD Va0

ZEro

— 0 0 0 0
j#i Ef%) - Ez(élj) j#i EE%) - E](BJ)

Labels: i ground state; j,k excited state



Coupled Cluster



Coupled Cluster

Introduced by Sinanoglu and Czizek in the 1960’

Main feature: The wave function is generated through an exponential
development (exponential Ansatz)

Advantage: correct separability and size-extensivity
Disadvantage: non-linear equations, non-variational, CPU time-consuming

In general, only for single configurational reference wave functions



The exponential Ansatz

W

jon
Conf‘gumuo
\ntemct'\on

A

S
|
o
= o
Q>
S —
Q>
S —+
Q>
Q>

<

Cs= :G&Z&}Z&i&j&k
a<b<c
1<g<k

Cl coefficients

S)CIIZI1—%(?1%—(Zg+-é%-+...

QD

Cluster amplitudes



The exponential Ansatz

Taylor expansion: ()CC _ T _ + T + %TQ i %TS i %T‘l 4o

R - . . 1 - R R
QCC:1+(T1—|—T2—|—T3—|—)+§(T1—|—T2—|—T3—|—)2

1 - . . | R - A
+§(T1+T2—|—T3+---)3+E(T1+T2—|—T3‘|‘---)4+---

N A A 1 - A A A A A A
:1+(T1+T2+T3+...)+§(T12+T22+T32+2T1T2+2T1T3+...)

1 - A . n A PN
+6(T13+T23+T§”+3T12T2+3T12T3+...)+...

e?2=7.3890561 =1 +2+ 1222+ 1623+ /2424 +1/12025+ ....= 1 + 2+ 2+ 1.333 + 0.667 + 0.2667 + 0.0889~ 7.3556



The exponential Ansatz

Ordering by excitation level

0CC =1
+1; > Singles
1,
+15 + §T1 > Doubles
N
+T5 + T T + ETE > Triples

1A4

T
2471

@ﬁfg
+. ..

> Quadruples

|
© Quadruple excitations are generated by five differen

; N

Simultaneous interaction of four

Interaction

> Higher excitations

t mechanisms

of two independent

electrons — Connected terms electron pairs — Disconnected terms



The exponential Ansatz

The CCSD wave function operator

OCCSD _ 11+

. A | A A 1 . | A | PPN I .
:1‘|‘T1—|-T2—|—§T12—|—T1T2—|—6T13—|-§T22—|—§T12T2—|—2—4T14-|-..-

single exciltations /
double excitations
triple excitations
quadruple excitations

higher excitations



The separability of the CC wave function

Two non-interacting fragments A and B: TAB — TA — TB

0G0 = eTaw, , !

= e N

\Ifgc — €TB \IJO,B

6TA (TA—I—TB)
UG = 6TAB‘I’O,AB ‘Ifo AB = V¥o.4V¥0 B
N w
eTA Wy 45 = T4 - TR, 4 W p = ‘I’CC‘I’CC
G .

B4 = (Vap|Ha + Hp|W5E) = (W5 WEC | Ha + Hp| WG UET)

= (UG [Ha|WG) + (V5| Hp|VET) = EZC + B



The CCSD energy and amplitudes

.

Energy and amplitudes are obtained by projecting onto {VU, U/, ¥

1

qb

® Projection on (V| gives the CCSD energy

(o | H|(1+ Ty +To 4+ 172 +..) o) = E(Uo|(1+ Ty +To + 3T2 + ...

Because of the bielectronic character of the Hamiltonian, all higher excitations disappear

r )
4 4 4 |
(Wo|H|(1+Th + 15 + §T12)\Ifo> = 5§

\ V.

Only singles and doubles cluster amplitude contribute
directly to the CC energy (at any level of truncation)

Zj’...



The CCSD energy and amplitudes

® Projection on <\Ifﬂgives the cluster amplitudes of the single excitations

A A A 1 - A 1 -
(WHH|(1+ Ty +Ts + 5Tf + 1175 + 6T§)x110> —tF

® Projection on <‘I’¢f\ gives the cluster amplitudes of the double excitations

(Ue|H| [1 + Ty + Ty + (T2 + T3 + 210 To) + (T3 + 3T2TR) + ﬁiﬂ Vo) =t E

Set of non-linear equations —— lterative solutions

All amplitudes are coupled —— Indirect influence of higher cluster
amplitudes on EC<P



Beyond CCSD

CCSD (and CISD)  O?V* (N°¢ scaling)
CCSDT O3V> (N8 scaling) computationally expensive

Perturbative estimates of the connected triples Ty

- CCSD+T(MP4)

permutation operator two-electron integrals

1 Pab d / by (2
T(MP4) = ) 1P A2 abelldR)tEy — 2 elliR)ty )

i< i<k € T+ €; T € — €, — €p — € x
a<b<c first-order estimate of
the doubles amplitudes

- CCSD+T(CCSD): replace tf’f(l)by the CCSD amplitudes

- CCSD(T):  add a perturbative correction of a fifth-order term involving
singles amplitudes



Multiconfigurational
methods



Approximations to full Cl

® HF CC, MP2,SDCI, etc » all approximations to full Cl

A. How to select the most important configurations in the wave function?

B. How to choose the molecular orbitals?

For one dominant electronic configuration:
* Optimize molecular orbitals by HF
* Add effect of other electronic configurations by CC, MP2, etc.

Typical case: Ground state of molecules near equilibrium geometry



Approximations to full Cl

What to do when more electronic configurations are essential?

Example |: Bond breaking H»

R(H-H) 0,T4) 0T )
V= !Ugﬁg> + C2|0u0y) 0.7 A 0.995 -0.102
- | 1.0 A 0.987 -0.167
0y = 75 Hi(1s) + Ha(1s)]
- - 1.4 A 0.962 -0.274
Oy = \% (H1(1s) — Hy(1s))]
2.0 A 0.881 -0.473
5.0 A 0.710 -0.705

10 A 0.707 -0.707




Energy [au]

Examples of multiconfigurational situations
Example 2: Transition state of 2 CoHs = C4H4

U= —0.58 &, +0.63 Py — 0.40 O3 + . ..

-155.98 -
-156.00 -
-156.02 -
-156.04 -

156.06 - U= —0.12 &; + 0.95 B + . ..

-156.08 -

+156.10 1 U =—099 & + ... P = |p705]
-156.12 . . . . . . . |

1.50 1.75 2.00 2.25 2.50 2.75 3.00 3.25 3.50

Oy = |p703]

O3 = |¢1205)

Distance between the C,H, units




Examples of multiconfigurational situations

Example 3: Unsaturated valencies O3

'0—O O=—0¢ O—O%
o o N

Molecular orbitals Electronic configurations
T = c117m4 + c12(mp + 7e) (I)HF:‘W%W%‘
To = ca1(mp — T¢) Py = wag

T3 = C31Tq — C32(mp + Te) By — 7r27r2]
= |73

.2 1.1
Py = 7717T27T3|

Multiconfigurational wave function: W = —0.89 ®5p + 0.45 Oy + ...



Examples of multiconfigurational situations

Other examples

® Transition metal systems: 3d"4s2, 3d"*4s!, 3d"*? configurations can give
rise to different multiplets with similar energy

® Excited states (important in photochemistry)

® Weak bonds (famous example: Cr»)



Multiconfigurational Self-Consistent Field methods

General considerations:

* Starting point: choice of configurations W = Z Ci|®;)
depends on the physics of the s;iystem.

* Energy mean-value: (F) = E(c,,C;)
depends on the shape of the MO’s (c,) and the
configuration expansion (C))

*Variational method: minimization with respect to both sets of parameters

0 0
— (B =
(‘90” < > O’ (’9CZ

(E) =0

e Orbitals adapted to the double optimization process
* Minimal energy with respect to all parameters

e Orbital occupations are no longer integers



CASSCF

1= |n general not evident how to choose the configuration space

==)» Complete Active Space SCF

\

Full Cl in a limited set of MQO’s

Virtual orbitals
empty in all configurations

The MC space includes the configurations
—allowed by spin and spatial symmetry—

%‘ Active orbitals generated by all the possible occupations

variable occupation of a(set of orbitalsoby a given number of
Inactive orbitals typically, the valence orbitals

doubly occupied in all typically, the valence electrons
configurations

T

Notation: CAS(nel,Norb)



CASSCF

How to choose the active space: No universal recipe!

Need for chemical knowledge of the system

from our chemical knowledge on H>

Examples:
* Single bond dissociation CAS(2,2)

e Ethylene cycloaddition - minimal active space: CAS(2,2) ( qzb;::;l;%
- better, full & space: CAS(4,4)
- best, adding 2 ¢ and 2 ¢ orbitals: CAS(8,8)

* Transition metal atoms: 3d and 4s orbitals (eventually adding 4p and 4d)

Advice:

* Read the literature to see what active spaces have been
applied in related systems

* Check (if possible) with larger active spaces



Beyond CASSCF

Starting point, Reference wave function

HF c@
CISD MRCI
MP2, MP4, ... CASPT?2, NEVPT2,...
CCSD, CCSD(T),... MR-CC (in development)

MRCI:  configuration interaction for MC systems

CASPT2: multiconfigurational equivalent of MP2

/

* CASPT2 is generally applicable, precision
of ~0.15 eV in the relative energies of

* MR-CISD computationally very demanding,

only applicable for small molecules.

electronically excited states. * Variants: DDCl and SORC]

e Suffers the intruder state problem / \4
difference dedicated Cl spectroscopy oriented Cl



CASPT2

Basic notions
¢ Definition of the zeroth-order Hamiltonian

% = PyFPy 4+ PxF Pk + PspFPsp + Px FPx

Po=10)(0]  F=> fraocbps  fpgo = —(Ol[[H,a,], dpo]+0)

e Construction of the first-order wave function

Uncontracted: \If(l) = Z Ci‘\lf;-gD> —> simple, but huge amount of parameters
1

SR complicated, but less parameters,

Contracted: \If(l) — Z CpqrsquE,,«S‘m—)

pqrs

once programmed, very fast!

Important:
Due to the contracted nature of the first-order wave function,the ratio of the different

configuration in the CAS cannot change under the influence of dynamical electron

correlation.



CASPT2

Intruder state problem

—y (0) (1) M
U =y 4 v | B ,
\/ — Reference weight: w = 1 — Z ‘Cz‘
1=1
N
Order of magnitude: W ~ (1 + ()4)_7 a~=0.015

N = number of electrons

N=I0 — »~093

N=100 — o~047

e Compare the reference weight of the different states!!!

N=200 — ®»~0.23

(@;|V]w()
EO _E,

|. External configuration has a large matrix element — add ®; to the CAS

[ For low reference weight: ¢; = is huge

2. <@j“7‘\]:f(0)> is small; Ej~ E — Intruder state

\

Apply level-shifted CASPT2



CASPT2

Intruder state problem:Add an arbitrary shift to the expectation values
of H®of the external configurations to avoid the near-degeneracy

(@;]V|w®) EO =% (TOWV[®;) (@;[V]W©)

7T FEO B 1 ; EO) — E; +p

E@u:@m+u(y_l)



DDCI and SORCI

Single and Dauble excztatlons

" A A A ~
27Ty 1] 1
) DDCI
I
A
+ ] ! Iy !
/
0 o '
',”.SORC:L “““““ \ . | P /
...... -
(Wrer|H|Wsp) > K ~‘~_ _—”
[ - - W=

DDCI

* Eliminating the double excitations from inactive to virtual orbitals

* Based on perturbation theory arguments that show that these
configurations do not affect the energy difference between states

* Good for vertical excitations, no geometries

SORCI
* Excited configurations are ordered by importance based on the interaction

with the reference wave function
* Clis performed between Y¥,.rand the most important excited configurations



