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An elementary calculation of screening in electron gas.

1 A charge in an electron gas

Suppose you have a uniform gas and stick a positive charge into it (in addition to the
neutralizing background). You expect of course that it will attract electrons, increasing
the density of negative charge in the vicinity of the extra charge. This in turn will change
the force that charge exerts on another positive charge placed at a distance. The extra
negative charge will (partially, completely?) cancel the repulsion between these extra
charges. This is what we mean by screening. On the other hand, electrons themselves
are charged; an electron at some position will tend to repel nearby electrons, and the
electron-electron interaction will also be reduced by this effect. Can we calculate it?

It must be recognized that what we are dealing with is with the response of the electron
gas to an external potential; in the examples mentioned, the Coulomb potential of the
charged particles. What we need to compute is the response of the charge density to
an external potential. We start by looking at the system ignoring the electron-electron
interaction.

2 Density response of non-interacting gas
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The perturbation of an external potential
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The Fourier transform of the Density
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Use a general Statistical Physics results
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In the present case, T — 0, F — E¢ (ground state energy), A — V(—q), and A Pq
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(...) is thermal average. To first order in V(—q) we need to compute this a V =0
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as expected for the uniform gas. We need to compute the derivative of Eg at non-zero
V(—q) to find a change in density. If we compute Eg to second order we will get the
linear response for (pq)o,
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In 2nd order perturbation theory
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In other words the linear response
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where the susceptibility
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For non-interacting system if (] p—q [¥0) = D s (¥n] chchkU |1bo) and if this is to be
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and we can remove the restriction not to sum over n =0
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To compute this average we use Wick’s Theorem
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because the first term is zero for q # 0. The second
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A simple change of variable in second term
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So this is the static density density response function a non-interacting electron gas, with

translational invariance
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3 Screening of Coulomb Interaction

3.1 Interacting density response in RPA

Consider the electric potential created by charge density —ep(r)
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This is just the FT of
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with the Coulomb interaction
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Suppose then we apply a weak potential to the electronic system. If the electrons were
not charged we would induce a density response
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But in a charged system there is an extra potential energy coming from the charge
modulation

—ed(a) = —5 (pq) (27)

Hence we take the electron-electron interactions in a mean-field philosophy as the non-
interacting response to the total potential, external plus induced. This is a way to include
the Coulomb interactions
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Including the response to the induced potential thus leads to
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This is the RPA approximation to the static density—density response function.



3.2 The screened Coulomb interaction

Another way of looking at it, the total potential, external plus induced
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By definition of dielectric constant
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Consider now the case where the external potential is the one created by a charge
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This is the screened Coulomb interaction.

4 Calculation of y(q)
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If we want the large distance properties of the screened interaction we must look at small
q. In particular, if ¢ < kr the states k and k + q are at a distance in momentum space
much smaller than the radius of the Fermi surface; on the other hand their contribution to
xo0(q) is zero unless they are on different sides of the Fermi sphere (otherwise fx = fi+yq)-



That means that, for ¢ < kp, only states with k ~ kg contribute to xo(q).
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The integral over e in limited to the range |u — €| < |vpqcosf| where we can assume
p(€) =~ pr; The integration over energy gives gives pp X vpqcos 6
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The screened Coulomb interaction becomes
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The ¢ — 0 singularity has gone. In real space the interaction has a finite integral
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The charge if completely screened and the effective interaction becomes short range. We
can estimate the decay length
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For usual metals krag ~ 1 and qrp ~ kp. The screening length is of the order of
inter-electron distances.



