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1. Linearized Boltzmann Equation

The semi—classical approach to transport treats carriers as particles with well defined
Bloch momentum and spatial position. Wave packets describing these particles satisfy
the uncertainty principle restriction

AkAr >1 (1)
Good momentum definition means
Ak < kp ~ %; a,lattice parameter, (2)
and good position definition,
Ar < L; L scale of perturbation, system size (3)
It is possible to have
Ak < kp
a <Ar < L
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without violating (1), provided L > a.

Carriers described by wave-packets with well defined Bloch momentum k and position
r. The motion of carriers described by wave-packets with well defined Bloch momentum
k and position r includes two effects:

e drift terms, determined by the semi-classical equations of motion;

e scattering events, originating from deviations of the lattice from perfect periodicity
(lattice vibrations, impurities, defects, vacancies etc.). These events are local (or
quasi-local) in real space but non-local in momentum space.

The Boltzmann equation (BE) refers to the density of such particles in (k,r) space

d?k
f(k,r,t)——d%r = number of carriers in cell d%kd%r (4)

(2m)¢

with marginal distributions
/ddkf(k r,t) = p(r,t) (real space density) (5)
(27T)d L] - P ) p Yy
/ddrf(k, r,t) = n(k,t) (momentum space density) (6)
/ 'k /ddrf(k r,t) = N, (number of carriers) (7)
(27T)d P - Cc

Time changes f(k,r,t) at fixed point in phase space (k,r)
0 0 0
7f(k7r7t) = 7f(k,1‘,t) + 7f(k7rvt)
ot ot drift ot col
Drift term arises from smooth variation of k and r that result in a current in phase space

J=(k,i)f(k,r,t)

leading to a continuity equation describing the conservation of number of carriers,

% flkr,t)| =V [1'{ f(k,r,t)] V[ f (kT 0]

drift
— v [k flk,r, t)] — Ve vicf(k, T, 2)] (8)

There is an important result (Liouville’s theorem), if the (k,r) follow Hamiltonian dy-
namics

hk = -V, H (9)
r=ViH (10)

In that case .
Vi bk + Ve T =(—Vk-Ve+ V- Vi) H=0 (11)



and

0 .
a (k7 r, t) =-k- ka — Vk- vl‘f (12)

In the case where both the magnetic field B and the Berry curvature w(k) are non-
zero, Liouville’s theorem does not apply because k and r are not canonically conjugate
(see appendix A). For the moment we assume that either B or w are zero.

The semi-classical equations of motion are

hk = ¢ (E + vy x B) (13)
1 .
Vk = %Vkek —k x Wik (14)
9 q
- f(k,r,t) = —vk'Vef — 2 (E4 vk x B) - Vi f (15)
ot drift h
We will proceed with the BE as
g(krt)——v Vf—g(E—i—v ><B)Vf—i—gf(krt) (16)
8t T B k ’ h K 8 at o col
For stationary (DC) transport the first term is zero and
0
VieVef + 3 (B+vicx B) - Vief = 2 f(kr.1) (17)
col

2. Local Equilibrium Hypothesis

In the usual situation in transport one can define in a small, but macroscopic, region
local values of the temperature and chemical potential, T'(r,¢) and p(r,t). We can also,
in general, define a global temperature and chemical potential. For instance, we can
measure a thermal conductivity as a function of a global temperature Ty using a probing
temperature gradient such that |T'(r) — Tp| < Tp. This allows the following definitions:

e Global equilibrium distribution:
=Fc=n (18)

e Local equilibrium distribution (LED)

(). 1y L
fe 08 = e m ) 1 1 .

The deviation of the actual distribution from the global equilibrium can then be written
as

6f e r,t) = | flerd) = K76 0)] + [ A6t - A2
3fert) + 64 (x,0) (20)



The hydrodynamic regime of transport assumes that the distribution is close to the local
equilibrium one

5, t) < 511 (x,8) (21)

so that a definition of time and space varying temperature and chemical potential fields
is possible. The collision term, however, is zero for the local equilibrium distribution
because collisions are local in real space. In other words, collisions do not change the
LED. We then write the collision term as a linear functional of the deviation & f

d 1./

=L [0f] = / (;l:;zf(k,kfwk,

The term V, f0 is zero and, in the hydrodynamic regime, we replace f(k, r,t) by § fl((le) (r,t)
in the drift terms and linearize in the driving fields

0 _ 0 _
vr(sfl{(e (I‘,t) = gfll: |:<6k/8 M) Vi — Vr/{| = (_g{t> |:6kT HVrT—l- Vet (22)

0
& (1{7 r, t)

col

o 0
VA (r,t) = <62:> Vikek

The term with Vi f(k,r,t) is trickier to linearize. The reason is twofold:
. ka£ is not zero;

e it would seem that since we already have the external fields multiplying Vi f (k, r, t)
we could just replace f — fO. This is true for the E term, but semi-classical
transport is not linear in B.

We will proceed with specific cases.

2.1. Linearized Boltzmann Equation

In this case
B 15) fﬁ 15) fO

0 — 5’k
ka = 361( Vkek = haEk Vi (23)
and 0
q afk
f(E—FVkXB)'ka% —q(E-vk) —_— (24)
h Oex

The magnetic field term cancels, since

le
(vic x B) - fl* = (vic x B) - Vice (Wk )

Oek
o le
:h(k> (VkXB)-VkZO
Oek



To include magnetic field terms we cannot be content stick with the LED and must

include

%(vka)-ka

as the lowest order contribution. The linearized BE becomes

o0 €x — [ q -
<—861(>Vk-|: T VrT+VrM—qE :IkW}—ﬁ(vka).vk(sfk

to be solved for Jf.

2.2. The currents
What can we calculate with the solution of the BE, f(k,r) = f2 + 5f1£le) +8f?

e the electric current density

d d
je = 2q/ (;lﬁk)dka(k, r) = 2q/ (;Tk)dvkéf(k, r)

(25)

(26)

we are assuming that there is no current for the equilibrium distribution for any

T or p. But if
d’k
[ et =0

d'k e
/ (27r)dka1£l =0

clearly

e Heat current

d d
in =2 [ gevdec— ) =2 [ e wifter)

How can we justify this expression? From thermodynamics

dU = TdS — PdV + pdN

(27)

(28)

(29)

(30)

for a infinitesimal (but macroscopic) cell of fixed volume d%r, TdS = dU — udN and

Jn = Ju — tn
where j, is the energy current and j, the particle current.

d P
ju = / (;T’;dvkekéf(k, r)

d
e [ st

(31)



3. The Relaxation Time Approximation

3.1. Electric and Thermal conductivities

The Linearized Boltzmann Equation (LBE), Eq. 26 turn out to be an equation for the
deviation § f(k, r), appearing only in the collision integral and the magnetic field term.
No solution can be sought until we specify the collision integral. There is, however, a
quite general approximation for this term.

We know that, in the absence of driving fields, any deviation from equilibrium should
relax to equilibrium distribution. We make the rather drastic approximation that this
relaxation is exponential and that at each k, df(k,r) relaxes with its own relaxation
time, independent of the the occupation of other states

of
1 [57) = -2x (34)
Tk
In the absence of the magnetic field, this leads at once to an explicit solution
= of° €k — [ 1
0fu=|—5 |- v, T E--V 35
Fo= (-5 ) ve |- 272w 4 (B Lvan) | (35)

and expression for the currents
. dek . _
X2 — 2 7
Je Q/ (27r)dvk5fk
dk [ 9f°\ 1 7
= 2¢° —— | vpod E--V;
¢ f (2" < aek) R ( q “>
dk [ afo\ —vT\’
2 —— ) vjvl — — 36
v [ o (<50 ) vt (571 (36)
Since the driving fields are (E — %Vr;o and —VT this defines the transport coefficients
i 9 ij 1 J i (—VTY
i=aY L E—gvru +q) L — (37)
J J
with similar expression for the heat current

. ij 1 ’ i (=VTY
h=a> Ly (E- gvru +) L5 — (38)
] J

J

where in general

“ (PN \
L,rg = 2/ (27-‘-)d (-861() Uk'U{(Tk (Ek - :U“) (39)

These expressions allow the calculation of the transport coefficients provided we know
the band structure and can calculate the relaxation time. The presence of the Fermi
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Figure 1: changing coordinates to integration over energy and constant energy surfaces

factor is telling, We know that in the degeneracy limit, kpT < €p, (—0f/0ek) in peaked
about ex = p, with exponential decay for |ex = p| 2 kT and with area 1
+o0 o fO
/ dey <_(‘96> = f(400) — f(—0)=1-0 (40)
—00 k
and thus forms the basis of the Sommerfeld expansion. For a degenerate Fermi system,
all the transport is then due to the states close to the Fermi surface: the expressions for
the velocities, density of states and relaxation rates are only relevant close to the Fermi
Surface. As with the specific heat or the Pauli susceptibility, transport is also a Fermi
surface property.

To reduce to a convenient form for the Sommerfeld expansion we perform the k inte-
gration by integrating over constant energy surfaces X(e) and energy

/(gi];i(---):ercl/dh/x(h)da(...) (41)
(2m)¢ / /e) |Vk6k| ) (42)
(2m)? / /E(e) h \Vk\ (43)

1= [aete—wr (<95 ) w00 (1)

y 2 do .
KY(e) := / VUL 45
© @2r)? Jso hlvid] <RE )

In the Sommerfeld expansion of Eq.(44) we express the transport coefficients in K% (¢)
and its derivatives at the Fermi surface.

and

where




3.1.1. Low temperature properties

The Sommerfeld expansion is obtained by expanding K% (e) in a power series around p.
g 9foN .
LY = /de (e —p)" <—f)K” (¢)
Je
of° g AKY
= d )" =L KY
Jacte—nr (-5) [ (+ 2

The integrals can be computed with the substitution x = (e — p)

L/*&—#W(—%f)z@mﬂ"/ﬂmwix%zZLAMJW (47)

( )+1d2Kij
e H 2 de? Me

—00 (ea: + 1)2
where the Fermi integrals
0 mnodd
In=<¢1 n=0 (48)
%2 n =2

If we estimate a characteristic scale of K% (¢) as W, which we take to be of order of the
dK"

Fermi energy ep, so that
K4
(@) 49
de ( w ) (49)

d2 Kij Kij
(w=”0<wﬂ (50)

we see that the Sommerfeld expansion is a power series in the dimensionless parameter
kT /W . Keeping the lowest order terms

L§ = K7 () (51)
iy 2 K4

- T)2 2
P = S| theD) (52)
.. 7'(2 .. 9

L;] = gKl] (EF) (kBT) (53)

Computing K% (p1) requires knowledge of the details of the scattering mechanisms (to
compute 7) but also of the band dispersion, which determines the domain of integration
¥ (¢) and the integrand that appears in K. Rather simple results can be obtained for
isotropic Fermi surfaces, though, where v, = v(e)l;.



For d =3

(2m)° Js(e) Plvkl
1 K2dQ o e
= — klk]
473 \ﬁv(e)]v ()kk77(e)
k*(e)v(e)T (e) 7477
47r3h/ko k (54)
The angular integral is trivial
i1
/ a0k = s, (55)
" B (o (0
i kQueT (€) oij
K" (e) 520 1) (56)
It is useful to express this in terms of the density of states
1 do 1 k%(e)
ple) 873 /2(6) Blvi] — 272 ho(e) (57)
Defining the effective mass by
hk(e)
= 58
v(e) = = (58)
SO )
2
K = 2907 (0 59)
With this result, for electron carriers ¢ = —e,
. 1 2 -vT
Je = 62K(6F) <E - quﬂ> + ? (—6) K/(EF)(I{?BT)Q |:T:|

2

T 2 —
in = COR T (B 1¥m) + T Rler)baT)? | 3T

From this expression we can obtain the electrical and thermal conductivities, and the
thermo-electric coefficient.

Drude conductivity The definition of conductivity is
je =0oE (60)
If we consider a sample at uniform temperature, our analysis gives

je = €K (er) <E + in“> (61)

The extra term in e~ 'V, is in fact expected because in an experimental situation the
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Figure 2: The energy drop when an electron travels from B to A (current flowing from
A to B) is e(V4 — Vi) equal to e(¢ps — ¢p) + up — 14 where ¢ is the electric
potential.

electric field that appears in the definition of the conductivity, we may call it Es, is
not —V ¢, with ¢ the electric potential. The reason is the following. If we are measuring
a conductivity, with current flowing between two metallic electrodes, from A to B, and
have a potential difference between V4 — Vp, the change in energy of an electron in
moving between B and A is AE = e (V4 —Vp) = eff Eus - dl. But this change in
energy is

AE =e(pa — ¢B) + B — pa (62)

The electron moves form the Fermi level of B to the Fermi level at A. Hence the “electric
field” that appears in Drude’s law is

B B 1
e/ Egps -dl = e/ <—V<Z> + eVﬂL) - dl (63)
A

A

1
Eops = E + ;vﬁu (64)

In other words, the potential difference that we measure with a voltmeter includes a
electric potential and a chemical potential term. So

kQ VFTE
=¢? fgﬂ? - (65)
2€2pFU%TF
= = (66)

If we look at the first form of the expression and recall the definition of effective mass

(also a Fermi surface property)
hkp
vp =

(67)

m*
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we obtain 5
ks TR
_ 2 FRp
e ey (68)
which is none other than Drude’s classical result

Ne€’T

0 Drude = m*
since ne = k%/(372) for an isotropic Fermi system. If the conductivity is determined
entirely by Fermi surface terms how come it is expressed in the electronic density, as if
all electrons participate in the current?

The explanation lies in the form of the solution of Boltzmann equation

_ 910
5fk = —€ (—a{k) Vk'ETF (69)

which can be regarded as the expansion of a shifted equilibrium distribution to first order
in E:
0

12 of
Jie = Bepemepn = fi+ ajl; (Viex) - eETp/h = fg + eajEVk -Erp (70)

Hence, we can compute the current as

. B Bk hk
Je = _26/(277-)53ka1(<)+€ETF/ﬁ = —26/ W%fkoﬁ-e}}rp/ﬁ (71)

Even though we have shifted the whole distribution, as long as eE7/h < kg only states
near kp see their occupation changed relative to the unshifted distribution. So it is
permissible to use the result vy = ik/m™* valid near the FS, with m* is the F'S effective
mass. But now, a simple change of variable,

. A3k hk — eET
J€:—2€/( Fflg

2m)3 m*
€2TF dgk‘ €2TF
=~ T"Ex2 0 — E 2
m* % / (277)3fk m* " (72)
because B
——=hkfy =
| Gyetiest =0 (73)
and we re-obtain Drude’s result.
3.1.2. The thermal conductivity
Ifje=0
72 K'(ef) -VvT
E,ps = — kpT)? | —— 74
b SeAKXeF)( 5T) [ T } (74)

11



This means that the thermo-electric coefficient, S, is

Eops = SVT (75)
72 K'(ep) 9
= e K T (76)

and the heat current

= (5) B eyt (3T 4 T ket [ 51| )

The first term can be is smaller than the second by a factor of order

3R] - () < ™

so we obtain for the thermal conductivity

jn = —kVT (79)
2
K= gK(eF)k%T (80)
and the famous Wiedemann-Franz Law
K 2 k:%
— =B — 244 x107%WQK™? 81
oT 3 e2 % (81)

actually followed closely by several metals at low temperatures, when elastic scattering
dominates. This constant is known as the Lorentz number.

3.2. Classical Hall Effect

The classical form of the Hall effect is relatively easy to obtain in the for an isotropic
Fermi surface (FS). We assume that 7 only depends on the energy (at least near the

FS) and that
hk

= 82
Vi = (82)
With the magnetic field term, BE is
of° —  q —
—— ) vk [-¢E] 7k = =6 i — 27k (v X B) - Vid fy, (83)
Oek h

It is still true that §f, is only significant in the vicinity of the FS. Instead of solving
this, let us compute the electric current directly

Je = 2q2/ (22 <_59£<> e B — 2% /WTkUk (vi x B) 0Nk (84)

12



If 7 is a function of ey only, integrating by parts the second term, we get

d d
_2(]2/ (;lﬂ—];diUk (Vk X B) 5fk q2/ d’k [ 0 TkUk (Vk X B) ] (5fk

h ki h (2m) | OkJ
.42 dk Om i i1+
= Qﬁ / o) 06 fwk [vk (vk x B) } 0fx
q2 d%k

2o

b | < ok (e < BY 5 (9)

The term of the second line is zero because is involves the factor vi - (v x B). Also

ak}](VkXB) V'(VkXB):B~(VX€k):O (86)

because the curl of a gradient is zero. Therefore

2 d vt L
—oE +24 / d’k 7 Lk.(vka)Jéfk

hoJ) (2m) Kok
q2 dk h ppa—
je = UE‘*'quje x B (88)
m
which we can rewrite in the form
E = —Je+ Je x B (89)

For the Hall effect geometry , B = Bé,, je = je€: , we get

1. T
By = ~jo+ 2L Bj, (90)
o m
1. qQTF .
E,=—j,——B 91
Yy J]x mo Jz (91)

Note that the classical precession frequency of electron orbits is

eB
We = —;
m
and so
1 WeTE .
By = —j, — ——jy (92)
o o
1 WeTE .
Ey=—jos+—Jju (93)
o o
o is given by the Drude’s formula,
ne?
o= TF

13



and the resistivity tensor becomes

1
Prz = Pyy = P (94)
B

which is the classical Hall effect result.

4. Elastic scattering

The relaxation time approximation is a brutal simplification, and solving the Boltzmann
equation without it can be a daunting task, often impossible to address analytically.
These is, however, an important situation where the relaxation time approximation can
be justified through a microscopic analysis of the collision integral. That is the case
when all scattering events are elastic, in other words, the perfect crystal is perturbed by
a static potential, created by impurities, vacancies, lattice defects, anything not endowed
with dynamics.
Let us then assume that the perturbation induces electronic transitions from k — k/

with a certain probability rate in the form of Fermi’s Golden rule,

1 /

S, K5 (60 — ) (96)

the rate of change of fy(r,t) is

<8£(>col = _é . [w(k' k) fx (1 = fir) —wk k) fir (1= fi)] 6 (e —ex)  (97)

where the occupation factors express the probability that the initial state is occupied
and the final one empty. Since we expect

w(k k) o |(k| V [K)[* = (K] V k)|

the collision integral can simplify to

<83{§k> - _%Zw(klvk) (fk — fw) 0 (e — €x) -

col K’
As f2 and & fllf only depend on k through the energy €y, we can make the replacement

(fi = fx) 0 (e —ex) = (0 — 6.f1) O (s — €x) (98)

and the collision integral becomes

R [57] = 5 32w, 10) (6T~ 6Ti) 8 exe — ). (99)
-

14



Recall the form of BE, without magnetic field

0
(—gi{) Vk-Dk(I‘,t) = Ik W} (100)

Solving BE is finding the function §f that satisfies this equation. The LHS is zero away
from the Fermi surface, so for |ex — ep| > kT , 0 fx = 0 does solve the equation. In
other words, in the collision integral we can assume that ex = € ~ er. Now suppose
that the dispersion relation is isotropic near the Fermi level (spherical Fermi surface)
and the scattering rate between two k values at the Fermi surface depends only on the
angle between them,

w(k’, k) = w (k‘F, ek,k’) (101)

Also the isotropy of the Fermi surface allows us to write
vi =vrk,  (k~kp) (102)

The driving field Dy only depends on the modulus of k , Dy, — D;, and, ¢ fix can only
depend on the angle of k and Dy. The following Ansatz is easily seen to solve BE

0fic=— (—a) n(ek-D (103)

By inserting it in the collision integral and taking into account that the delta function
imposes € = €,

% Zw (k:F, 91(71(/) (lAc — R') d (ew — 6k)]

k/

We can write X o R
k' = (k : k/)k—i—ql = kcos Qk,k’ +qL (104)

with q| -k = 0. Using k as the Oz axis in the integral over k’
a1 = sin Oy (cos g/, sin @y, 0). (105)

The angular integral of the q; term over ¢,/ yields zero because the scattering rate only
depends on 6 x/. Hence

0 A
L [of] = K—(ka) n(ex) Dy - k] X %Zw (kp,Okx) (1 —cosby ) 6 (e — €x)
k/

_ K_gf:) n(ex)Dy - 1;] L (106)

Ttr

S (107)

15



exactly as hypothesised in the relaxation time approximation, with

1 1
—=q Zw (kp,Okx) (1 — cosbicko) 6 (exr — €x)
T k/
3k
N / 2" (kp, Ocaer) (1= cos bicxer) 0 (1 — exc) (108)

Comparing with the driving term

of° af° 11
(—a“:k) Vi Dy (r, t) = [(‘5&) n(ex)Dy - k] P (109)
we get,
77(6k) = VpTtr
and

0
0fy = —< of )Vk'Dthr

~Be

is the solution of BE, exactly in the form of the relaxation rate approximation, now with
an explicit expression for the elastic transport time, namely, Eq.(108).

Although we solved BE without magnetic field, the derivation of the classical Hall
effect, presented in section (3.2) is still valid because all it used is the form of the
collision integral of Eq.(107).

A. Liouville’s Theorem in semi-classical dynamics

In deriving BE we assumed

Ve t+Vi-k=0 (110)
This is true only if r and k are canonically conjugate, obeying Hamilton’s equations of
motion. With the semi-classical equations of motion this is not true. In the following
we calculate this term with liberal use use the identity

Vx(AxB)=(B -V)A+(V-B)A—(A-V)B+(V-A)B (111)
Vr'i':—Vr-f(xw(k):—w(k)-(erk) (112)
Vick = %vk-(vk x B) = %B-(Vk X Vi) (113)

Using the equation of motion

- %Vke(k) Ckxw (k) (114)
hk = q (E + 1 x B) (115)

16



1

Ve x k= 5 [Ve X E+ Ve x (i x B)]
= % [—8; + (B Vo) + (Ve B)E— (- V,)B — (Vrf)B}
-1 [—‘g’ _B(Vui) + (B- V)i (116)
and
Voimd |0 B w0 (Vi) - BB Toiwlg| (1)

The divergence of a curl, B, is zero; the last term is also zero because the anomalous
velocity term is orthogonal to the Berry curvature;
_qdB

Vr-i'<1—%B-w(k))_ﬁE-w(k) (118)

Now we consider the second term. Not surprisingly it will have a similar structure:

Vic X Vic = — Vi X [kxw(k)} = - [(w(k)~Vk)f<+(Vk.w(k))— (k.vk)w(k)_(vk-k)w(k)}

=— [_ij (k) — (Vk : f() w (k) + (w (k) - Vi) f{] (119)
and
Vik = % {B-iw(k)qL (Vk'l'{)w(k) — (w(k)-vk)k.B]
Vik (1 - %B W (k)) - %B : %w (k) (120)
So the final result is
(vr-f+vk-f<) (1—%B-w(k)):%%[B-w(k)] (121)
which we can write as a total time derivative
(Vr-f+Vk-k) = —%m [1—%[B-w(k)]] (122)

The LHS is the divergence of the velocity field in phase space. This results expresses the
violation of Liouville’s theorem: the volume of phase space is not conserved in evolution.
In general for a velocity field v(q) we have

d
@ dlq = / dofr-v = / d%qVq - v; (123)
dt Jy oV V(t)
for a infinitesimal volume P
%AV =Vq- VAV (124)

17



or

d
AV =Vg v (125)
In our case this becomes
d d q
— = —— 1 —_ — . 1
SIAV = ——n [ 1B-w (k)]} (126)
or
q _
AV (1 ~1B-w (k)]) = const. (127)

This result is presented in Xiao et. al. [4] where it is stated that the correct way to
compute averages in the semi-classical limit is to use the invariant phase space volume
element

d
(;’;d ddy (1 - % B w (k)]> (128)

Why should this be so? The number of states in invariant under unitary quantum
evolution. In a semi-classical approach, a given cell in phase space should contain a
certain number of states. Under evolution by the equations of motion the number of
states should not change. If, under time evolution the volume element d%rd?k/(2r)?
changes, this means that the density of quantum states is not constant in r,k space.

But the measure of Eq.(128)is invariant. This implies that the density of states per unit
k and r volumes is D(k,r)/(27)% with

D(k,r) = (1 - (a/h) [B-w (K)]). (129)
Therefore, the mean density of carriers in r,k space is
p(k,r,t) = D(k,1) f(k,T,1) (130)

where f(k,r,t) is the mean occupation of state k,r. It is p(k, r,¢) that satisfies a conti-
nuity equation

%D(k, r)f(k,r,t) = =V (viiDf) — Vi (kDY)
— vk -VeDf —k-ViDf — (vr~f+vk-1}) Df

=vi-VeDf —k-ViDf + <CZD>f (131)

The total derivative of D(k,r) is
d

%D(k, r)=k-ViD + vy VD (132)

so the result is
;D(k, ) f(k,r,t) = D(k, r)gtf(k, r,t) =D v Vof +k- ka} (133)
O flir,t) = [vic- Vel llor, 1) + k- Vil r 1) (134)
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The BE is unchanged for f(k,r,t) . It merely states that, with drift terms only,

df (k,r,t)

_ 1
= 0 (135)

as expected for the mean occupation of a quantum state. The BE equation does not
change, but it is p(k,r,t) that satisfies a continuity equation. The current expression
should involve a sum over all states and therefore should be

d
j= / (;Zﬂl')“ _d?rD(k, r)vi fi (136)

B. Anomalous Hall effect in 2D materials

There is a very important consequence of the existence of the Berry Curvature in 2D
system. In that case both r and k are 2D vectors and we can keep the form of the
equations of motion by interpreting

gev aEe
w(k) = (8; _ 8;) 6 (137)

and it follows for B =0

1
Vk = — Vkéx + EE X w(k)

h h
1
= - Vi + %w(k) (E x &) (138)
For a single band
) d’k 2¢? d’k .
Je =2 x(—e) / mkak =T [/ Ww(k)fk} (E xe;) (139)

This expression identifies a Hall conductance

as 9 d2k,
2e
Oay 1=~ 5~ [/ 47rgw(k)fk] (141)

This is a possible mechanism for the existence of a Hall effect in the absence of a magnetic
field, the so called Anomalous Hall effect (AHE). There are, however other possible
mechanisms [2], although in many materials this appears to be the dominant one [4].
But a very important case occurs when the system is an insulator. In that case we have
a filled band, fx = 1, and the equation of motion of the Bloch momentum does not
change the equilibrium distribution. It follows that

2¢? d*k 2¢?
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where

2
Cn :—/dkw(k)
2

is called the Band Chern number and can be proven to be an integer, a topological
invariant of the band structure. Haldane provided the first example of a model with
non-zero Chern number giving a quantized Hall effect in the absence of a magnetic
field[1].

Curiously, the quantized Hall effect in a 2D electron system in the presence of a
strong magnetic field can be understood under the same principle, if we consider the
generalization of the semi-classical equations of motion to magnetic Bloch bands. When
the magnetic field is commensurate with the lattice, Bloch’s theorem still applies, but
the semi-classical equations of motion in magnetic Bloch bands do not include this field.
Therefore Eq.(142) still applies. This account of the quantized Hall conductivity in terms
of the Chern number of the magnetic Bloch Bands is the main result of the famous
Thouless, Kohmoto, Nightingale and den Nijs, the TKNN result [3]. It was obtained
from a full quantum mechanical calculation, though, without reference to a semi-classical
approach.
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