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Physical measures



Physical measures

Let M be a compact Riemannian manifold and f: M — M. An f-invariant
probability measure p on the Borel sets of M is called a physical measure
if, for a positive Lebesgue measure set of points x € M, we have

1 n—1
Z W*

n ; Oéﬁ(X) n—o0 s (+)
J:

or equivalently, for all continuous ¢ : M — R
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We define the basin of p as

B(p) = {x € M: (x) holds}



Singular vs. absolutely continuous

@ The average of Dirac measures supported on an attracting periodic
orbit is a physical measure.

@ Any ergodic absolutely continuous (wrt Lebesgue measure) invariant
probability measure is a physical measure.

Exercise

Prove the second statement above.
Hint for the second one: use Birkhoff's Ergodic Theorem and the fact
that C%(M) has a countable dense subset.




Toy model |: Doubling map

Consider f : ST — S given by

f(x) =2x (mod 1).

It is clear that f preserves the length of intervals, and so (...)
f preserves the Lebesgue (length) measure m on the Borel sets.

Exercise

Show that m is ergodic.
Hint 1: Use Fourier series and the fact that f is ergodic iff for all ¢ € L2(m)

pof =¢ = ¢ = const.

Hint 2: Use that any interval becomes the whole interval after a finite number
iterates, the fact that f preserves proportions and Lebesgue Density Theorem.




Toy model Il: Solenoid attractor

Consider the unit disk D C C, the map
F: S x D — S x D given by

1 .
F(t,z) = (2t(mod 1), % + 5E.2rrns> 7

and the attractor
A= () F"(s' x D).

>0
Some well-known facts: n=

@ A is a hyperbolic attractor.

@ Each x € A has a stable leaf v°(x) and an
unstable leaf v“(x).

© The unstable leaves of points in A are
contained in A.

@ There exists a unique F-invariant ergodic
probability measure p such that m,pu = m.




Some more facts:

(1) A'is foliated by unstable leaves.

(2) The conditional measures of ;1 on unstable leaves are equivalent to
the conditionals of Lebesgue measure on those leaves.

(3) For any continuous ¢ : A — R and any £ € 73(€) we have

. 1 n—1 )
HL@O;ZW )= Jim 2 9AF(E)

(4) The stable foliation is absolutely continuous.

1 ergodic supported on A

s 4 (1)
el (€) piu almost every point in an
£ unstable leaf 4“ belongs in B(u)
L)
& m.u almost every point in an
7*(€) unstable leaf 4“ belongs in B(u)
4 (3)+(4)

1 is a physical_measure



Lyapunov exponents

Let f : M — M be a diffeomorphism of a smooth manifold M.
Given x € M and v € T, M, define

1
)‘(Xa V) = ngl]oo ; |Og ||Dfn(X)VH7

if these limits exist and coincide.

Theorem (Oseledec 1968)

Assume that f preserves an invariant probability measure p. There exist
measurable functions \; and a Df-invariant splitting T, M = @, E;(x) with
A(x, v) = Xi(x) for p almost every x € M and every v € E;(x). Moreover,
if pu is ergodic, then \; and dim(E;) are constant u almost everywhere.

Each ); is called a Lyapunov exponent of f (with respect to u).
We define the regular set /R C M as the set of points for which the
Lyapunov exponents are defined.



SRB measures

Theorem (Pesin 1976)

If x € R has at least one positive Lyapunov exponent, then there is a
small disk y“(x) C M tangent to @),>0Ei(x) such that for all y € v¥(x)

1
lim sup logd(f~"(y),f "(x)) <O.

n—oo

~vY(x) is called the local unstable manifold of x € R.
A local stable manifold v°(x) can be obtained similarly for a point x € R
with at least one negative Lyapunov exponent.

The measure p is called an Sinai-Ruelle-Bowen (SRB) measure if it has at
least one positive Lyapunov exponent and the conditionals {/iyu} of the
Rokhlin decomposition of p on local unstable manifolds are absolutely
continuous with respect to the Lebesgue conditionals {m.«}.
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Absolute continuity of the stable foliation

Given D, D' C M embedded disks intersecting

transversally a set {7°(x)}x of stable leaves, 7°(z)
define the holonomy map

h:Uyrx)NnD — U (x)nD’
assigning to z € 4°(x) N D the unique point
in v°(x) N D’. The stable foliation is absolutely )
continuous if for any A C |J,7*(x) N D, we have
mD(A) > 0 iff sz(h(A)) > 0.

Theorem (Pesin 1976)

Let f : M — M be a C? diffeomorphism having all Lyapunov exponents
nonzero with respect to an ergodic invariant probability measure . Then
the stable foliation is absolutely continuous.

D/

Corollary

Every ergodic SRB measure with non-zero Lyapunov exponents
is a physical measure.




Decay of correlations
The correlation of observables ¢, : M — R is defined as

Cory(p, 1o f) = /s@(@bof”)du—/sﬁdu/wdu

Taking ¢ and ¢ characteristic functions of Borel sets, we obtain the usual
notion of mixing. when Cor, (¢, o f") — 0. We are interested in specific
rates (polynomial, exponential,...) for the convergence of Cor, (¢, o f")
to zero. For this, we usually need to impose some regularity of the
observables and assume that (at least) ¢ is Holder continuous.

Remark

In many cases, p is equivalent to the Lebesgue measure m. Assuming m
normalized and taking ¢ = dm/du, we have

Coru(p, o f7) = ' / VFdm — / wdu’-

So, the decay of Cor, (¢, o f") gives information on the speed at which
the push-forwards f,"m approach the physical measure p.




Other statistical properties

Here we will be focused on Decay of Correlations. Under the same
approach (inducing schemes) several other statistical properties of SRB
measures can be deduced.

@ [Young 1998; Young 1999]: Central Limit Theorem;
@ [Melbourne and Nicol 2008; Melbourne 2009]: Large Deviations;

@ [Melbourne and Nicol 2005; Melbourne and Nicol 2009]: Almost Sure
Invariance Principle;

@ [Gouézel 2005]: Local Limit Theorem;
o [Gouézel 2005]: Berry-Esseen Theorem.
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Entropy
Let i be a probability measure on M and P a countable ¢ mod 0 partition
of M into measurable subsets of M. We define the entropy of P with
respect to u as

Hu(P) = > —u(P)log u(P).

PeP

Given f : M — M preserving p and n € N, consider the dynamically
generated partition

n—1
Pr=\/fi(P)
j=0
The entropy of f and the partition P with respect to p is given by

1,
hu(f,P) = lim ~H,(P")

The entropy of f with respect to u is
hu(f) = sup hu(f,P),
P

where the supremum is taken over all partitions of-M as above.
14



Entropy formulas

[Ruelle 1978]: upper bound for the entropy of an invariant measure in
terms of the positive Lyapunov exponents;

[Pesin 1977]: equality in Ruelle’s result if the measure is absolutely
continuous w.r.t. Lebesgue measure;

[Ledrappier and Young 1985]: characterization of measures satisfying
Pesin's entropy formula;

[Ledrappier and Strelcyn 1982]: entropy formulas for certain systems
with singularities (inspired by billiards);

[Liu 1998]: Pesin's entropy formula for endomorphisms;

[Alves, Oliveira, and Tahzibi 2006; Alves, Carvalho, and Freitas

2010a]: use entropy formulas to obtain the continuous variation of
entropy for SRB measures in certain families of systems.

15



Systems with expanding structures
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Gibbs-Markov maps

Let (Ag,.A, m) be a finite measure space. We say that F : Ay — Ay is
Gibbs-Markov if there exists an m mod 0 countable partition P into
measurable subsets of Ag such that:

@ Markov: F maps each w € P bijectively to Ag.
@ Nonsingular: 3 J¢ > 0 such that foreach ACw € P

m(F(A)) = / Jrdm.
A
© Separation: for all x,y € Ag there is
s(x,y) =min{n>0: F"(x), F"(y) lie in distinct elements of P}.

@ Bounded distortion: 3K > 0and 0 < 5 < 1 s.t. for all
X,y eEweP

log 7FX) <y gs(FEFO)).
Je(y) —

17



Consider the space

ps(x.y)

X7y

Fs(Ag) = {go Ao = R st || = supM < oo}.

endowed with the norm
ols + llello,

and
}";,“(Ao) = {p € F3(Do) : ¢ > c for some ¢ > 0}.

Lemma 2.1

F5(Ao) is relatively compact in L1(Ao).

Exercise

Prove this lemma.
Hint: mimic the proof of Ascoli-Arzela Theorem in Wikipedia.
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An F-invariant probability measure is exact (= mixing = ergodic) if

AcNpsofF "(A) and v(A)>0 = v(A)=1

Theorem 2.2

Any Gibbs-Markov map has a unique exact absolutely continuous invariant
probability measure v. Moreover, dv/dm belongs in Fg(Ap) and there is

K > 0 such that .

— <
K

Q‘Q
X

§K.

The idea is to prove that the sequence of densities of the measures

is bounded in F3(Ag). By Lemma 2.1, it has an accumulation point in
L1(Ag), which is the density of an F-invariant measure,
19



Inducing schemes

Consider m a measure on M and f : M — M. Given Ay C M with
m(Ag) < oo we say that a Gibbs-Markov F : Ag — Ag is an induced map
for f if there is R : Ag — N constant on each w € P such that

Fl, = FR@),.

Proposition 2.3

If 19 is the ergodic fR-invariant probability measure < m|p,, then
Q=37 #(o|{R > j}) is an ergodic f-invariant measure;
@ (/ finite <= R e L'(m|a,) <= Y72, m{R>j} <oo;
© f nonsingular with respect to m — i/ < m;

Q if 1/ is finite, then p = u'/p/'(M) is the unique ergodic f-invariant
probability measure with ;1 < m and p(Ag) > 0.

We usually denote the induced map F by f and say that y is liftable to v.
20



Decay of correlations
Consider now the case of a smooth map f : M — M, where M is a

Riemannian manifold and m is Lebesgue measure on the Borel sets,
and H the space of Holder continuous functions from M to R.

Theorem (Young 1999)
Assume that f has an induced Gibbs-Markov map R with R € [1(m).

Then f has some (liftable) ergodic invariant probability measure p < m.

Moreover, if gcd{R} = 1, then for all ¢ € H and ¢ € L>°(m)

Q if m{R > n} < n~® for some a > 0, then Cor,(p,% o f") < n—o+1;

Q@ if m{R>n} < e~ for some ¢ >0 and 0 < 6 < 1, then
Cory, (i, 9 0 1) < e for some ¢’ > 0.

If gcd{R} = k, the same conclusion holds for .

The optimal estimate in the stretched exponential case is due to
[Gouézel 2006].

21



Entropy formula

Theorem 2.4 (Alves and Mesquita 2020)

Let f : M — M be a measurable map admitting a strictly positive
Jacobian Jr with respect to some finite reference measure. If f has an
induced Gibbs-Markov map with integrable recurrence time, then for any
liftable f-invariant probability measure 1 we have

h.(f) :/Iong dp.

22



Tower extension

Consider the partition

P = {Ag,} associated to an induced /\'
Gibbs-Markov map R : Ag — Ag.

Define the tower over Ag as R S
A={(x,0): x€Ngand 0 <l < R(x)}, T (\

and the tower map T : A — A as

_f (x,f+1), ifl<R(x)—-1;
0= (0.0 i 1

The map
! A
(x,)

-
~
—~
~
—~
[l
~

satisfies for =mo T.

23



The /" level of the tower is the set
Ay ={(x,£) € A}.

The 0" level is naturally identified with the set Ag € M. Under this
identification we have that TR = fR: Ag — Ay is a Gibbs-Markov map.

The ¢t level of the tower is a copy of {R > ¢} C Ag. This allows us to
extend the o-algebra A and the reference measure m to the tower A. We
also extend P to an m mod 0 partition of A

Q={A}

Finally we extend the separation time to A x A, defining s(x, y) for
x,y € A in the following way: if x,y € Ay, then there exist unique
X0, Yo € Ao such that x = T%(xo) and y = T*(yo). Set
s(x, y) = s(xo, y0)-
Define s(x,y) = 0 for all other points x,y € A.
24



We consider as before
Fa(8) = {p: A 5 RIFC>0: |o(x) - ply) < €N, vx,y € A}
and
fg(A):{goefg(A)|3c>O:gozc}.
Theorem 2.5

If R € L*(m), then the tower map T : A — A has a unique ergodic
invariant probability measure v which is equivalent to m. Moreover,
dv/dm € fE(A) and (T,v) is exact if gcd{R} = 1.

Note that gcd{R} > 1 = (T,v) is not mixing.

Existence and uniqueness of v follows from Proposition 2.3.
(Recall that TR = fR is a Gibbs-Markov induced map for T).

25



Back to the original dynamics

Define p = m,v, where m : A — M is the projection given by (1).
Recalling that f om = 7o T, we have that

(T,v) is an extension of (f, u).
Lemma 2.6
@ v|A¢ = 1 (the fR-invariant measure in Proposition 2.3);
1 =
Q=== . fl(vol{R > j});
ey DILICILEN)

© Cory(p, 9o f") = Cor,(pompomo T") forall ¢,4 and n > 1;
Q for each ¢ € H, there is 5 > 0 such that p o T € Fp(A);

o /IogJ,c dp:/logJT dv;
Qo hu(f) - hV(T)'

By the first two items p = m,v is the measure given by Proposition 2.3.
The last item has been proved in [Buzzi 1999] for general extensions.

26



Decay of correlations for tower maps

Young Theorem is then a consequence of

Theorem 2.7

Assume that gcd{R} = 1. For all ¢ € F5(A) and all 1 € L>(m)
@ ifm{R > n} < n=® for some a > 0, then Cor,(p,1p o T") < n—ot1;

Q@ ifm{R>n} < e~ for some ¢ >0 and 0 < 6 < 1, then
Cory (¢, 0 T") < e~ for some ¢’ > 0.

Below we show how Cor, (¢, o T") can be controlled in terms of the
total variation of a certain sequence of signed measures.

27



Given ¢ € L*°(m) with ¢ # 0, define

. 1
" = f(go+2||¢||oo)du(¢+2”90H°°)' (2)

Note that ¢* is strictly positive and its integral with respect to v is 1.

Lemma 2.8

For all ¢ € Fg(A) with ¢ # 0 we have
O ¢* € Fy(A)and 1/3 < p* <3;

@ Cory(p, o T") < 3||¢llccll®lloc] TIA — v| for all ¥ € L>®(m),
where )\ is the probability measure on A such that d\/dv = ¢*.

We have

[elloe < @+ 2[[¢lloo < 3[[#lloo- (3)
Since v is a probability measure, we get

1 1 1

< < .
3llelloe = S+ 2llelloc)dr ~ el
From (3) and (4) we get 1/3 < ¢* < 3.

28



For all x,y € A we have

o*(x) —9*(y) 1 p(x) — oly) (5)

(<) J(e+2llpllso)dy  gslxn
Since ¢* > 1/3,
p € Fp(d) = ¢" € F5 (D).

Setting a = [(¢ + 2||¢||s0)dv, we may write

Coru(p, o T7) = ‘/gp(z/;o T")dy — /gpdu/z/zdy

:a/gp*(on”)du—/go*du/q/;du
:a/(z/;oT”)d)\—/dez/
_afwdT:)\—/wdu

< allt oo T2A — ]

Observing that a < 3||¢||sc, We obtain Lemma 2.8.
The proof of Theorem 2.7 is then reduced to estimate | T\ — v|. 29




Convergence to the equilibrium

Theorem 2.9 (Young 1999; Gouézel 2006)

Assume that gcd{R} = 1. Given any measure X such that ¢ = d\/dm
belongs in F (A) we have:

@ if m{R > n} < Cn=¢ for some C >0 and ¢ > 1, then
|TIX —v| < C'n= ¢+ for some C' > 0;

Q@ if m{R > n} < Ce=“" for some C,c >0 and 0 <7 <1, then
|TPA —v| < C'e=<""" for some C',c’ > 0;

Moreover, ¢’ does not depend on ¢ and C’ depends only on C.

The proof of this result uses a probabilistic coupling argument, based on
a careful study of returns to the base of the tower.
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Entropy formula for the tower map
Proposition 2.10

h,(T) = /IogJT dv.

Entropy formula for Gibbs-Markov maps can be deduced using (in an
importnt way) the Markov property; see e.g.

(1) [Denker, Keller, and Urbanski 1990]

(2) [Alves, Oliveira, and Tahzibi 2006]

(3) [Alves and Pumarifio 2018]

For tower maps, we follow ideas from (3), using a quasi-Markov property:
there is 77 > 0 such that for m-almost every (x, £) € A there are infinitely
many values n € N for which

m(T"(Qn(x,€))) > n >0, (6)
where for each n > 1

n—1
2=\ T7(9)
i=0 31



Given (x,¢) € A, let M(x,£) be the set of k € N for which (6) holds.

Volume Lemma

There exists C > 0 such that for all (x,¢) € A and k € M(x,{),

C7t < m(Qux(x,0)) - J<(x,£) < C.

Bounded distortion gives Cp > 0 such that for all kK > 0 and all
(x,2),(y,?) € A belonging in the same element of Qy, we have

J5(x,0)
T = ")

Using the Jacobian, it follows that

Gl<

mUW%&@DZ/ J5(y. ) dm(y. 0)
O (x,0)

k

l

= [ ) a0
Qu(x,0) J7(x,€)

32



Now, on the one hand, using the bounded distortion, we deduce that
m(8) > m(T*(Qk(x,0))) > Cot - JF(x,£) - m(Qi(x, 1))
and consequently, for all k € N,
J5(x,0) - m(Qi(x,£)) < m(A) - Go.
On the other hand, for all kK € M(x,¥¢),
< m(TH(Qu(x,6))) < Co- JF(x,€) - m(Qx(x, £)).

This gives the Volume Lemma.

33



Using that
@ Q is a generating partition
@ Shannon-McMillan-Breiman Theorem
© v is ergodic and equivalent to m
© the Volume Lemma
© the chain rule for the Jacobian
O Birkhoff's Ergodic Theorem
we get

h(T)=h,(T,Q) = Ii_)m —% log v(Qn(x,¢)) = Ii_}m —% log m(Qn(x, 1))

1 1
= lim —=logm(Qk(x,0)) = lim =logJ%(x,0)
k—00 k k—oo k
keM(x,L) keM(x,L) ’

= ZlogJT x,0)) = / log J7 dv
kE./\/l(XK) i=0

thus proving Proposition 2.10.
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Systems with hyperbolic structures
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Young structures

Let M be a Riemannian manifold and f : M\ S — M a diffeomorphism
onto its image. We say that a compact set A C f~"(M \ S) has a product
structure if there exist a family '* = {7°} of stable disks and a family
MY = {+"} of unstable disks in M\ S such that

o A= (Uy)N(Uy®);

e dim~yY 4+ dim~® = dim M;

e each «* and 7" meet in exactly one point;

Given x € A, let v*(x) denote the element of [* containing x, for * = s, u.

1"5

I"u
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Given disks 7,7 € TY, define ©, ,: YN A —=~"NA by

O, (x) =7°(x) N, (8)
and ©, : A = yNA by

@’Y(X) = e'y“(x),’y(x)' (9)

We say that the hyperbolic product structure is measurable if the maps
©,, and ©, are measurable, for all v,y € ['".

o

T 1

No C Ais called an s-subset if Ag = T§ N T for some [j C I'°.

No C Nis called a u-subset if Ag =g NTI*° for some [j C Y.
37



A set A with a measurable product structure for which (Y1)-(Ys) below
hold will be called a Young structure.
(Y1) Markov: 3 pairwise disjoint s-subsets A1, Ay, -+ C A such that

» my(AN~v)>0and my(A\UiA;)N7y) =0 forall v € T'Y;

» Vi € N 3R; € N such that fRi(A;) is a u-subset and for all x € A;

FR(*(x)) € (FR(x) and  FR(y(x)) D 7*(FF ().

fr
We define the recurrence time R : A — N and the return map fR: A — A

R, =R and Ry =R

The separation time for s(x, y) for x,y € A is the smallest n > 0 such that
(FR)"(x) and (FR)"(y) lie in distinct A;'s.
38



Consider C > 0 and 0 < 8 < 1 constants depending only on f and A .
(Y2) Contraction on stable disks: for all vy € ['* and x,y €
> dist(f7(y), £7(x)) < Bdist(x, y);
» dist(/(y), F/(x)) < Cdist(x,y), for all 1 < j < R(x).
(Y3) Expansion on unstable disks: for all v € T'Y, all A; and x,y € yNA;
> dist(xzy) < ﬂdist(fR(y), fR(x));
» dist(F(y), F(x)) < Cdist(fF(x), fR(y)), for all 1 < j < R(x).
(Ys) Absolute continuity of I'*: for all 7,7 € ', the map ©, ./ is
absolutely continuous; moreover, letting &, ./ denote the density of
(@%W/)*m7 with respect to m,/, we have for all x,y € ~Y' A

! &%)
= <&(x)<C and  log XL < ),

(Ys) Bounded distortion: 3o € " such that for all A; and x,y € v0 N A;

et DFR| T
& det DFR|T, o

The structure has integrable recurrence time if for some (hence all) v € 'Y

/ Rdm, < oo.
YNA 30

< AR,



SRB measures
Theorem 3.1
The return map R of a Young structure has a unique ergodic SRB

measure v. Moreover, the densities of its conditionals with respect to
Lebesgue on unstable disks are bounded above and below by constants

Proof similar to Theorem 2.2, controlling the densities of the measures
n—1

1
Vp = nz;(fR) Jmyu, someyeTl"
J:

Theorem 3.2

If f has a Young structure A with integrable recurrence times, then f has a
unique ergodic SRB measure with z(A) > 0.

HESE AR ) 0V{R>J}JZ:; I (WI{R > j}). (10)
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Decay of Correlations

Let H be the space of Holder continuous functions from M to R.

Theorem 3.3 (Young 1998)

Let f have a Young structure A with integrable recurrence time R and i be
the unique ergodic SRB measure of f with p(A) > 0. If gcd(R) = 1, then

Q@ if my{R > n} < Cn~? for some y € 'Y and C > 0,a > 1, then for all
¢, € H there exists C' > 0 such that Cor, (¢, 9 o f™) < C'n=2%1;

Q if m,{R > n} < Ce " for some v € 'V and constants C,c > 0 and
0 < a <1, then for all ¢,7 € H there exists C' > 0 such that
Cory(p,pofm) < Cle=<'™.

If gcd{R} = k, the same conclusion holds .

See also the contribution of [Korepanov, Kosloff, and Melbourne 2019]1
in the present (simplified) setting of Young structures.

Lallegedly based on an oral communication by Gouézel
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Entropy formula

Consider
Ji = |det Y,

where fY is the restriction of f to unstable disks. Note that if  an SRB
measure, then J{ is defined p almost everywhere.

Theorem 3.4 (Alves and Mesquita 2020)

Let f have a Young structure A with integrable recurrence time R and u
be the unique ergodic SRB measure of f with p(A) > 0. Then

hu(f) :/IogJ,’cJ dpu.

42



Tower extension

Let f : M — M have a Young structure A with recurrence time
R : A — N. As before, we define a tower

A={(x6): xeNand 0 < ¢ < R(x)},

>

and a tower map T:A—=Aas

. f (x£+1), ifl+1<R(x);
T(x,0) = { (FR(x),0), if ¢+1=R(x).

The /-level of the tower is
Ay ={(x,0) € A}.

The O-level of the tower Ag is naturally identified with A. We have a
partition of Ag into subsets Ag; = A;. This gives a partition {A;;}; on
each level £. Collecting all these sets we obtain a partition O = {Apitei
of A.



Setting

we have fomr=mo T.

Theorem 3.5
Let R be the return map and T the tower map of a Young structure A

with integrable recurrence time R. If v is the SRB measure of <, then

o0

= Z,oV{R>J§ LR >j})

is the unique ergodic SRB measure of T. Moreover, u = w0 is the unique

ergodic SRB measure of f with p(A) > 0.

T« gives precisely the formula in (10).
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Quotient return map

Given 7o € ¥ as in (Ys), we define the quotient map of fR on v N A

F @ wnA — ypNA
X — e%’YoofR(X)a

where v = v4(FR(x)).
Proposition 3.6

F is Gibbs-Markov with respect to the m,, mod 0 partition
P = {’}’oﬁ/\l,"ﬂ)ﬂ/\z,...} Of’}/oﬂ/\.

Lemma 3.7

Let F: v NA — v NA be the quotient map of FR: A — A.
If v is an SRB measure of fR, then 1y = (©.,).v is the F-invariant
probability measure such that 19 < m,,.
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Quotient tower
Fix 0 € 'Y as in (Ys5), and the quotient map
F:rvnNA—=~yNnA.

Consider the tower map T : A — A of F with recurrence time R.
Notice that for all i >1

R|’Yoﬂ/\f = Rlr = Ri.
Since 9 NA C A, it easily follows that for all £ > 0 we have

Arc Ay and T = Tla. (11)
Moreover, To0=00 T, where
e A — A (12)

(x:€) = (O5(x), ).

Proposition 3.8

If ¥ is the ergodic SRB measure of T, then ©,7 is the unique ergodic
T-invariant probability measure absolutely continuous with respect to m..
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Decay of correlations
We have
ol =for and ©@oT =ToO. (13)
Let
@ © be the unique ergodic SRB measure of T
@ 1 be the unique ergodic SRB measure of f with u(A) > 0;

@ v be the unique ergodic T-invariant measure such that v < m,,.
By Theorem 3.5 and Proposition 3.8, we have

=m0 and v =0,0. (14)
Given @, € H, define
p=vor and @=gpom. (15)
Lemma 3.9
Corp(p, ¥ o f) = Corp(, 3o T7). J

It is enough to obtain estimates for Cor, (¢, Yo 'IA'"). The idea is to reduce
to a problem on the quotient tower T : A — A, and apply Theorem 2.9.
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Given k > 1, define
k—1
o=\ T70 (16)
j=0
Define the discretisation py : A R of @, setting for each Q € ng
vklg =inf{po 'IA'k(x): x € Q}. (17)

wk may as well be thought of as function on A.

Proposition 3.10
For all p,v € Hand 1 < k < n,
Corp(@,4p o T™) < Cor, (¢, 1k 0 T")
+2llllollg o T — wiells + 2ll%llollp o T — ills-

| ||z is the L1-norm with respect to the probability measure 7 on A.
We are left to estimate the L-norms in Proposition 3.10.
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Define for x € A and k >1
bi(x) = #{1 < j < k: TV(x) € Ag}.

Since (11) holds, we may use the same notation as for the tower T of the
quotient map F. Recall that each by is constant on stable disks.

Lemma 3.11

For every Holder continuous ¢ : M — R thereare C >0 and 0 <o <1
such that for all k > 1 and x € A we have

B0 T4(x) = pu(x)] < € (940 4 5 TED)
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Define R, = Zj;ol Ro FJ, for each k > 1
Proposition 3.12

Given 0 < o < 1, there exists C > 0 such that for all k > 1 we have

/abkdyg CY m{R=0}+Ck> o'my, {Rg > g}

£>k/3 >1

As a consequence of Lemma 3.11 and Proposition 3.12.

Corollary 3.13
For every Holder continuous o : M — R and kK > 1

a B k
||gOO Tk—gokHl <C Z mfyO{RZk}+CkZO'£mWO{Rg> 3}

>k/3 >1

This enables us to deduce the desired estimates in the polynomial and
(stretched) exponential cases.
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Entropy formula
The natural extension of the system (A, 7,8, D) is a new measure
preserving system (A%, T# B#, %) defined as

o A* ={(...,(x_1,1-1),(x0, b)) € TI=2 A| T (3, In) = (Xnt1, Int1) ¥n < 0}

(] 7::—#( cey (X,l, /,1), (X()7 /0)) = ( cey (X,]_, /, ) (X()7 /0) (Xo /0))
@ B7 o-algebra generated by cylinder sets of the form

[Ak, -, Aol = {(Xn, ln)n<o € A7 | (x;, ;) € A; for all i = k,...,0},
where A; € B for aIIi:k,..A.,O. .
o 77 ([Ak,...,Ad]) = D(AN T HAk_1) NN TK(Ag)).
Similar for (A, T, B,v).
Proposition (Demers, Wright, and Young 2012)
(A# B# D T#) (A# B#, v#, T#)

Proposition (Rohlin 1967)
ho(T) = hou(T#) and hy(T) = h,(T#)
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Entropy relations

Systems with Gibbs-Markov structures Systems with Young structures

N T e VR

Buzzi, 99

Buzzi, 99 ‘

ho(T)
h(T) [=——=] [ logJr dv

|h9*f,(T) = [ log J7 d©.p

Proposition 2.10 Rhoklin, 67 ‘

s (7#) [==1] Ho0p(T")
DWY 2012
Recall that by (14) we have

~

uw=m and v =0,D.
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Applications
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Since the appearance of [Young 1999; Young 1998] many results have
been obtained using induced Gibbs-Markov maps or Young structures.
This led to a fairly complete theory of non-uniformly expanding maps,
partially hyperbolic attractors and Hénon attractors.

@ Existence of SRB measures [Alves, Dias, Luzzatto, and Pinheiro 2017]

@ Decay of Correlations [Benedicks and Young 2000; Gouézel 2006;
Alves, Luzzatto, and Pinheiro 2005; Alves and Li 2015 |

@ Large deviations [Melbourne and Nicol 2008; Melbourne 2009]

Q Statistical stability [Alves 2004; Freitas 2005; Alves, Carvalho, and
Freitas 2010b; Alves and Soufi 2012]

@ Continuity of entropy [Alves, Oliveira, and Tahzibi 2006; Alves,
Carvalho, and Freitas 2010a]

Below we present some examples of systems with discontinuities where
entropy formula can be obtained, using Theorem 2.4 or Theorem 3.4.
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Lorenz maps

{fx}xex, where X is the family of geometric Lorenz vector fields

o fx : Ix — Ix transitive C1t
local diffeomorphism;

(] IX = [—rx, rx], rx ~ 1/2;

e Sx = {sx ~ 0} singular set
(unbounded derivative);

-172 0 +1/2

Theorem (Alves and Mesquita 2020)

Each fx has and induced Gibbs-Markov map with exponential tail of
recurrence times.

@ unique ergodic SRB measure.

Corollary
Entropy formula holds for the SRB measure of fx.
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Rovella maps
{f2}aer, with R C [0, 1] satisfying lim._,o [ROOE _ 1

€

I =1[-1,1];

fo: 1\ {0} — I transitive C** local
diffeomorphism;

{0} is a critical /singular set;

@ unique ergodic SRB measure.

-1 0 1

Theorem (Alves and Soufi 2012)

Each f; with a € R has and induced Gibbs-Markov map with exponential
tail of recurrence times.

Corollary
Entropy formula holds for the SRB measure of f, with a € R.
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Luzzatto-Viana maps

. . lLvynle,c
{fa}aery, with LV C RJ;C such that lim | [ +dl =1.
= e—0 €
' o I,=[-a,a],a>c>0.
?_L f g AT o f,: 1, — I, topologically mixing C1*
A local diffeomorphism;
N e . i, .
; e {0,£c} is the critical /singular set;
L L @ unique ergodic SRB measure.

Theorem (Alves and Gama 2019)

Each f; with a € LV has and induced Gibbs-Markov map with exponential
tail of recurrence times.

Corollary
Entropy formula holds for the unique SRB measure of f, with a € LV.




Poincaré map for geometric Lorenz attractor
{Px }xecx, where X is the family of geometric Lorenz vector fields

r

(5l

Px : L\I'x — X diffeomorphism
I'x nearly vertical singular line;

o
o
@ nearly horizontal unstable direction;
@ nearly vertical stable direction;

o

unique ergodic SRB measure.

Theorem (Alves and Mesquita 2020)

Each Px has and induced Gibbs-Markov map with exponential tail of
recurrence times.

Corollary
Entropy formula holds for the SRB measure of Px.
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