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Numbers

Throughout this text, we will assume the axioms of Zermelo—Fraenke]ElH set theory (see [6]).
Some of these axioms are for example the following: the Axiom of extensionality says that
two sets are equal if they have the same elements. In particular a set B is called a subset
of A, denoted by B C A if any element of B is also an element of A. The Axiom schema
of specification says that if A is a set, and ¢ is any property which might characterise the
elements a of A, then there exists a subset B of A whose elements are precisely those elements
a € A that satisfy property ¢, i.e. the set

B={ac€ A| ¢(a) is true } (1.1)

exists. In particular this also implies that the empty set exists, namely if A is any set and
¢ is a property such that ¢(a) is always false, then B formed as above does not contain any
elements and will be denoted by (). The Axiom of union: says that for any set (of sets) F
there exists a set A containing every set that is a member of some member of F, i.e. |Jgcr B
exists. The Axiom of power set says that for any set A there exists a set P(A) that consists
of all subsets of A. Pl

Formally, the cartesian product A x B of two sets is defined as the subset of P(P(AU B))
consisting of the elements of the form {{a}, {a,b}} with a € A and b € B, i.e.

Ax B={{{a},{a,b}} |a € A,be B} (1.2)

'Ernst Zermelo (1871-1953), Biography: MacTutor

2 Abraham Fraenkel (1891-1965), Biography: MacTutor

3These axioms are necessary to avoid certain paradoxes, like Russel’s paradoz, which says that there does
not exist the set of all sets, because if such a set would exist, call it €2, then it would be an element of itself.
Now this self-reference causes a paradox, because if we consider the subset R = {A € Q: A ¢ A}, then this
would be also a set and we would have two options R € R or R € R. In the first case, i.e. R € R, the defining
proposition of R says that R ¢ R which is a contradiction. On the other hand the latter condition, R ¢ R
just means that R satisfies the defining proposition of R, i.e. R € R, which is a contradiction again. Thus
either of these options leads to a contradiction and cannot be fulfilled.
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This construction exists thanks to our axioms. Of course we will write elements of A x B in
the familiar way (a, b) instead of {{a}, {a,b}}.

A relation R between two sets A and B is a subset of their cartesian product A x B,
i.e. R C A x B. The interpretation is that two elements a € A and b € B are in relation
if and only if the pair (a,b) belongs to R, i.e. (a,b) € R. Usually we will use a symbol to
denote that two elements are in relation. For instance considering the identity relation on a
set Idx = {(z,x) : x € X}, we would usually use the symbol “=" to indicate this occurrence,
ie. a =0bif and only if (a,b) € Idx. The inverse relation of a relation R C A x B is the
relation R™! = {(b,a) € B x A | (a,b) € R}.

Relations can be composed, i.e. if R C A x B is a relation and S C B x C is a relation
between sets, then So R C A x C' is a relation defined as

SoR={(a,c) e AxC|3be B:(a,b) € R, (bc)e S.}.

In particular R~ o R =1Idy and Ro R~! = Idp.

A function f : A — B between two sets A and B is defined as a relation R C A x B
such that for any a € A there exists exactly one element (a,b) € R with b € B. The familiar
notation is that one writes f(a) = b if (a,b) € R. Moreover R is called the graph of f. A
function f is called injective if whenever f(a) = f(a’), then a = a’. Note that the defining
condition of a function, i.e. for any a € A there exists exactly one (a,b) € R does not say
that f is injective. It only says that there is no ambiguity in defining the value of f(a). A
function f is surjective if for every b € B there exists a € A with f(a) = b. In general, there
are functions that are injective, but not surjective and there are functions that are surjective,
but not injective. A bijective function (or bijective map or bijection) is a function that is
injective and surjective. In this case for every b € B there exists one and only one a € A with
f(a) = b. Hence we can define the inverse function of f by f~1(b) = a if and only if f(a) = b.
This means, that if R is the graph of f, then R~! is the graph of f~1.

Let R C X x X be a relation on a set X. Then R is called
o reflexive if (a,a) € R for all a € X;

e symmetric if (a,b) € R implies (b,a) € R;

e anti-symmetric if (a,b) € R and (b,a) € R imply a = b;
e transitive if (a,b) € R and (b, c¢) € R imply (a,c) € R.

For example the identity relation Idx is a reflexive, transitive and symmetric relation. A
reflexive and transitive relation on a set X is called an equivalence relations if it is symmetric
and it is called a partial order (or partial ordering) if it is anti-symmetric. Such relations are
usually denoted by symbols. We will recall equivalence relations later, but look first to partial
orders.

Let R C X X X be a partial ordering. We usually use a symbol to denote that two elements
are in relation, for ezample x <y if and only if (x,y) € R. In this case we say that x any
are comparable. The partial ordering < is said to be a total ordering if every two elements
are comparable, that means we have x <y ory < x and using the set R this means (x,y) € R
or (y,z) € R. A minimum (with respect to <) of a subset U C X is an element xy € U such
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that xo < y for any y € U. A total ordering < on a set X is a well-ordering if and only if
every non-empty subset of X has a least element.

The usual order of the natural numbers is a well-ordering. This is one of the key-features
of the natural numbers and we will revise the construction of the natural numbers in this
section. The reader is of course well aware of the basic properties of the natural numbers and
might skip this section. However, we want to illustrate the foundations of algebra given by set
theory and logic. The following quote is attributed to the mathematician Leopold Kroneckeﬁ:

“Die natiirlichen Zahlen hat Gott gemacht, alles iibrige ist Menschenwerk."

which one could translated freely as “God made the natural numbers. Everything else is the
work of man”. The role of “god” will be played by the axioms of set theory in order to define the
natural numbers N : The Axiom of infinity says that there exists an inductive set, i.e. there
exists a set X such that if x € X, then X contains also the “successor” S(z) :=zU{x} € X.
This axiom says basically that the natural numbers N exist as there exists a set that contains
all the sets obtained by taking their successors, starting with A =0 = {}:

0= 0
= S0) =00 {0} = {0}
27 = S(S(0) = {0y u {{0}} = {0, {0}}

37 = S(S(5(0)) = {0,{03} U {{0,{0}}} = {0, {0}, {{0,{0}}}}
64477 —

Another axiomatic (but equivalent) way to define the natural numbers is through the

Definition 1.1 (Peano axioms) There exist a set N, an injective function S : N — N and
an element 0 € N, such that

1. 0 ¢ Im(S) and
2. if M C N is a subset containing 0 and [n € M = S(n) € M], then M = N.

Let us denote Nt = Im(S). Then the second property tells us that N = {0} UNT. Hence,
each natural number is either O or the successor of another (previous) natural number. With
these arioms we define

1:=5(0), 2:=95(1), 3:=5(2), n+1:=5(n), Vn € N.

The second property implies the usual induction principle: suppose P(n) is a logical propo-
sition for any n € N, then P(n) is true for all n € N if it is true for the first proposition
P(0) and whenever P(n) is true for some n € N, then P(n + 1) is true. Using the second
property of the Peano axioms we can form the set M = {n | P(n) is true}. Thus if P(0) is
true and whenever P(n) is true then P(n + 1) is true means that 0 € M and for alln € M
also S(n) =n+1¢€ M.

As we know, the natural numbers come with an addition, a multiplication and a well-
ordering. The addition can be defined recursively, namely if n and m are numbers and m =

“Leopold Kronecker ( 1823-1891), Biography: MacTutor. The citation is taken from a memorial tribute to
Kronecker by H.Weber published in the Mathematische Annalen from 1893; see |13].
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m'+1, then n+m = (n+m')+ 1, meaning that we only need to add 1 recursively. Taking the
successor of a number should mean “adding 1" to that number. Hence intuitively it is clear
how to proceed, but in order to define the recursion properly, we will prove first the so-called
Recursion Theorem in order to define addition as a function from N to N (see |6 Section
12]):

Theorem 1.2 (Recursion Theorem) Let X be any set, f: X — X a function and a € X
an element. Then there exists a function f, : N — X that satisfies f,(0) = a and fo(S(n)) =
f(fa(n)), for alln € N*.

Proof: Recall that a function f, : N — X is a subset R C N x X such that for any n € N
there exists exactly one x € X with (n,z) € R and fo(n) = x. Thus consider the following
set of subsets of N x X :

Q={UCNxX|(0,a) €U and if (n,z) € U then (S(n), f(z)) e U}.

Since N x X € Q, Q is not empty. Consider the intersection of all subsets of 2, i.e. R =
N{U | U € Q}. It is clear that R € Q and that R is the minimum of Q. Our aim will be
to prove that R actually defines the function we are looking for. To do so we will use the
induction principle of N and define

M = {n € N| there exists precisely one x € X such that (n,z) € R}.

By definition, (0,a) € R. Suppose there exists x € X with © # a and (0,z) € R. We claim
that R’ := R\ {(0,2)} € Q, which would contradict the minimality of R. Clearly (0,a) € R’
and if (n,y) € R' C R, then (S(n), f(y)) € R. Since S(n) # 0, (S(n), f(y)) € R'. Hence
R’ € Q would be properly contained in R, which is a contradiction. Hence a € X is the only
element such that (0,a) € R and therefore, 0 € M.

Letn € M. Then there exists a unique x € X with (n,x) € R. By definition, (S(n), f(z)) €
R. Suppose that there exists y € X with (S(n),y) € R and y # f(x). Consider R’ =
R\ {(S(n),y)}. Clearly (0,a) € R'. If (m,z) € R, then (S(m), f(z)) € R. Suppose
(S(m), f(2)) = (S(n),y), then m = n as S is injective and f(z) = y. But then by the
uniqueness of (n,x) € R also (m,z) = (n,x), z =z and finally y = f(z) = f(x), which is a
contradiction. Thus (S(m), f(z)) € R and R’ € Q, which contradicts the minimality of R.
Hence (S(n), f(x)) € R is unique and S(n) € M. By the induction principle, M = N.

Now we can define fo : N — X by fo(0) = a and f,(n) = x if and only if (n,z) € R. By
construction, if fo(n) = x, then (S(n), f(x)) € R and hence fo(S(n)) = f(x) = f(fa(n)).

0

The constructed function f, has the property that

fa(1) = f(fa(0)) = fla),  fa(2) = f(fa(1)) = f(f(a)), and so on.

Applied to X = N and the function f =S, we obtain for all m € N a function f, : N — N
defined by frmn(0) = m and f,(S(n)) = S(fm(n)), for all n € N. Note that fy = idy, because
if

M ={n € N| fo(n) =n},
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then 0 € M. and if n € M., then fo(S(n)) = S(fo(n)) = S(n). Hence S(n) € M.. By the
induction principle, M. = N and fo = idy. In the same spirit we can show that the set

My ={n e N|Vm € N: fgm)(n) = fm(S(n))}

is N, because for any m € N: f,(S(0)) = S(fm(0)) = S(m) = fs(m)(0), i.e. 0 € M;.
If n.€ My and m € N, then frn(S(S(n))) = S(fm(S(n))) = S(fsam)(n)) = fsum)(S(n)).
Similarly, fm(n) = fo(m), for all n,m € N, by considering

M.,={neN|VmeN: f,(m)= fn(n)}.

We have fo(m) = m = fn(0) and hence 0 € M. If n € M. then fg,)(m) = fun(S(m)) =
fsmy(n) = fm(S(n)), for all m € N. Hence S(n) € M. and we have shown that M. =N, i.e.
fa(m) = fin(n) for all n,m € N.

This allows us now to define a binary operation on N as

+:NxN-—N, (n,m) — fm(n) =:n+m.

In particular, + is commutative, since fn(m) = fm(n) and 0 is the identity element as
fo = idy, i.e. for alln,m € N:

0+m = m
Sn)+m = S(n+m)

Note that S(n) = S(n+0) =n+S(0) = n+1 shows that the successor of n is precisely n+ 1.
The associativity follows again by an application of the induction principle (see exercise @

Moreover, for all n,m,k € N: ifn+m =n+k, then m = k. Again this can be proven by
the induction principal, just consider the set

M={neN|Vm,keN: ifn+m=n-+k then m =k}

and note that 0 € M as 0 is the neutral element of + and if n € M, then S(n)+m = S(n)+k
implies S(n +m) = S(n + k) and by injectivity of S, n+m =n+ k. Since n € M we must
have m = k. Thus S(n) € M. By the induction principle N = M. This means that (N,+,0)
1s what we will call a cancelative commuative monoid.

Definition 1.3 Define an ordering on N as follows:
Vn,m € N: n <m if and only if there exists k € N such that n + k = m. (1.3)

It is clear that < is reflexive, since n =n+0 for all n € N and also transitive, since + is
associative. For the anti-symmetry, let n < m and m < n. Then there are k,l € N such that
m=n+k andn=m+1. But then n+ (k+1) =n=mn+0 and by cancellation, k +1 = 0.
If k # 0, then k = S(K'), for some k' € N and hence S(k' +1) = S(K') +1 =k +1 =0,
contradicting 0 & Im(S). Thus k =0 and m = n.

To prove that < is a total order we apply again the induction principle to the set M =
{n e N |Vm e N:n <m orm <n}, where we have to use the fact that if n < m < S(n),
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then n = m or m = S(n). Finally, to prove the well-ordering, let U C N be a subset of N.
Suppose U does not have a minimum. Then consider the set of all lower bounds of U, i.e.

M={neN|VzxeU:n<uzx}.

Since by hypothesis U does not have a minimum, 0 € M. Let n € M. Then for all x € U,
if © < S(n), then n < x < S(n) and hence v = S(n). Thus if S(n) ¢ M, then S(n) would
be a minimum of U, which is a contradction. Hence S(n) € M. By the induction principle,
M = N. But then U = 0 and we conclude that any non-empty subset of N must have a
MINMUM.

Note also that < is monotone with respect to +, i.e. if n < m, then for all k € N also
n+k <m+ k. This means that (N,+) is an ordered monoid. We just proved the following
Theorem:

Theorem 1.4 The natural numbers (N, +) with the total ordering < is a commutative can-
cellative well-ordered monoid.

Let P(n) be a logical proposition, for alln € N. In order to prove that all propositions P(n)
are true, the complete induction requires that P(0) is true and that whenever n > 0 and P(m)
is true for allm < n, then also P(n+1) is true. The complete induction is also a consequence
of the second property of the Peano Axioms, by setting M = {n | P(m) is true for all m < n},
because under the hypothesis of complete induction, 0 € M and n € M implies S(n) € M,
shows M = N.

The idea of a “finite” and “infinite” set can be made precise through the total ordering of
the natural numbers. Intuitively it is clear what a finite set is, namely a set whose elements
can be “enumerated” in “finitely many" steps. More precisely, two sets are called equivalent
(or isomorphic) if there exists a bijection between them. For a number n € N we say that a
set X is a finite set of cardinality n if it is equivalent to the interval

[0,n[={m € N:m < n}.

A set X that is not equivalent to a set of the form [0,n] is called an infinite set. Note that
for n. =0, the subset [0,0[= 0 is empty and hence a set X has cardinality 0 if and only if
it is empty. We will denote the cardinality of a finite set X by | X| = n. If X is infinite we
will write | X| = oco. Let n € N. Every proper subset X of [0,n] is a finite set of cardinality
|X| < n. We can prove this by induction. If n = 0, then [0,0[ is empty and has no proper
subset, so assume n = 1. Then [0,1[= {0} and X can only be the empty set, which has
cardinality 0 < 1. Let n > 0 and suppose we have shown that any proper subset of [0,n] is
finite. If X C [0,n + 1], then either X C [0,n] or n+ 1 € X. In the first case, by induction,
X is finite of cardinality at most n. |E| In the latter case, there must exists k < n such that
k& X. Define a map f: X — [0,n] by f(zx) =z for allz #n+1 andf(n+1) =k. Then X
and the image f(X) are equivalent. Since f(X) C [0,n[ it is finite of cardinality at most n.

The usual multiplication is again defined by the recursion theorem. For a given n € N let
frn : N— N as above, defined by f,(m) =n+m. For a =0, the recursion theorem says that

5if X is not a proper subset of [0,7n[, then it is equal to [0, 7] and finite by definition.
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there exists a map gn = (fn)o : N = N such that g,(0) = 0 and g,(S(m)) = fu(gn(m)) =
n+ gn(m), for all m € N. This allows us now to define a multiplication on N as

:NxN-—N, (n,m) — n-m:= g,(m).
In particular, for all n,m € N:
n-0 = gn(0)=0
n-Sim) = gu(S(m))=n+gn(m)=n+n-m

As an exercise, one checks that - is commutative, associative and distributes over +. Then it
follows that 1 -n=n-1=n+n-0=mn holds for all n € N.

Lemma 1.5 Let n,m € N and k € N*. Then
(i) n-m =0 if and only if n =0 or m = 0.
(ii) n=m if and only if n-k=m k.
(iii) n < m if and only if n-k <m - k.
(iv) n-m =1 if and only if n =m = 1.
Proof: (i) Let n >0 and m > 0, then n = S(n’) and m = S(m') for n’,m’ € N. Thus
n-m=n-Sm)=n+Sn")-m' =n+m +n"-m >0,

because n > 0 and addition preserves the order. If n =0 o or m =0, then n-m = 0.

(13) Suppose n -k = n-m. Without loss of generality we can assume n < m. Then
m =n+ 1 for somel € N. Hence, by distributivity, n-k =m-k=n-k+1-k and by the
cancellation property of the addition, | -k = 0. Since k # 0, by (i), L =0 and n = m.

(7i1) If n < m, then there exists | > 0 with m =n+1. Thus, m-k=n-k+1-k. By (i),
l-k#0. Thusn-k <m-k. Conversely, if n-k <m-k and n > m then n =m+1 for some
>0 and

m-k+1l-k=n-k<m-k,

which implies | - k = 0 and hence by (i), l =0 as k > 0. But thenn=m andn-k=m-k, a
contradiction. Thus n < m.

(iv) Clearly1-1=1+1-0=1. Conversely, if n-m =1, thenn # 0 by (i). Hencen > 1
by (iii), 1 =n-m >m, showint m =1. O

Division with Rest in N

One of the key features of the numbers is division with rest.

Proposition 1.6 (division with rest in N) For anyn,m € N withn > 0 there exist q,r €
N such that
m=gq-n+r and r<n. (1.4)

The number q is called the quotient of m divided by n and r is called the rest of the division
of m by n, denoted by r := m ( mod n).
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Proof: Let U ={r e N:3ge N:m =q-n+r}. Then U # () since m € U. Hence by the
total ordering, U has a minimum, say r € U and there exists ¢ € N such that m =q-n+r.
If r =0, then r <n. Assumer > 0. Ifr £ n, thenn <r oun =r. Ifn =r, then
m=q-n+n=>5(q)  -n+0and 0 € U. But as r was the minimum of U, r = 0 which
contradicts our assumption. If n < r, then there exists v’ > 0 withr =n+71" andr’ € U as
m=q-n+ (n+r")=25(q)  -n+r". This is impossible as r' < r and r is the minimum of U.
O

Divisibility in N
Let n € N. A divisor of n is a number d € N such that n = d - e for some e € N. We write

d | n in this case. If n =0, any number d is a divisor of 0, because 0 = d-0. Thus d | O for
any d. On the other hand Lemma[1.5(i) says that if 0 | n then n = 0.

In case n # 0 and n = de, then d,e > 1, hence by the monotony of the multiplication
e>1=n=de>d. This shows that d | n implies 1 < d < n.

Lemma 1.7 The relation | is a partial order relation on N.

Proof: | is reflexive asn =n-1, i.e n | n. The relation | is transitive, since if d | n and n | m,
then n = de and m = nf for some e and f. Hence (by the associativity), m = (de) f = d(ef),
i.e. d | m. Moreover, | is anti-symmetric, as if d | n and n | d, then n = de and d = nf

for some e, f and thus n = nfe. By Lemmal[l.5(ii), 1 = fe and by[1.](iv) f = e =1. Thus
n=d. O

Later we will see that the anti-symmetry fails over the integers Z, because in the last step we
might only conclude d = +1.

The relation | has still another important property, which follows from distributivity.
Lemma 1.8 Let d,n,m € N.

1. Ifd | n, then d | nm if m # 0.

2. Ifd|n and d | m, then d | n+ m.

3. Ifd|n and d|n+m, then d | m.

4. If d |1 then d = 1.

Proof: (1) is clear by the associativity of the multiplication.
(2) I'Ifd|n and d | m, thenn =de and m =df. Thusn+m=d(e+ f), i.e. d|n+m.
(3) If d | n+m and d | n then there are e, f € N such that de = n+m and n = df. Hence,
de = n+m = df +m implies de > df and therefore e > f by Lemma[1.5(iii). Thuse = f+h
for some h and n+m = de = df + dh = n + dh implies m = dh, i.e. d | m.

(4) follows from Lemma .
|

Note that of course d | n+m does not need to imply d | n or d | m. For instance 2 |2 =1+1.
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Greatest common divisor in N

A common divisor of two numbers a and b is an elements d € N such that d | a and d | b. Note
that if b = 0, then any divisor of a is also a common divisor of a and 0. The greatest common
divisor of two numbers a and b that are not both zero is a common divisor d such that for all
common divisors e of a and b one also has e | d and in particular e < d. Hence the greatest
common divisor is in deed the largest common divisor with respect to the total ordering of N.
Does the greatest common divisor exist? Clearly if b = 0, then the a is the greatest common
divisor of a and 0 (provided a # 0). In general if b # 0, then we can recursively calculate the
greatest common divisor using the division algorithm.

Proposition 1.9 Let a,b non-zero numbers. Then the set of common divisors of a and b is
equal to the set of common divisors of b and r, where r is the rest of the division of a by b.

Proof: Let a = qb+r with 0 <r <b. Ifd is a common divisor of a and b, then d | a = gb+r
and d | gb. By Lemma d | r. Hence d is a common divisor of b and r. Conversely, if d
is a common dwisor of b and r, then d divides a = gb + r, again by Lemma[1.§ O

Theorem 1.10 FEvery two non-zero numbers have a greatest common divisor.

Proof: We use complete induction to prove the claim. Let a,b € N non-zero numbers. Set
M = {b € N* | Va € N : the greatest common divisor of a and b exists}. Clearly 1 € M,
because for any a € N, 1 | a and hence 1 is the greatest common divisor of 1 and a. Let
b € NT and suppose r € M, for any r < b. Write a = qgb+1r for ¢,r € N and 0 < r < b.
If r =0, then b | a and b is the greatest common divisor of a and b. If r # 0, then r € M
by hypothesis and the greatest common divisor of b and r exists, say d. By Proposition
The set of common divisors of a and b is the same as the set of common divisors of b and r.
Hence d is also the greatest common divisor of a and b. Therefore, b € M and by complete
induction we conclude M = NT. [J

After having introduced the integers we will describe the extended Fuclidean Algorithm
which let us easily calculate the greatest common divisor of two numbers.

Prime numbers

A number p € N is called a prime number if p > 2 and 1 and p are the only divisors of p. We
denote the set of prime numbers by P. Clearly 2 € P, because the only numbers less than or
equal to 2 are 0,1,2 and the only divisors are 1 and 2.

Theorem 1.11 Any number greater than 1 is a product of prime numbers.
Proof: We use again complete induction to prove our claim. Let
M ={n € N5y | n is a product of prime numbers}.

Then 2 € M. Let n € N1 and suppose that a € M, for all numbers a < n. If n is not itself
a prime number, then n = ab, for a,b < n. By hypothesis, a and b are products of prime
numbers and so is n. [

The last Theorem and Lemma[1.§ allows us to conclude that the set of prime numbers is
not finite.
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Theorem 1.12 The set P of prime numbers is not finite.

Proof: Suppse P is a finite set. Then we can enumerate P = {p1 = 2,pa,...,ps} for some
s>1. Let m =p1---ps andn = m+ 1. Then n > p; for all i, since multipilication is
monotone and therefore n & P. By Theorem , there exists a prime number q | n. Thus
q = pi € P, for some i. Since p; | m and p; | n = m + 1, we have by Lemma pi |1,
which implies p; = 1 by the same Lemma. Since prime numbers are larger than 1, this is a
contradiction. Hence P cannot be finite. [J

The Integers

The integers are build from the natural numbers. Intuitively one could just take two copies
of N, “glue” them together at O and call one half the positive and the other half the negative
integers. A more formal, but efficient way to define the integers is by introducing them as
equivalent classes of pairs of natural numbers. On the set of pairs of natural numbers, N2,
define the equivalence relation

(a,b) ~ (c,d) & a+d=b+c, Y(a,b), (c,d) € N?. (1.5)

The reader should verify that ~ is reflexive, symmetric and transitive (using the commutativity
and associativity of the addition in N). The integers are then defined as the set of equivalence
classes: 7. = {[(a,b)]~ : (a,b) € N2}. An equivalence class [(a,b)] should be thought of as the
difference a —b. The relation (a,b) ~ (c,d) then simply says that the difference a — b and
c—d are the same, because a +d = b+ c.

A total order on 7Z is defined by

[(a,b)] < [(e,d)] if and only if a+d<b+ec (1.6)

The arithmetic of 7 is induced by the arithmetic of N by setting for (a,b), (c,d) € N?:

[(a,0)] + [(c,d)] = [(a+c,b+d)]
[(a,b)] - [(e,d)] = [(ac+ bd,ad+ bc)]
The reader should verify that these definitions are well-defined and independent of the repre-
sentative of the equivalence classes and that the ordinary laws of associativity, commutativity
and distributivity hold. The additive inverse of an integer is obtained by reversing the order

of the pair, i.e. —[(a,b)] := [(b,a)], because [(b,a)] + [(a,b)] = [(a + b,a + b)] = [(0,0)].
Subtraction is the set to

[(CL, b)] - [(C7 d)] = [(a’7 b)] + [(d7 C)] = [(a +d,b+ C)] (17)

It is easily verified that these definitions are independent of the choice of representatives of
the equivalence classes [(a,b)].

We actually have

Z= {[(k,O)] 1k > O} U {[(070)]} U {[(ka)] ik > 0}7 (18)
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because if (a,b) € N2, then either a < b, a = b or a > b. If a > b, then there exist k € N
such that a = b+ k. Thus (a,b) ~ (k,0) and hence [(a,b)] = [(k,0)]. Analogously, if a < b,
then [(a,b)] = [(0,k)], for some k € N. If a = b, then (a,b) ~ (0,0), i.e. [(a,b)] = [(0,0)].
Note that (k,0) ~ (k',0) if and only if k = k'. A natural number a € N can be identified with
the classes [(a,0)] and the negative numbers are identified with the classes [(0,a)]. Elements
of the form [(k,0)] are simply written as k, while elements of the form [(0,k)] as —k. Note
that in particular —1 = [(0,1)], (-1)(-1) =1, (=1) -k =[(0,1)] - [(k,0)] = [(0, k)] = —k and
(—=1)-(=k) =k for all k e N*. We set

7t ={k|keNt}, Z ={-k|keNt}

Thus a < 0 < b for any a € Z~ and b € ZT. The sign of a € Z \ {0} is then defined as
sign(a) = 1 if a € Z* and sign(a) = —1 if a € Z~. The absolute value or norm |n| of an
integer n is defined as |n| = n if sign(n) =1 and |n| = —n if n is represented as [(0,k)]. We
have, a = sign(a)|a| for any a € Z \ {0}.

Division with Rest in Z

We saw in Proposition that division with rest holds in N. For a,b € N with b # 0, there
exist ¢,v € N with a = gb+ 1 and 0 < r < b. Hence also —a = (—q)b — r holds and either
r=0,ie —a=(—q)b, orr#0 and then 0 <b—r <b and —a = (—q—1)b+ (b—r). This
shows that division with rest holds also for negative dividends. If the divisor is negative, then
from a=qgb+r we get a = (—q)(=b)+r and 0 <r <b=|—b|.

Lemma 1.13 (Division with rest in 7) Let a,b € 7 with b # 0. Then there exist q,r € Z
such that
a=qgb+r with 0 < r < |b|. (1.9)

The rest v of a divided by b shall also be denoted by v = a mod b. The quotient q will be
denoted by a/b.

Divisibility in Z

As in N we say that an integer d divides an integer n € Z if there exists e € Z with de = n.
We write d | n. As before, if d | 0, for any d and 0 | n if and only if n = 0. One of the
differences between N and 7Z is that we cannot conclude that a divisor is necessarily smaller
than a non-zero number it divides. For instance d = 2 divides n = —6, because —6 = 2-(—3),

but d > n. However, the divisor is always less than the norm of the non-zero number it
divides.

Lemma 1.1} Let d,n € Z\ {0}.
1. Ifd | n then —|n| < d < |n|.
2. Ifd|1thend=1 ord=—1.

3. Ifd|n andn|d thend=mn ord= —n.
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Proof: (1) If d | n, n < 0 and d > 0, then n = de and e < 0. Otherwise, if e > 0, then
n =de > 0. Hence (—n) = d(—e) and we conclude —|n| < 0 < d < |—mn| = |n|. The other
cases are easy.

(2) By (1), =1 <d < 1. Since d # 0, we are left withd =1 or d= —1.

(3) If d | n and n | d, then also |d| | |n| and |d| | |n|. By Lemma[1.5, |d| = |n|. Hence, if
sign(d) = sign(n), then d =n and otherwise d = —n. O

While | is an equivalence relation on N, we see from Lemma |1.14|(3) that | on Z is not
anti-symmetric and that for each non-zero integer n € Z the equivalence class of n contains
exactly two elements [n]. = {n,—n}.

The extended Euclidean Algorithm

A common divisor of two integers a and b is as defined as in N as an elements d € Z such
that d | a and d | b. We can then define a common divisor d of two integers a and b (not both
zero) to be a greatest common divisor of two integers if for any common divisor e of a and b
one has d | e. Since | is not anymore an equivalence relation, there are precisely two greatest
common divisors, namely d and —d. By definition, we define the greatest common divisor
of a and b to be the positive greatest common divisor and denote it by ged(a,b) The greatest
common divisor of two integers (not both zero) exists and the so-called (extended) Fuclidean
Algorithm calculates it.

Proposition 1.15 Let a,b € Z not both zero. Then ged(a,b) exists and there are r,s € Z
such that ged(a,b) = ra + sb.

Proof: Let U = {d € Nt : Ir,s € Z : d = ra + sb}. Then U C NT is non-zero, since
a=1-a+0-b belongs to U if a # 0. By the well-ordering of NT, U has a minimum, say d € U
with r; s € Z such that d = ra—+sb. By the division algorithm, there exist ¢ € Z andt € N such
thata = qd+t and0 <t < d. Ift # 0, thent = a—qd = a—qra—qsb = (1—qr)a+(—q)sb e U
contradicts the minimality of d. Thus t =0 and d | a. Similarly one proves d | b. Suppose e
is a common divisor of a and b with a = ea’ and b = eb'. Then d = rea’ + seb/ = (ra’ + sbt')e
shows e | d. Hence d = ged(a,b). O

From the proof of Proposition [I.15 we have

Theorem 1.16 Let a,b € Z not both zero. Then d € NV is the greatest common divisor of
aand b if and only if d is the least positive integer such that there are integers v and s with
d =ra+ sb.

The extended Euclidean Algorithm calculates those elements r,s. We present here a recur-
sive version for the integers, which at its heart uses Proposition namely that ged(a, b) =
ged(b,a mod b) and the following reasoning: suppose

ged(b,a modb) =z -b+y - (amodb)

for some x,y € Z. Since a = (a/b) - b+ (a mod b) it follows that a mod b = a — (a/b) - b.
Substituing this expression for a mod b in the formula for ged(b, a mod b) yields:

ged(a, b) = ged(b,amod b) =z -b+y-(a—(a/b)-b)=y-a+ (x—(a/b)-y)-b. (1.10)
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Hence on the "way back” from our recursion, we can adjust the coefficients x and y by re-
placing  with y and y with x — (a/b) - y.

Data: a,be Z
Result: d,x,y where d = ged(a,b) and d=x-a+y-b.
if b # 0 then
d,z,y = gcd(b, a mod b);
return (d, y, a-(a/b)y);
else
| return (Ja/,1,0);
end
Algorithm 1: Extended Euclidean Algorithm

Example 1.17 For instance if a = 144 and b = 80, then

144 = 1-80+64  =80=280— (144 —80) = (—1)- 144+ 2- 80
80 = 1:-64+16 = 16=280—064
64 = 4-1640

The following algorithm does not use recursion:

Data: a,b € Z not both zero.
Result: d,x,y where d = ged(a,b) and d =z -a+y-b.
rz=1Lv=1y=0;u=0;
while b # 0 do
h=x;x=u; u=h—(a/b) - u;
h=y;y=v;v=h—(a/b) v;
h=a;a=>b; b=h modb;
end
return x ey

As an example, take again the numbers a = 144 e b = 81. The non-recursive algorithm
would then work as follows:

a bl z w| y u
144 81| 1 0| 0 1| 144 =181+ 63
81 63| 0 1| 1 -1]|81=1%3+ 18
63 18| -1 1]-1 2|63=23%18+9
18 9|-1 4| 2 -7|18=2% +0
9 0| 4 -9|-7 16| algorithm stops

Two integers a,b are called relatively prime if ged(a,b) = 1. As a Corollary from Theorem
1. 16l we conclude:

Corollary 1.18 Let a,b € Z not both zero.

1. If there exist r,s € Z such that 1 = ra + sb, then a and b are relatively prime.
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2. If a = d ged(a,b) and b =V ged(a,b), then a’ and b are relatively prime.
3. If a and b are relatively prime and ¢ € Z such that a | bc then a | c.

Proof: (1) follows directly from Them"em as 1 is the minimum of N*.

(2) Since there are r,s € 7 such that ged(a,b) = ra + sb = ged(a, b)(ra’ + sb'), we have
that 1 = ra’ + st/ and therefore a’ and V' relatively prime.

(8) By Proposition there exist r,s € 7Z such that 1 = ged(a,b) = ra + sb. Hence
¢ =rac+ sbe. If a | be, then a | sbe and hence a | sbc + rac = c. O

Prime integers

An integer p € Z is called a prime integer if |p| > 1 and whenever p | ab, then p | a or p | b,
for any a,b € Z.

Lemma 1.19 An integer p € 7 is prime if and only if p & {—1,0,1} and the only divisors
of p are 1,—1,p, —p. In particular any prime number is also a prime integer.

Proof: Let p be a prime integer. Then |p| > 1 means that p & {—1,0,1}. Moreover, if p = ab
for some divisors a,b € Z. Thenp|a orp|b. Asa|p and b | p, we have that if p | a then
a=pora=—pby Lemma. As p = ab = £pb, we conclude b = +£1. The case p | b is
treated analogously.

On the other hand, suppose that p & {—1,0,1} and that +1 and +p are the only divisors
of p. Suppose p | ab. Then either ged(a,p) = 1 or ged(a,p) = p. In latter case p | a. Hence
suppose ged(a,p) = 1. Then a and p are relatively prime and by Corollaryp | b.

If p is a prime number, then p > 1 and the only divisors (in N) are 1 and p. If d is any
other integer divisor of p, then |d| € {1,p} and hence d € {£1,+p}. Thus p is an integer
prime. O

Theorem 1.20 (Unique factorization) Let n € Z \ {0,1,—1}. Then there exist prime
integers p1,...,ps such thatn=mpy----- ps and for any other decomposition n = qy - - - q¢ with
i prime integer one has s =t and there exists a permutation o such that ¢; = £py;), for all
1< <s.

Proof: Let n > 1. Then by Theorem there exist prime numbers pi,...,ps such that
n=p - ps. We will prove the uniqueness of s and the factors p; (up to a sign) by
induction on s. Set M = {n € N5 | the statement of the Theorem is true for n}.

Any prime number p belongs to M, because p is also a prime integer and if p = q1 -+ - q¢
for some prime integers q;, then q; € {£p}. But then t = 1, since otherwise if t > 1 we had
p = +pt and hence 1 = £p'~t, which would mean p = +1 by Lemma . Thus p e M. In
particular 2 € M.

Now suppose n > 1 and m € M, for all m < n. If n is a prime number, thenn € M. If
n is not a prime number, thenn =p1 - -- - Ds- Suppose n = q1 ...qt for some prime integers
qi. Since ps is also a prime integer and p_smidn = qi - - - q;, we must have ps | q; for some
1. Without loss of generality we can assume i = t. Since the only divisors of q; are £1 and
+q; and since ps > 1, we have ¢4 = £ps. Thus m = py---ps—1 =n/ps = (£q1)q2 - - qt—1. By
complete induction hypothesis, s —1 =1t —1, i.e. s =1 and up to a permutation o, gi = Py(;),
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forall1 < i <s, i.e. n € M. By complete induction, M = Nx1, i.e. the Theorem is valid
for allm > 1.

For n < —1, we replace n with —n and hence —m = p1...ps for some prime numbers p;
which are unique up to permutation. Hence n = (—p1)pa---ps. O

Unique factorization is a powerful tool. In the language of algebra, Z is an ordered integral
domain. We will extend most of this chapter to the general setting of an Euclidean domain,
but the principal idea is always the same.

The Rational numbers

Rational numbers are defined as equivalence classes of pairs of integers. Define on Z x NT
the following equivalence relation:

(a,b) ~ (¢,d) < ad = be Y(a,b),(c,d) € Z x N*t. (1.11)

The equivalence class of an element (a,b) € Z x NV is denoted by 7 and consists of the
following subset of Z x N :

% = [(a,b)]~ = {(c,d) € Z x N* | ad = be.} (1.12)

The set of equivalence classes (Z x NT) / ~ is denoted by Q and called the rational numbers.
Note that a/a = 1/1 for any a > 0 and 0/b = 0/1 for any b > 0. Moreover, any non-zero
fraction a/b, i.e. a/b# 0/1, can be represented by a reduced fraction a/b = c/d, with ¢ and
d relatively prime. Because for a/b with a # 0 # b and d = ged(a,b), we have a = da’ and
b=dlV, for some a' € Z and b’ € N*. Then ged(a’,V') = 1 by Corollary shows that
a' and b are relatively prime. Thus ab = d(ab’) = d(a'b) implies ab' = a’'b and therefore

a/b=2d /.
It is tedious, but straightforward that with the following operations Q becomes a field:

g_i_g_a-d—i-b-c p
b d- c.d an

a-cC

¢ _
d b-d

SallES

The integers 7 embed into Q through the map n — § and form a subring of Q. Note that
0 maps to % = % for any b € NT. One defines an order relation on Q as follows: Let § € Q.
Then

%zo ) (1.13)
For any ¢, € Q one sets
a_c PN 0<E+;a
b~ d —d b

The Real numbers

The real numbers are built upon the rational numbers. A sequence of rational numbers Q is
any function f: N — Q, i.e. f € NQ We also use the notation (ap)nen for the function f if
it is understood that a,, = f(n) for all n € N. A sequence (a,) of rational numbers is called
a Cauchy sequence if for any q € Qs there exists N € N such that

Vn,m > N : lan — am| < gq. (1.14)
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A Cauchy sequence (ay,) is said to converge against 0 if for every q € Q¢ there exists N € N
such that for alln > N: |a,| < q.

The set of Cauchy sequences R is a ring with addition and multiplication as follows for
all (an), (bn) € R:

(an) + (bn) = (an + by) (an) - (bn) = (an - by) (1.15)

Defining the equivalence relation (ay) ~ (by) if and only if (a, — by) converges to 0, we
obtain the set of equivalence classes

R =R/~ (1.16)

called the field of real numbers. Hence each real number is the equivalence class of a Cauchy
sequence of rational numbers. It can be shown that the total order on Q yields a total order
on R.

The complex numbers

The complex numbers are build upon the real numbers as C =R x R. An element (a,b) € C
1s denoted by a + br and while addition is the same as the componentwise addition on R x R,
its multiplication is defined as

(a+bi)(c+ di) := (ac — bd) + (ad + be), a,b,c,d € R.

The conjugate of a complex number w =a+b isw =a —b. And ww = a® +b* =: ||[w|]? € R
1s called the square of the norm of w. In particular, w = 0 if and only if a = b = 0 if and
only if ||w||? = 0. Thus, if w # 0, then w™! = Ww is the (multiplicative) inverse of w in C.
Hence C is a field. However, in contrast to R, C is not an ordered field.

Exercises
Ex. 1 — Using the Peano azxioms, show that if a,b € N such that ab=1, thena=0b=1.
Ex. 2 — One can also define a partial subtraction on N as follows. Let n,m € N and define
. |k difn=m+k
n-m= { 0 clse (1.17)

That means that n —=m =k if m <n and n+ k = m, while n —=m =0 if m £ n. Prove that
for any m <n one has n =m+ (n = m).

Ezx. 3 — Recall the equivalence relation on N? that defines Z: (a,b) ~ (c,d) if and only if
a+d=>b+c, for all (a,b),(c,d) € N2 Show that addition and multiplication defined on
7. = N?/ ~ are well-defined:

[(a,b)] + [(e,d)] = [(a+c¢,b+d)]
[(a,b)] - [(e,d)] = [(ac+ bd,ad+ bc)]

Ex. 4 — Let A =Ny be the set of natural numbers and set a | b if and only if a divides b.
Then | is a partial ordering, but not a total one.
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Ex. 5 — Prove the associativity and distributivity of the arithmetic operations of N.
Ex. 6 — Prove the following statements for n,m,k € N:
1.n# S(n).

2Ifn+k=n+m then k =m.
3.Ifn <m < S(n), thenn=m or m=S(n)

18



Some arithmetic
functions

The Euler totient function is counting the positive numbers that are relatively prime to a given
number:
@:Nt - Nt n+— o(n)={ae€{l,...,n}|ged(a,n) = 1}|.

The Euler function counts not just the numbers between 1 and n that are relatively prime
with n but also how many generators there are in a cyclic group of order n. We recall that
the order of an element x in a group G is the least positive integer n such that ™ =1 is the
identity element of G. In particular if ™ = 1 for some m > 1, then the division algorithm
will tell us that m = gn+r, for 0 <r <n. Hence 1 = 2™ = (2")%2" = 2" and r < n shows
that r = 0. Hence n | m.

Lemma 2.1 Letn > 1 and let C,, = (w) be a (multiplicative) cyclic group of order n. Then
o(n) =y € Cy : y is a generator for Cy,}| (2.1)

Proof: Let A= {k:0 <k <n,ged(k,n) =1} and B = {y € C, : y is a generator for Cy}.
We show that the mapping f : A — B with f(k) = w* is a bijection. Let k € A and
consider y = f(k) = wF. By the extended Euclidean Algorithm, there exist s,t € 7 such that
1=sk+tn. Thus

Y’ = w =" = ww") T = w. (2.2)
This shows that w € (y) and therefore C,, = (y). Let ki,ka € A such that f(k1) = f(ka).
Without loss of generality we can assume k1 > ko, then

W = f(k1) = fke) = k2 = WM7h2 = 1, (2.3)

Since w has order n, n | k1 — kya. However, 0 < ky — ko < n. Thus k1 = ko, showing that f
is injective. To prove surjectivity, let y € B. Then y = w™ for some m € Z. By the division

19
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algorithm we can divide m by n and obtain m = gn + k, for 0 < k < n. Since w" = 1,
wi™ =1 and hence y = w™ = wiWF = Wk, If k = 0, then y = 1 would be a generator,
meaning Cy,, = (1) = {1}, which is absurd as n > 1. Thus 0 < k < n. Suppose ged(k,n) = d.
Then there are a,b € N such that k = ad and n = bd. Hence

(wk:)b — wadb — Wt =1 (24)

and as the order of y = w* is n, we must have n | b. But then n = bd and n | b implies 1 | d,

i.e. d=1. Therefore k € A and y = f(k). O

How can be calculate p(n)? In case n = p is a prime number, then ged(a,p) =1 for any
non-zero element 1 < a < p—1. Hence ¢(p) = p—1. How to calculate o(n) for an arbitrary n?
In order to answer this question we will first of all look at the set of all arithmetic functions.

Denote by Fun(N*t, C) the set of all functions f : NT — C. The Dirichlet convolution on
Fun(NT,C) is define as follows. For any two functions f,g: NT — C let f e g be the function

defined by
= f(d)g(n/d)= " f(d)g(e)

d|n n=de

where the sum runs over all positive divisors d of n and where n/d denotes the quotient of n
divided by n which is a number.

The product is associative, because for any f,g,h € Fun(N*t,C) and n € N*:

((feg)eh)(n) = D (feg)(d) h(n/d)

dn

= > > fle)g(d/e) h(n/d)

din eln/d

= Z f(e1) g(e2) h(es)

ejeses3=n

= 33 @) gld) hinfed) = 3 f(e)lg o h)(n/e) = (F o (g o h))(n)

eln dln/e eln

Therefore, (f @ g) @ h = f e (g e h). The operation is also commutative, because

=Y f(@dgle)=>_ gle) f(d) = (ge f)(n).

de=n ed=n

Furthermore, the Dirichlet product has also a neutral element, namely the function

E(n):{ (1) ifn=1

else

Then (f @ €)(n) = > 4, f(d)e(n/d) = f(n)e(1) = f(n), for all n € NT. In other words,
(Fun(NT,C), e, ¢) is a commutative monoid.

The function 1 : Nt — C with 1(n) = 1 for all n € Nt is invertible in this monoid and
its inverse function is the Mdbius function p, which we will define now. Let us call a number
n € Nsy  square free if whenever a prime number p divides n, then p*> does not divide n.

This means that if n = p1--- ps is a decompositon of n into prime numbers, all pimes p; are
different. The Mdbius function is defined as follows:
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1 ifn=1
pu(n) == 0 if n is not square free
(1) ifn=pi-ps with p; # pj fori#j

Lemma 2.2 3, 1(d) =0, for any n > 1.

Proof: If d | n is not square free, then u(d) = 0. Hence we only need to consider d | n that are
square free. Let {p1,...,ps} be all distinct prime divisors of n. Then a square free divisor d
of n is of the form d = p{* ---pS, for e; € {0,1}.

There are precisely (f) choices for square free divisors d of n that are products of i distinct
primes, in which case u(d) = (—1)". Hence

S

Su@= X s =3 (5) 0 =1 -0

dn (e1,...,es)€{0,1}5 i=0

Corollary 2.3 p is the inverse of 1 in the monoid (Fun(N*t,C), e, ¢).

Proof: For n =1 we have (ne1)(1) = p(1)1(1) = 1. Forn > 1 we get

(ne1)(n) =Y pu(d)l(n/d) =" u(d) =

din din
Hence pel=ec.

As a consequence we obtain the Mdbius inversion formula:

Theorem 2.4 (Mdbius inversion formula) Let f € Fun(N*t,C) and define F € Fun(N*t,C)
by F(n) = > g, f(d), for alln € NT. Then

Z,u F(n/d), Vn € N*.
din

Proof: We have F'= fe1l. Thus f=coef=pelef=pefel=peF.[]

Returning to the Euler function ¢, we first prove that ¢ ¢ 1 = id is the identity function
id(n) = n.

Lemma 2.5}, »(d) =n, for alln € N*.
Proof: For d |n, ¢(d) counts the numbers 1 < k < d with ged(k,d) = 1. Let

A = {(k,d)eN’|d|n, 1<k<d, ged(k,d) =1}

| J{(k,d) e N?: 1 <k < d,ged(k,d) =1} .
d|n
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Then [A| = X 4, ¢(d). We claim that the map f : A — B := {122} C Q with
f(k,d) = 2 is a bijection between A and B and therefore -y, ¢(d) = [A| = |B| = n. First of

all f is well-defined, because if d | n, then n = de for some e € N. Hence § = % € B, because
1 <k <dimplies 1 < ke <n. f is surjective, because any fraction . with 1 < a < n, can be
reduced to % with ged(k,d) =1, 1 <k <d and d | n. The function f is injective, because if
f(k,d) = f(K',d) for (k,d),(K',d) € A. Then kd' = dk'. Since k and d are relatively prime,
k| k' and analogously k' | k. Thus k = k' and d = d'. Thus f is a bijection as claimed. O

Corollary 2.6 Let n = pi* ---p% with p; # p; fori# j, a; > 1 and s > 1. Then
S S 1
i=1 i=1 !

Proof: Lemma says that ¢ @ 1 = id and the Mdobius inversion formula says that

o(n) = Z,u(d)%, Vn € N,
din

Let n = p*m and p{m. Note that if d | n, then either p td, in which case d | m or p | d.
In the later case, u(d) = 0 if p* | d and if p* { d, then d = pd’ with ptd' and d' | m. Thus

u(d) = —p(d).

pn) = > u(d)p%m =p° Zu(d)% "y u(d’)% = (p* —p*") @(m).
dlp*m d|m d'|m

Hence by induction the result follows. [

Example: How many positive numbers less than 712 are relatively prime 7122 Since
712 = 23 - 89, we have ¢(712) = (23 — 22) - (89 — 1) = 352.

Arithmetic functions from prime decomposition

Let P denote again the set of positive prime numbers and define the following arithmetic
functions:
vp: NT — N, vp(n) = max{k : p* | n}, forpeP

Clearly we have vp(ab) = vp(a) + vp(b) and also vp(a/b) = vp(a) — v,(b) if b| a.

Lemma 2.7 For anyp € P and n > 1 one has vp(n!) = {nJ .

Proof: For numbers m,k € N* set

x(m, k) :== { 0
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Then vy(m) = 3 51 x(m, k). Using this technical tool we obtain
n n n vp(n) n
) = 3 m) = 3 3 xom) = 30 3" xtm b = Y- |
m=1 m=1k>1 k>1m=1 k=1 p

because S _, x(m, k) counts how many numbers 1 < d < n are multiples of p*. If ¢ = L%J ,

then p*,2p", ..., qp® are precisely these numbers d and there are L%J many of them. [

This means for instance that

]/(10()!) @+@+@+@+@+@
2 2 4 8 16 32 64

= 90+25+12+6+3+1=97

Hence 2% | 100!.

A number n € Nx1 is called square-free if for all ¢ > 1 such that ¢ | n, ¢ { n. In other
words n is square-free if and only if vy(n) <1 for all p € P.
Two more important arithmetic functions are the following:

n:NT — NF, nn) ={d e N:d|n}|, nimero de divisores positivos
o:NT - Nt o(n) = Zd, soma dos divisores positivos
din

The divisor sum function o is multiplicative in the following sense. A function f : NT —
C is a multiplicative function if f(1) = 1 and for all a,b € NT that are relatively prime
f(ab) = f(a)f(b) holds. For example the identity function id, the constant 1 function and
the neutral element e of Fun(NT,C) are multiplicative. Moreover, given two multiplicative
function, also their Dirichlet product is multiplicative and so is o, since 0 = ide 1. To prove
this claim, let f,g be multiplicative, then clearly f e g(1) = f(1)g(1) = 1 and for a,b € N*T
relatively prime, we get

(fog)ab) = 3 f(d)g (f)

d|ab
- T st (&) st ()
_ ;lf(dl)g(;l) ;ﬂdm(i) — (feg)(@)(f +9))

The set of multiplicative function is actually a group.
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Proposition 2.8 Let n € N1 such that n = pi*---pi*, with p; € P, p; # pj and a; > 1.
Then the following hold:

1. There exists a square free number a and a number b such that n = ab®.

2. m(n) = (a1 + 1)(az + 1)~ (ag + 1) = [Ti_; (v, + 1)

B pa1+l_1 pa2+l_1 pat+1_1 - : pivpi+1_1
3. o(n) = ( - ) ( s ) () =TT ()
Proof: (1) We have n = [['_,p;"". For any 1 < i < t we have v,,(n) = 2r; + s;, onde
si €{0,1}. Hence, ifa = [['_,p* and b = [['_, p}, then ab® = [[! Pt — . Clearly a

=114
s square-free.
(2) There is a bijection between the set of positive divisors d of n and the set

U={(by,...,bs) eN'|0<b; <a;, forl<i<t}

Any (by,...,b) € U corresponds to a positive divisor d = Hle p?" of n and any positive
divisor of n can be uniquely written in that way by the fact that Z is a unique factorization
domain. Hence n(n) = |U| = ['_, (a; + 1).

(3) We calculate:

on) = > d

din

=Y bt

(b1,...,b1)€U

ai
= Z pb1 Z pSQ .. plzt

b1=0 (b1,...,be)EU
a a +1 +1
_ i: bi | . Zt be | _ pclbl -1 pittt—1
P P p1—1 pr—1
b1=0 be=0

where we usethe property of telescopic sums (p — 1) (Z?:o pi) =p¢tl —1. O

Example:
nB) = @) =1+1=2
n6) = n@BYHY=01+D1+1)=4
n(12) = 7223H=2+1)(1+1)=6
n(28) = 722 =2+1)1+1)=6
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o3) = o(3") = 31;111 g 4
0 - () (550 5
i - (5. (55
o(28) = o(2%7h) = (22;_ i > <717+1_11) :% %8 =56 =2-28.
A positive number n is called perfect if o(n) = 2n. There are two unsolved question,

namely: Are there odd perfect numbers? Are there infinitely many perfect numbers?

A result by Pascal Ochem and Michael Rao from 2012 says that if there exists an odd
perfect number n, then n > 10100,

Euler proved that any even mumber is perfect number if and only if it is of the form
2m(2mFl 1) with 2™ — 1 being a prime number. To see this, let n be an even perfect
number. Then n = 2™z for m = va(n) > 1 and = odd. Since n is perfect, o is multiplicative
and 2™ and x are relatively prime, we obtain

2"ty = 2n = o(n) = 0(2"z) = 0(2™)o(z) = (2™ — 1) o(2).

Since 2™+1 — 1 is an odd integer greater than 1 dividing 2™ x we must have (21 — 1) | x.
Hence there exists y € Z such that x = (2™ — 1)y. Canceling (21 — 1) from the equation
above leads to

2m+1y — 0(33)

o@)=z+y+u=2"" —Dy+y+u=2""y+u

Comparing the last two equations, leads to u = 0. Hence y and x are the only two divisors of
x (note that x # 1 since 2™ is not perfect). Thus y = 1 and x = 2™ — 1 is an odd prime
number. An odd prime number p is called a Mersenne prime if it is of the form p = 2m+1 —1,
for some m > 1.

The converse of the argument above also holds: Let p = 2™t — 1 be a Mersenne prime.
Thenn=2".p=2m. (2’”‘*‘1 — 1) s a perfect number, because

2m—|—1 -1 p2 -1 m—+1 (2m—|—1 _ 1)2 -1 m—+1 m—+1
a(n):< 2—1>'<p—1):<2 DTy S @ 2T =2

Thus even perfect numbers and Mersenne prime numbers are in correspondence. The so-
called Great Internet Mersenne Prime Search, see https://www. mersenne. org|, gathers
information about Mersenne primes. As of 2022, only 51 Mersenne prime numbers have been

identified and the largest one is
982589933 _ |

which is a number with 24862048 digits.


https://www.mersenne.org
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Arithmetic function about the prime number distribution

At the end of this chapter we will have a short look at the prime number theorem, that says that
the number of primes in the real interval [0, z] is assymptotic to x/In(z). For any x € R>;
we denote the set of positive prime numbers less than x by

P, :=PNn2,z]={peP:2<p<uz}

Associated to this set we have

m:R>y — N, x+— () = |Pyl, vz € RY
6:R>; — N, x— 0(x) = Z In(p) and 0(1) = 0.
PEPy

If |z] denotes the largest number less or equal to x, then we clearly have P, = P, and
m(x) = w(|z]). Hence we can assume that x is a natural number.
Moreover, since the sum in 0(x) has w(x) summands and p < x implies In(p) < In(z) we

have
0(z) < m(x)In(z), Vo > 2.

Proposition 2.9 0(x) < 4In(2)z, For any x € RT

Proof: Let n > 2 and p € Py, \ P, be a prime number between n and 2n, i.e. n < p < 2n.
Then any p divides (2"), because p 1k for any k < mn. Hence

n

p|<2n)_(2n)! 2n)-(2n—1)---(n+2)-(n+1)

n) (n)2 n-(n—1)---2-1
ans therefore p < (277) and since 22" = (1 +1)*" = iﬁo (2:) we have also:
2
H p < < n) < 2%,
n
pEPQn\Pn

Taking the logarithm, we conclude:
0(2n) —6(n) = > In(p) <2nln(2).
pEPQn\Pn
The property of the telescopic sum yields:

m—1 m—1
02™) = > (62" = 0(2h) < 32 (25) - In(2) = 2In(2) (2" — 1) < 2" In(2)
k=1 k=1

Thus, if m is the least positive number such that 2™~1 < x < 2™, then

0(z) < 6(2™) < 2™ 1n(2) = 41n(2)2™ ! < 41In(2)x.
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Corollary 2.10 There exist constants C1,Co > 0 such that

Ciln(z) < 7(z) < C2$a

for all x > 2, where C; = (2In(2))~! and Cy = 81n(2) + 1.

Proof: We shall first determine the upper bound. Clearly, 6(z) > Zpeﬂ%\[?’f In(p) and as this
sum has 7(z) — 7(v/z) summands and In(p) > In(/x), for allp ¢ P 7, we conclude:

0@)> Y Inp) = (Va) (r@) - 7(V2) > In(va)r(z) - Vain(v/a).

pEIF’z\IP\/E

Using Proposition and the fact that \/z < an(::Ez:) H for x > 2, we have therefore

L 2z x
T i@~ Py

m(x) <

In

0(x) - 81n(2
n(ve) TV T
for Cy =81In(2) 4 1.

Let us determine the lower bound. Let p(n) C P be the set of prime divisors of a number
n. For any finite set of positive primes S C P define

fs: Rt = N, fs(x)=|{n e NT:n <z and p(n) C S}|.

That means, fs(x) counts the numbers less than x whose prime divisors belong to S. Let
n < x be a number whose prime divisors belong to S and write n = ab® with a square-free.
Then we have b < \ﬂx) and for a we have at most |S| choices. Hence there are at most
|S|v/x possible numbers n < x such that all prime divisors of n belong to S, i.e.

fs(z) < [S|Va.

Now let S = {p1,...,prz} be all prime numbers less or equal to x, then fs(x) = x, because
the prime divisors of any number n < x belong to S. Thus

v = fs(x) <2"r = Vo <270 = 7(2) >

21n(2)
O
The last Corollary implies that @ — 0 when x — +o00.
Proposition 2.11 zgr&o 71;(5)) > ln§2).
Proof: Let n > 2. Then by Lemma for any p € P:
om vp(2n) om vp(n) n vp(2n) o n
() = sty = 3 |5 =23 | = 32 (G -2 )

tsince # = In(yv/z) < v/z and hence /z < 13(%)
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For any x € Rs1, we have |2x| — 2[z| € {0,1}, because if x = m + € with m € N and
e € [0,1/2], then 2z = 2m + 2¢, with 0 < 2¢ < 1. Hence |2x| = 2m = 2|x|. Otherwise,
ifx = m+e¢eande € [1/2,1], then 2z = 2m + 1+ (2¢ — 1) with 0 < 2e — 1 < 1. Hence

L2xJH—2L:cJ =1.
wen) o
() =% (] -2[3]) <eem
Then

() (3 (2) ) - I I

pEP2y pEP2y

As pr(zn) < 2n, we have I/p(2n) < Ll?n(zn)J and

»(2n) In(p) < Zn {1?11((2;)) J In(p)

nln(2

%M

If 2n > p > /2n, then 1 < ln((p)) < 2. Hence LI?H(Q")J =1 and

nln(2) < Z {ln(Qn)J In(p) | + Z In(p) | < v2nln(2n) + 6(2n).

1
pEP 5 Il(p) PEP2\P 5

We conclude
7(2n) In(2n) > 0(2n) > nln(2) — v2n1n(2n)

Let n be such that 2n < x < 2n+ 1. Then

7(z) In(z) > nln(2) — vV2n1n(2n) > @=Dn(2) _ vz In(x)

2
m(x) S In(2) In(2) In(z) a0 In(2)
z/In(z) 2 2z Vv 2
O
We have seen that there exist C,C’' > 0 such that
m(z) /
C C
~ x/In(z) ~
for large enough x. The prime number theorem says that the limit of @) s actually 1,

:1:/ In(z)
this means that asymptotically w(x) is as big as W'

Theorem 2.12 (Prime Number Theorem) m(x) ~ ln’(“"x).
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z | |2/In(z)] m(z) | m(x)/(z/In(z))

107 4 4 1 0.921034037197618]
102 21 25 | 1.1512925]6497023
10° 174 168 | 1.1605028868689988
107 1085 1229 | 1.131950831715873
10° 3685 9592 | 1.1043198105999443
106 72382 78498 | 1.08448994 77790795
107 620420 664579 | 1.0711747889618228
105 | 5428681 | 5761455 | 1.0612992317564809
109 | 78254942 | 50847534 | 1.0537269642351712
1070 [ /34294481 | 455052511 | 1.047797128358109

29



Primative roots of unity
modulo n

We have already seen that division with rest is possible in Z (and in N). For all n < 1 the
relation ~, on Z defined as

an~npb & nla—>a (3.1)

for all a,b € Z is an equivalence relation. The set of equivalence classes Z/~y, is denoted by
L. If a ~p b then one usually writes a = b ( mod n). The case n = 1 is the trivial case in
which every number is related via ~1. In this case Z1 = {[0]~}.

Forn > 1 there are exactly n different equivalence classes in Z,, because of the division
algorithm: for all a € Z there exist ¢ € Z and 0 < r < n such thata=q-n+r, i.e. n|a—r
and therefore a ~y r. Moreover if 0 < 1, s < n are in the same equivalence class of ~,, then
r=s,as —n<r—s<mn. Thus {0,1,...,n— 1} is a set of representatives for Z,, and one
can identify Z,, with this set.

Zy, has addition and multiplication as follows: for all a,b € {0,1,...,n — 1} one sets
a+b=(a+b)(modn) a-b=(a-b)(modn) (3.2)

where x( mod n) denotes the rest of the division of x by n.

The operations + and - turn Z,, into a commutative unital ring, which means that the ad-
dition and multiplication is associative and commutative and - distributes over +. Calculating
modulo n is sometimes referred to as modular arithmetic.

Calculating modulo a number simplifies sometimes certain arguments. We can for example
easily prove the following

Lemma 3.1 There are infinitely many prime numbers that are congruent with 3 modulo 4

30
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Proof: Suppose to the contrary that the set of prime numbers that are congruent with 3 modulo
4 is finite, say {p1,...,ps} is this set with p; # p; if i # j. We assume that p1 = 3. Then
form the number

n:4p2"'ps+3

Since 7, is a unique factorization domain, n = q1 ---q; for some prime numbers q;. Since n
is odd, none of the primes q; is equal to 2.
If ¢; = 1(mod 4) would hold for all i, i.e. q; =1 in Zy, then also

n=qi--q = 1(mod4),

but n = 3(mod 4). Hence there exists a prime ¢; such that ¢; = 3(mod 4), i.e. ¢; = p; for
some 1 < j < s. However, then q; | 4p2---ps and as q; | n, we must have q; | 3, i.e. g; = 3.
But then 3 | 4py - - - ps leads to a contradiction, since 312 and 31 p; for | # 1. Therefore our
initial assumption, that there are only finitely many of such prime numbers is wrong. [J

An element a € Z,, is said to have a multiplicative inverse if there exists b € Z,, such that
ab =1 i Z,. This means, recalling that the elements of Z,, are equivalence classes, that the
class of ab mod n is the same as the class of 1 modn, i.e. n|ab—1.

Proposition 3.2 Let n > 1 and a a non-zero element of Z,,. Then a has a multiplicative
inverse in Ly, if and only if ged(a,n) = 1. In this case the extended Euclidean algorithm can
be used to calculate its inverse.

Proof: By the Euclidean Algorithm there exist r,s € 7 such that gcd(a,n) = ra+sn. In other
words ged(a,n) = ramodn. If ged(a,n) = 1, then r is the inverse of a in Zy,. If gcd(a,n) # 1,

then b = m s a positive number, satisfying

ba = " a=n—"
~ ged(a,n) . ged(a,n)

=0 mod n. (3.3)

Thus, if a had a multiplicative inverse, say ¢ € Zy, then b = bac = 0, contradicts b > 0. [J

We denote the set of (multiplicative) invertible elements of a ring R by U(R), which is
always a group, since if a and b are invertible, then ab is invertible with inverse (ab)~! =
b=la=!. For R = Z we saw that U(Z) = {1,—1}. Hence the map f : U(Z) — Zs = {0,1}
with 1 — 0 and —1 — 1 is an isomorphism of groups. Proposition shows that the unit
group of Z,, is given by the elements

U(Zyn) = {a € Zy | ged(a,n) = 1}, and \U(Zn)| = ¢(n).
Corollary 3.3 Z, is a field if and only if n is a prime number.

Proof: Clearly if n is prime, then |U(Zy)| = p(n) =n—1=1Z, \ {0}|. Thus every non-zero
element of Z,, is invertible. Conversely, if n is not prime, then there exist a,b € Z such that
ab=n and 1 < a,b <n. Hence in Z, we have ab = 0(mod n). Thus neither a nor b can be
invertible. Therefore, Z, is not a field. J

What is the structure of U(Zy)? When is it cyclic? A first step to describe U(Zy,) is the
following Theorem of Fuler, which is basically an application of Lagrange’s Theorem.



CHAPTER 3. PRIMITIVE ROOTS OF UNITY MODULO N 32

Theorem 3.4 (Euler) Let n € Noy and a € Z. If ged(a,n) = 1, then a®™ =1 in Z,.

Proof: By hypothesis a € U(Z,). Hence Lagrange Theorem says that the order of a divides
the order of U(Zy,) and therfore a?™ =1 in Z,. O

As a consequence we obtain
Theorem 3.5 (Fermat) If p is a prime number and a € Z, then a? = a( mod p).

Proof: Since p(p) =p—1 and a( mod p) € U(Zy), for all a € Z with ged(a,p) = 1, we obtain
by Euler’s aP~' = 1( mod p) and therefore, multiplying by a, also a? = a( mod p). In case
ged(a,p) # 1, then p | a and a = 0( mod p) and therefore also a? = 0 = a(mod p). O

When is U(Zy) a cyclic group ¢ Using Lemma we can also give a nice criteria to show
that a finite group G is cyclic, namely precisely if for each divisor d of |G ther exists at most
one subgroup of order d. This will be a key step to prove that the multiplicative group of a
finite field is cyclic.

Theorem 3.6 The following statements are equivalent for a finite group G of order n.
(a) G is cyclic;
(b) for every divisor d of n, there exists exactly one subgroup H of G of order d;

(c) for every divisor d of n, there exists at most one subgroup H of G of order d.

Proof: Let G be a group of order n and denote by ~ the equivalence relation a ~ b if and only
if {(a) = (b), for all a,b € G. Then ~ yields a partition of G into distinct equivalent classes,
i.e.

G = UaEA 2]~ (34)

for some set of representatives A C G. Note that if a € A, then [a]~ is precisely the set of
generators of the cyclic subgroup C = (a). Moreover, |C| =d | n and |[a]~| = ¢(d). For any
divisor d | n, let c¢q be the number of different cyclic subgroups of order d of G. Then the

partition yields:
n=1Gl =Y lla| =) cap(d). (3.5)

acl din

(a) = (b): Suppose G is cyclic, then we can assume G = (x). Any subgroup of H is
generated by a power of x. To see this, let H be a subgroup of G. If H = {1}, then H = (V).
If H # {1}, then choose k > 0 minimal such that * € H. For any element h € H, there
exists m > 1 such that h = ™. By the minimality of k, k < m and by the division algorithm,
there exist ¢, € Z such that m = gk +7 and 0 < r < k. Hence 2" = 2™ % = h (ﬂck)_q € H.
However since k > 0 was the least positive integer exponent of x such that x* € H and 2" € H
with 0 < r < k, we must have r = 0, i.e. h = 2*? which shows H = <:ck> Therefore, any
subgroup of G is cyclic.

Let d | n be a divisor of n. Then there exist at least one subgroup H of order d, which is

H = (V) = {1,274 g2/d gld=ln/dy (3.6)
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Hence cq > 1, for all d | n. Supose there exists another subgroup of order d, say H' = (xk>,
which is of course also cyclic, then x** =1 = z™. Hence n | dk and (n/d) | k, i.e. H C H.
But since |H'| = d = |H|, both subgroups are equal. Hence cqg =1, for all d | n and (b) hold.
(b) = (c) holds trivially.
(¢) = (a): Let G be a group of order n, then by (c), cq < 1, for all d | n. Hence by

n=1Gl =Y cap(d) <Y (d) =n. (3.7)

din dln
This shows cq = 1 for all d | n and in particular also ¢, = 1, i.e. G is cyclic. O

Let F be a field. Then we know that any polynomial f € F|x] of degree n > 1 has no more
than n roots. Using this simple fact and Theorem [3.6 we obtain that

Corollary 3.7 The multiplicative group U(F) = F \ {0} of a finite field is a cyclic group.

Proof: Let G = F\ {0} be the multiplicative group of a finite field F. For any divisor d | |G/,
consider two subgroups H, K of G of order d, i.e. |H| = d = |K|. Then for any element
a € HU K, we obtain that the order of a in the H (or K) divides d, i.e. a® = 1. Hence any
a € HUK is a root of the polynomial % —1 € F[z]. Since there are at most d roots, we have
d=|H|=|K|<|HUK]| <d and therefore H=H UK = K, i.e. H= K. By Theorem|3.6
G s a cyclic group. O

Since for any prime number p, Z, is a finite field we conclude:
Corollary 3.8 For any prime number p, U(Zyp) is a cyclic group.

We should note, that if U(Zy) is a cyclic group, then n need not be a prime number. The
smallest example is U(Zy) = {1,3} =~ Zy. We will show now that U(Zyn) is always cyclic if
p#2andn > 1. The case n = 1 has been just proven. Note that if p is a prime number,
then

D | (g), forall 1 <k < p, (3.8)

because in this case pt k! and p1 (p — k)! since all factors of k! and (p — k)! are less than p.

Therefore p | p% = (i)

Lemma 3.9 Let p be a prime number, n > 1 and a,b € Z then
1. if a = b(mod p") then aP = bP( mod p"*1).
2. a =1 (mod p") if and only if a’? = 1 (mod p™*1).
Proof: (1) If a = b(mod p™), then a = b+ cp", for some ¢ € Z. Hence
p
@ =y =3 (V)@ = @) = (mod ),
i=0

since p | (%) for 1 <i<p, ie p"tt| (f)p”(p*i).
(2) By (1) we have proven already the only if part. We will use induction onn. Letn =1
and a? = 1( mod p?), then by Fermat’s Theorem a = a? = 1( mod p). Suppose n > 1 and
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suppose that we have already shown that if a? = 1( mod p"*1), then a = 1(mod p™). Suppose
a? = 1(mod p"*2), then we also have a? = 1(mod p"*'). By assumption, a = 1(mod p™) and
a=1+4 cp” for some c € Z. Thus

o= (1" =3 <JZ> (ep™)P~" =1+ p(cp™)(mod p"*?)
=0

since (1;) (ep™)? will be divisible by p"+? fori > 2. However, by assumption a? = 1(mod p"*?),
hence 1 = aP = 1+ cp™ 1 (modp™*?) shows that p"+? | cp™t! and therefore p | c. This implies
that a — 1 = ¢p™ is divisible by p"*!, i.e. a? = 1(mod p"*'). By induction the result follows.
]

Theorem 3.10 Let p be an odd prime. Then U(Zyn) is a cyclic group for any n > 1.

Proof: We know from Corollary that U(Zy) is a cyclic group, which shows that the Theorem
holds forn = 1.

Let n = 2 and choose any generator g € U(Zyp). Let m be the order of g in U(Z,2). Then
m | p(p?) = p(p —1). On the other hand g™ = 1( mod p?) implies g™ = 1( mod p) and
therefore o(p) =p—1| m. Hencem € {p—1,p(p—1)}. If m = p(p—1), then g is a generator
in U(Zy,). Suppose m =p—1, i.e. g?~1 = 1(mod p?). Since p+ g is also a generator in
U(Zp), the same reasoning as above shows that the order of p+ g is either p—1 or p(p —1).
Howewver,

p—1

- P—1\ ;i p1s - - —
(p+g)P' =) ( i >P g1 = g (p—1)pg”? = 1+(p—1)pg”~*(modp?) # 1(modp?),
=0

because pt (p — 1)gP?~2 as g has order p— 1 and p{p — 1. This shows that the order of p+ g
in U(Z,2) cannot be p— 1 and therefore p + g must be a generator in U(Zg).

Let n > 2 and suppose g is a generator of U(Zyn). Then the order of g in U(Zpn) is
e(p") =p"t(p—1). Let m be the order of g in U(Zyn+1). Then g™ = 1(mod p™*') implies
m | p(p"*) = p"(p — 1) and also g™ = 1( mod p"). Since the order of g in U(Zy) is
p"L(p — 1), we obtain p"(p—1) | m. If m = p"Y(p— 1), then <gpn72(p_1)>17 = gm =
1(modp™*1) would imply by Lemma gpn72(p_1) = 1(modp™), contradicting that the order
of g inU(Zyn) is p" 1 (p—1). Hence m # p"1(p—1) and as p" (p—1) | m | p"(p—1), we
obtain m = p"(p — 1), i.e. g is a generator of U(Zpyn+1).

O

Generators of U(Zy) are called primitive roots of unity modulo n. The above Theorem
says that primitive roots of unity modulo p" always exist for p an odd prime and moreover,
if g is a primitive root of unity modulo p, then either g or p + g is a primitive root of unity
modulo p" for any n > 1.

For example, if p = 5, then 2 is a generator of U(Zs), since 2° = 4 # 1( mod 5) and
2% = 1(mod5). Note that since |U(Zgs)| = 5(5—1) = 20, the only orders of elements of U(Zas)
are 1,2,4,10, 20 since 22 = 4 # 0(mod25), 24 = 16 # 0(mod25) and 2! = 1024 = 24(mod25),
2 must have order 20 and is a generator in U(Zsas), hence a primitive root of unity modulo
5% for any n > 1.
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If p = 29 then 14 is a primitive root of unity modulo 29, because p — 1 = 28 = 22 x 7
and the only possible orders are 1,2,4,7,14,28. One checks that 14% # 1( mod 29) for k €
{1,2,4,7,14}. Hence 14 has order 28 in U(Zgag). On the other hand 14 is not a primitive root
of unity modulo 29 = 841, because 14%® = 1( mod 841), while ¢(841) = 29 x 28 = 812. By
the proof of the last Theorem, 14 4+ 29 = 43 is a primitive root of unity modulo 29", for any
n>1.

The case for p = 2 is different, while U(Za) = {1} is the trivial group and U(Z4) =
{1,3} ~ Zy is cyclic, U(Zan) is never cyclic for n > 3.

Theorem 8.11 Let n > 3. Then U(Zan) =~ Zy X Zgn—2 is never cyclic. More precisely,
U(Zgn) = {(=1)%5° : a € {0,1},0 < b < 2" 2},

Proof: We will first prove that the order of 5 in Zon is 2"~2. To do so we first prove the
following equation by induction

on—3

527 =1+ 2" (mod 2") (3.9)

For n = 3 this is clear, since 57 =5 =1+ 4( mod 23). Suppose equation has been
proved for some n > 3. Then 52" ° =1+ 2""1(mod 2") implies

(52" 7")% = (14 2")* (mod 271,

by Lemma|3.9. Sincen >3, 2(n—1) > n+1, we have 221 = 0(mod 2"*1) and therefore,
5277 =1+ 2" (mod 2""1). Thus by induction, equation holds for all n > 3.

In particular, there exists ¢ € 7 such that
5277 = 1427 4+ 2" = 14 27(1 + 2¢)

and therefore 5277 = 1(mod 2"), which means that the order of 5 divides 2"~2. On the other
hand

2n73

52" =14 2" (mod 2") # 1( mod 2")

shows that the order is larger than 2"~ and therefore must be 2" 2.
We claim that
U(Zgn) = {(~1)?5° 1 a € {0,1},b € {0,1,...,2""2 — 1}}. (3.10)

To show this it is enough to verify that the cardinality of the right side is 2" ! = ©(2"). Let
a,a’ € {0,1} and b,/ € {0,1,...,2""2 — 1}, such that

(—1)25° = (—1)*5" ( mod 2")

Then in particular (—1)%5° = (=1)*5"( mod 4) and as 5 = 1( mod 4) we get (—1)* =
(—1)(mod 4) which means a = a/( mod 2). Since a,a’ € {0,1} we get a = a'. Therefore,
5 = 5 (mod 2") and hence b = b'( mod 2"2) as we have shown that 22 is the order of 5
in U(Zan). Since b,/ < 2”2 we obtain equality, i.e. b =b'. Therefore the set on the right
side of has cardinality, 2"~ 1 = p(27).

Consider the function

f:Zy X Lyn—z — U(Zyn),  (a,b) — (—1)%5°
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then it is easily seen that f is a surjective homomorphism of groups, as
f((a,b) + (@, V) = fla+d b+ 1) = (—1)2T50 = (=1)295°(=1)?'5Y = f(a,b)f(d', V).
A8 |Zg X Lgn—2| = 2" = |U(Zan)|, f is an isomorphism of groups. O

In order to understand the structure of U(Zy,) for any n we need to decompose this group
using the prime decomposition of n. The so-called Chinese Remainder Theorem will be the
important tool and we present version of it for arbitrary rings and ideals.

Recall that a (two-sided) ideal of a ring R is an additive subgroup I C R such that ax €
and xa € I for allx € I and a € R. The ideals of the ring R = 7Z are precisely the subgroups
nZ = {na:a € Z} for any n € Z.

Given two ideals I and J of a ring R one can form their sum, i.e.

I+J={a+b:aclbe J}
which is again an ideal of R. For the case of integers, if I = nZ and J = mZ, then
nZ + mZ = ged(n, m)Z, (3.11)
because by the Euclidean algorithm, there exist x,y € Z such that gcd(n,m) = xn+ym; hence
ged(n,m)Z = {zged(n,m) : z € Z} = {(zx)n + (zy)m : z € Z} C nZ + mZ.

On the other hand, n and m are multiples of gcd(n, m) and therefore any sum of multiples of
n and m is also a multiple of ged(n,m), i.e. nZ + mZ C ged(n, m)Z. This shows .

Two proper ideals I and J of a ring R are called comaximal ideals if I + J = R. For the
integers, this means that nZ and mZ are comazimal if and only if gcd(n,m) =1, i.e. n and
m are relatively prime.

The direct product of rings Ry, ..., Ry is the cartesian product

k
HRZ =Ry X+ X Ry ::{(al,...,ak):aiERi}
=1

with operations defined by

(a1, ar) + (br,...,bg) = (a1 +b1,... a5 + bg)
(at,...,a5) - (b1,...,bg) = (a1b1,...,arby),

for all (ay,...,ak),(b1,...,bg) € Hle R;. Its zero element is (Og,,...,0r,) and its identity
is (1g,,..., 1R, ), where Og, and 1g, are the zero element and identity of the ring R;.

Theorem 3.12 (Chinese Remainder Theorem) Let {M, ..., My} be a family of proper
ideals of a unital ring R and I = My N ...N My. Then the canonical ring homomorphism

®:R/I - R/M; x -+ x R/Mj, with S(a+1I):=(a+ Mi,...,a+ M) (3.12)

s an isomorphism of rings if and only if the ideals My, ..., My are pairwise comazximal.



CHAPTER 3. PRIMITIVE ROOTS OF UNITY MODULO N 37

Proof: Note that ® is well-defined, because if v +1 =2’ + 1, thenx —2' € I = MyN---N My,
and v+ M; =2’ + M; for all1 <i<k. Hence ®(x + I) = ®(2' + I). Furthermore, it is not
difficult to see that ® is a ring homomorphism, by the way how addition and multiplication
is defined on R/I and R/My X --- x R/My. Moreover, ® is always injective, because if
S(x+1)=(r+ My,...,x+ M) =0+ My,...,0+ My), then x € M; for all 1 <i <k and
hencex e MhinN---NMp,=Iandx+1=0+1.

So the question is to prove the surjectivity of ®. If ® is surjective, then for any 1 < i <k
and a € R\ M; there exists o' € R\ I such that ®(a’ + 1) = (0+ My,...,0+ M;_1,a +
M;,0 + Mitq,...,0 + My). Hence o’ —a € M; and o' € M; for all j # i. This shows
a=d —(d —a) € Mj+ M, and thus Mj + M; = R for any i # j. Hence the ideals
My, ..., My are pairwise comazximal.

On the contrary, suppose that the ideals M; are pairwise comazimal. Then for any 1 <
1 < k there exist a; € My and b; € M; such that 1 = a; +b; € My + M;. Hence
1= (ag+b2)(as+b3)---(ar +bg) = a+ babs--- by, (3.13)

for some a € My and babs - by € MoMs--- My C My ---N M. This shows that My and
ﬂj# M; are comazimal. Analogously, one shows that M; and ﬂj# M; are comazimal, for
any 1 <1< k.

Given any element v = (r1+ My, ... ,rp+ M) € Hle R/M;, there exist elements b; € M;
and ¢; € ﬂ#i M;, for each 1 <1i <k, such that r; = b; +¢;. Let x = c1 +---+ ¢, then

(I)(x—i-f):(x—i—Ml,...,;(}—l-Mk)Z(Cl—i-Ml,...,Ck—i-Mk):(7‘1+M1,...,7’k+Mk)=’y,
because cj € M for any l # j and since ¢; —r; = b; € M;. This shows that ® is surjective. []

In the case of R = 7 we have that the intersection of nZ and mZ is given by the least
common multiple of n and m, which is defined as lem(n,m) =

ged(nm ™ = Mged(nm ¢
nZ NmZ = lem(n, m)Z. (3.14)

To see this, note first that lem(n, m) is a multiple of n and m, hence an element of nZ NmZ.
Therefore, lem(n, m)Z C nZ N mZ. Conversely, if x € nZ N mZ, then x = na = mb for some
a,b € Z. In particular,
n x m_ N n | m_,
a= = :
ged(n,m) ged(n,m)  ged(n, m) ged(n,m) * ged(n, m)

Since zed(nm) and zed(nm) e relatively prime, we conclude Zed(mm) | b. Hence

nm
ged(n, m)

led(n,m) =m | mb = x,

i.e. nZNmZ C led(n,m)Z, proving equation . This means for ideals nZ and mZ of 7
the following are equivalent:
n and m are relatively prime;
< nZ and mZ are comazximal ideals

S nl+mZ =7
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< nZNmi= (nm)Z.

Identifying Z,, with Z/nZ, the Chinese Remainder Theorem says now the following:

Theorem 3.13 (Chinese Remainder theorem for integers) Let my,..., ms be positive
numbers that are pairwise relatively prime and n = my ---mg. Then

D :Zp = Loy X+ X Loy, with ®(x mod n) = (x mod my,...,x modms) (3.15)
is an isomorphism of rings. In particular, for any integers by,...,bs the system
x = bi(modmy)
x = bs(modmy)

has a unique solution modulo n.

Proof: Taking R =7 and M; = m;Z, we first note that (\;_; M; = ();_; m;Z = nZ since the
m; are pairwise relatively prime. Applying the Chines Remainder Theorem we obtain
the desired isomorphism ® between

ZZy and Ly, X -+ X Ly, . The surjectivity of ® yields that the given system has a solution
and the injectivity of ® shows that the solution is unique. [

Note that if there exists an isomorphism of rings ® : R — S, then it restricts to an
isomorphism of their unit group ® : U(R) — U(S), because if x € U(R) is invertible in R
with inverse x~'. Then

O(2)®(x7Y) = B(zz™!) = ®(1g) = 1g = ®(1g) = ®(z'z) = ®(z1)D(z).

This show that ®(x)~!' = ®(z~') and therefore ®(z) € U(S).

Since ® is an isomorphism, there exists an isomorphism &1 : S — R that is the inverse
function of ®. Hence for any y € U(S), ®~1(y) € U(R), with y = ®(®~(y)). Showing that
O : U(R) — U(S) is actually bijective. As it is multiplicative, it is also a group homomorphism
between U(R) and U(S)H

Now let Ry X -+ x Ry be a product of rings, then it is not difficult to see (and left to the
reader) that U(Ry X Ry) = U(Ry) X -+- x U(Ry).

This means that if a ring R is isomorphic to a direct product Ry X --- X Ry, then the unit
groups U(R) is isomorphic to the direct product of unit groups U(Ry) X -+ - x U(Ry). Applying
the Chinese Remainder Theorem yields:

Corollary 3.14 Let n = pi'---p% a positive number with s > 1, primes p; # pj for i # j
and a; > 1. Then

U(Zn) = U(Zyn ) -+ X U(Zyz)

In particular U(Zy,) is cyclic if and only if

'Be aware that if ® is not an isomorphism, the unit groups might be different. Consider for example the
inclusion ® : Z — Q. Then it is true that ®(z) is invertible, for any invertible element z € Z, but there
exist elements € Z such that ®(z) is invertible in @, but z is not invertible in Z as U(Z) = {£1} and

U(Q) =Q\{o}.
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1. n=p®, for some odd prime p and a > 1 or
2. n=2p®, for some off prime p and a > 1 or
3. n=2o0rn=4.
Proof: By the Chinese Remainder Theorem there exists an isomorphism of rings
Zn:Zpiq X oo prgs

which induces an isomorphism of groups U(Zy,) ~ U(Zprlzl) X - X U(Zyos).
Theorem [3.1(] shows that U(Zya) is cyclic for p an odd prime. Clearly U(Zy) = {1} and
U(Zy) = {1,3} ~ Zy are cyclic groups and for n = 2p®, with p an odd prime we have

U(Zape) = U(Z) X U(Zpe) = {1} x U(Zpe) =~ U(Zye)

1s also a cyclic group.

Conversely, note that iany subgroup of a cyclic group is cyclic. Hence a group that contains
a non-cyclic subgroup, like the Klein group Zo X Zo cannot be a cyclic group.

Recall that if p is an odd prime, then U(Zye) is a cyclic group by Theorem . Since the
group is cyclic and 2 divides its even order p®~'(p — 1), it has ezactly one subgroup of order
2 by[3.0.

Hence if n has two odd prime divisors, say p; and pj, i # j. Then U(Zy) has a subgroup

isomorphic to U(Zp‘_li) X U(ch;j) which each containing a subgroup of order 2 and hence their

direct product contains a subgvjﬂoup isomorphic to the Klein group Zo X Zo, which is not cyclic.
Therefore, U(Zy) cannot be cyclic.

If n =2% for a > 3, then U(Zaa is not cyclic by Theorem .

Also if n has an odd prime divisor p® and is divisble by 4, then U(Zy,) contains a subgroup
isomorphic to U(Zga) x U(Zp) with a > 2. If a =2, U(Z4) = Zg and if a > 3, then U(Zaa)
also contains a subgroup of order 2. Hence in either case U(Zy,) contains again a copy of the
Klein group and cannot be cyclic.

This shows that if U(Zy,) is cyclic, then the only possibilities for n are n = p® or n = 2p°,
for p an odd prime, n = 2 or n = 4, which are precisely the cases in the statement of the
Theorem.l]

Whether a number a is a primitive root of unity modulo a prime number p, i.e. whether
a is a generator of U(Zy) is not always easy to answer. The following example connects the
order of the number 10 modulo a prime number p with the period of the decimal expression of
1/p. Consider the fraction 1/7 and express it in decimal form:

1 -
= = 0.142857 142857 142857 - - - = 0.142857
7 6 6 6
1 = 0.09 09 09 ---=0.09
11 N~~~
2 2 2

Why does 1/7 has periodicity 6 and 1/11 periodicity 29 How is the periodicity related to the
prime number and how large can the periodicity be? Let p be a prime different from 2 and 5,
then 1/p has some periodicity n:

1 al [e7% _ al Qp, _on (1 Qp,
Do () g (B g (4 )
P (10+ +10”>+ 10+ +10" + 10+ +10” +
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1

For M = ¢} + -+ + {g= we have, using the geometric series Yoot = T forO<qg<1:

) R , 1 10" M
LSy = = A
P = 1—10—" 10" — 1

FEquivalently this means 10" — 1 = pM10™ or in other words
10" = 1( mod p)

Therefore, n is divisible by the order of 10 in U(Zy). The order of 10 modulo p is maximal
(and equal to p — 1) if and only if 10 is a primitive root of unity modulo p. For instance in
the case p =7, 10 has order 6, while 10 has order 2 modulo 11. What would be the periodicity
0of 1/297

Emil Artin asked in 1927 whether for a given square free number a > 1 there are infinitely
many primes p such that a is a primitive root of unity modulo p. This is called the Artin
Congjecture which up to today has not been solved.

How to calculate quickly powers modulo a number

In some cryptographic algorithm it is necessary to calculate rapidly expressions like a®(modn).
Before addressing this problem we will first have a look at the representation of natural num-
bers with respect to some basis. Any integer can be written as a linear combination of powers
of a given positive base number. We will show this using the Peano axioms.

Proposition 3.15 Let b € N with b > 1. For any natural number a € N there exists a

number n > 0 and numbers ay,...,ar € {0,1,...,b— 1} such that
n
a:a0+a1-b+a2-62+'~+an-b”:Zak-bk. (3.16)
k=0
In this case we will write a = (ag, . ..,an)py to indicate the b-ary representation of a.

Proof: We will show this statement by induction on a. Let b > 1 be fired and consider the set

M:{a€N|EInZO,al,...,akE{0,1,...,b—1}:a:Zak-bk}. (3.17)
k=0

Clearly 0 € M setting n = 0 and ag = 0. Hence suppose a € M. We have to show that
S(a) =a+1€ M. Asa € M, there exist n > 0,a1,...,a; € {0,1,...,b — 1} such that
a= Y7 _gar- b Ifay < b—1, then set aj = ap + 1 and a}, = by for all k > 0. Thus
at+l=>%,, az-bk. If ag = b—1, then choose the least index 0 < m < n such that a =b—1
for all k < m. Note that

Zm:(b— D +1=0b-1) (Zm:bk> +1=p"" 141 =p"" (3.18)

k=0 k=0

Zanswer 28
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0 ifk<m
Ifm=mn, thena+1=0b"t'c M. If m <mn, then set aj, = ame1 +1 ifk=m+1 and
ag ifk>m

we have a+1=3"1_,a} -b* € M. By the principle of induction M = N. O

Only o finitely many numbers can be represented by a computer, since its memory is
finite. The smallest information unit is a bit which can have the values 0 or 1. Using
binary representation (b = 2) any number can be expressed as a list of bits. For example
one byte consists of 8 bits and can therefore represent the (positive) numbers between 0 and
255 = 28 — 1. One kilo-, mega-, giga- and terabyte consist of 210, 220, 230 and 240 bytes.
For instance with one kilobyte consists of 8 - 29 = 8192 bits. Hence one can represent the
positive numbers from 0 to 28192 — 1 with the memory of one kilobyte. A gigabyte consists of
8.230 = 233 = 8589934592 bits and hence can represent the numbers from O to 28589934592 _ 1
These numbers are extremely large. However they are still (finite) numbers.

How to calculate a®(mod n) quickly for large b? Multiplication by 2, division by 2 and
calculating the rests mod 2 is easy in binary representation. Given a = (ag,a1,...,an)2 one
has

2a = (0,a0,a1,...,an)2 a/2 = (a,...,an)2 amod 2 = ag. (3.19)

Notice that multiplication and division by 2 correspond to a shift to the right resp. to the left
of the string (ag,...,an). There are hardware solutions that can do this operation quickly.
The idea of the following algorithm to calculate a®(modn) is that if the binary representation
of b is (b, ..., by)2, then b= 7_,bx2* and

n
ab = qX k=0 br2" _ I1 abe2® — I1 a2 (3.20)
k=0 b0

For k <1 and by, # 0 # b; we can use a?" in order to calculate a2l, which is going to be the
advantage of the following algorithm whose runtime is n = logy(b).

Data: a,b,n € N with n,b > 1.
Result: a’(modn).
r=1
while b > 0 do

if %2 == 1 then

| r=(r-a)%n;

end

a=(a-a)%n;

b=1"0/2;
end

return r;
Algorithm 2: Fast modular power algorithm

Exzample 3.16 Let us try to calculate 14'9°(mod 71). The algorithm will perform the fol-
lowing steps:
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b%2==17|r a b
1 14 1000

no 1 14? =54 mod 71 | 500
no 1 54 =5 mod 71 | 250
no 1 52 =25 125
yes 25 252 = 57 mod 71 | 62
no 25 57 =54 mod 71 | 31
yes 25-54=1mod71 |54>2=5mod71 |15
yes 1-5=5 52 =25 7
yes 5-25=54 mod 71 | 25° =57 3
yes 54 -57 =25 mod 71 | 57° = 54 1
yes 25-54=1mod71 |542=5 0

Hence 141900 mod 71 = 1.

Exercises

Ex. 7 —
coefficients ag, - .

Write a program that given a number b > 1 and a number a > 0 yields the list of
. an such that a = >} arb®.

Ex. 8 — Show that the representation of a positive number a = Y j_, apb® as a linear
combination of powers of b is unique with respect to all such representations where the highest

term a,, 1S non-zero.



Fuclidean domains

Let R be a commutative unital non-trivial ring and a,b € R elements. Like for numbers,
we say that a divides b, in symbol a | b, if and only if there exists ¢ € R with b = ac.

Note that 1 | a holds for any a € R and a | 1 holds if and only if a € U(R).

Moreover, any element a € R divides (trivially) 0, because 0 = a -0, i.e. a | 0. However,
we will call an element a a zero divisor in R, if there exists a non-zero b € R such that ab = 0.
A (non—tm’m’alﬂ commutative ring R is called an integral domain if O is the only zero divisor
of R. This means that whenever ab =0, then a =0 or b = 0. Clearly any field is an integral
domain, because if ab =0 and b # 0, then a = abb=! =0, i.e. 0 is the only zero divisor. We
have already seen that for n > 2, R = Z, is a field if and only if n is a prime number. It is
not difficult to check and left as an exercise that Z,, is an integral domain if and only if Z,, is
a field. Clearly this is not true for an arbitrary integral domain like for example Z.

The set of multiples of a, aR = {ac : ¢ € R} is an ideal and called the ideal generated by a
in R. By definition, if a | b, then b = ac for some ¢ € R. Therefore, for any r € R, br = acr,
i.e. bR < aR. Conversely, if bR < aR, then b € aR and hence there exists c € R with b = ac,
i.e. a|b. This shows that for any a,b € R:

alb if and only if bR < aR (4.1)

Thus, the divisibility relation is reflexive and transitive, but not necessarily anti-symmetric
and therefore not an equivalence relation. For instance 2 | (=2) and (=2) | 2, but 2 # —2
or more generally, if w € U(R) \ {1} is an invertible element in R and a € R is a non-zero
element, then a | ua and ua | a, but a # ua. This motivates the following definition:

Definition 4.1 Let R be a commutative unital non-trivial ring. Then two non-zero elements
a,b € R are said to be associated in R if and only if a | b and b | a.

o#£1

43
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From we deduce immediately that two elements a,b € R\ {0} are associated if and
only if they generate the same ideal, i.e. aR = bR. The relation of being associated is an
equivalence relation and its equivalence classes [a] form a partition of R\{0}. The divisibility
relation defines then a partial ordering on the set of equivalence classes.

It is also clear by the previous comments that a and ua are associated, for any unit u € R
and element a € R, i.e. {au:u € U(R)} C [a]. The converse is true for non-zero associated
elements in an integral domain R, because if a and b are associated and non-zero, then there
exist ¢,d € R such that b = ac and a = bd. Thus b = ac = bdc implies b(1 — dc) = 0. Since
b is non-zero and R is an integral domain, we must have 1 — dc = 0, i.e. dc = 1. Hence
¢,d € U(R), which shows [a] = {au:u € U(R)}.

For any ring R we can define the power series ring R[[x]] with coefficient in R. Fach
series can be thought of as a sequence (an)nen of elements of R and is usually represented as

a power series:
o0
f= g anx™.
n=0

Given f =) apz™ and g =Y byx™ in R[[z]], addition and multiplication are defined as

f+g= Z(an + bn)xn f-9= Z (Z aibni> x".
n=0 n=0 \i=0
The zero element of R[[z]] is the polynomial with all coefficients 0, while the identity of R[[z]]
is defined as the polynomial > )" ana™ with ag = 1 and a,, = 0, for all n > 1. The support
of f € R[[z]] is defined as
sup(f) ={n e N:a, # 0}.

Note that sup(f) = 0 if and only if f =0 is the zero element. In general power series might
have infinite support. The polynomial ring Rx] is defined as the set of series that have finite
support, i.e.
Rlz] = {f € R][z]] : sup(f) is finite }.

It is not difficult to check that R[x] is closed under addition and multiplication and forms a
ring. Moreover, > > a,z™ € R[z] if and only if there exists some number n € N such that
am = 0 for all m > n. The degree deg(f) of a non-zero polynomial f =" a;x* € R[x] is set
to be the mazimum of the supremum, i.e. deg(f) = max(sup(f)) = N if and only if ay # 0
and a, = 0 for alln > N. The leading coefficient of f is then an. The degree of the zero
polynomial is set to be deg(0) = —oo, which is merely a symbol to extend the natural numbers
by an element that satisfies (—o0) +n = n + (—o0) = —o0 for any n # ()E| The leading
coefficient of the zero polynomial is not defined.

Lemma 4.2 Let R be an integral domain. Then the polynomial ring R[z] is an integral
domain.

Proof: Let f = > anz™ and g = Y bya™ be non-zero polynomials with deg(f) = N and
deg(g) = M and leading coefficients an and byr. Then

fg = <i Gn.’Bn) <i bm$m> = Z ( Y aibn_i> z".
n=0 m=0 n=0 \i=0

2In semigroup theory, the symbol —oo would be called an absorbing element in (N U {—o0}, +)
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Examining the coefficient of ™ with n > N + M yields:

n N
> aibyi =Y aibpi=0,
i=0 i=0

because a; = 0 fori > N and by,—; =0 for i < N, because thenn—i > N+ M —i > M. This
shows that deg(fg) < N + M = deg(f) + deg(g). Similarly if we examine the coefficient of
VM yields:

N+M N
§ aibNym—i = § aibyynm—i = anbyy.
i=0 =0

Therefore, deg(fg) = N + M = deg(f) + deg(g) if and only if anbys # 0. In particular,
if R is an integral domain, then for any non-zero polynomials f,g we obtain deg(fg) =
deg(f) + deg(g) > 0, which shows that fg # 0. O

Like the integers, the ring of polynomials K[x] over a field K has a division algorithm.
More concretely, for any f,g € K[x] with g # 0, there exist q,v € K[z] such that

f=qg9+r and deg(r) < deg(g).

Here we are making use of our convention that deg(r) = —oo if r = 0.

Definition 4.3 An integral domain R is called an Fuclidean domain if there exists a function
A: R\ {0} — N such that for any a,b € R with b # 0 there exist ¢, € R with a = gb+r and
r =20 or A(r) < A(b).

The importance of Fuclidean Domains is that the Fuclidean algorithm holds for them.
Define the following degree function on Z: for all a € Z \ {0} set deg(a) =| a | . With this
function Z becomes an Euclidean domain with the ordinary division algorithm for Z.

Another example stems from the ring of polynomials over a field, R = K[x]. Here the
ordinary polynomial division and the degree function deg : K[xz]\ {0} — N are the ingredients
to turn K[z] into an Euclidean domain.

A common divisor of two elements a and b is an elements d € D such that d | a and d | b.
A greatest common divisor of a and b is a common divisor d of a and b such that if d' is
another common divisor of a and b, then d’' | d. The greatest common divisor of a and b, if
exists, is denoted by ged(a,b). Let D be an Fuclidean domain with degree function deg. If
d is a greatest common divisor of a and b in D, then for any other common divisor d of a
and b one has deg(d') < deg(d) (see exercises). Note that for any greatest common divisor
d of a and b and invertible element u, one also has that ud is a greatest common divisor.
Thus a greatest common divisor is defined up to an invertible factor and in certain classes
of rings one requires further conditions. For example in the ring of integers one defines the
greatest common divisor to be a positive greatest common divisor, while the greatest common
divisor of two polynomials over a field is usually defined as the unique monic greatest common
divisor.

Assume that D is an Fuclidean domain. If a,b € D with b # 0 there exist q,v € D with

a=q-b+r and r =0 or deg(r) < deg(b). (4.2)

Call q the quotient of a by b, denoted by ¢ = a/b and r the remainder of a divided by b,
denoted by r = a( mod b).
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Proposition 4.4 Let D be an Euclidean domain and a,b € D. The set of common divisors
of a and b is equal to the set of common divisors of b and a( mod b).

Proof: By the division algorithm, there exist g, € D such that a = q-b+r. Ifd | a and d | b,
thend|a—q-b=r=a(modb). Hence d is a common divisor of b and a( mod b). On the
contrary, if d | b and d | a( mod b), then d | q-b+ a(modb) =a. O

Proposition [4.4) allows us to replace the pair (a,b) by (b,a(modb)) if we want to calculate
the greatest common divisor. Applying the Proposition again leads to (a(modbd), b(moda(modb))).
Each time we apply the Proposition the degree of the second component goes down, i.e.

deg(b) > deg(a( mod b)) > deg(b( mod a( mod b))) > --- . (4.3)

Thus, this procedure leads to the following Algorithm which terminates since deg takes values
into N which is a well-ordered set.

Data: a,b € D an Fuclidean domain
Result: a greatest common divisor of a and b.
if b # 0 then

| return ged (b, a( mod b))

else
| return a;

end
Algorithm 3: Euclidean Algorithm

Proposition[{.4] secures that a greatest common divisor of a and b is the same as a greatest
common divisor of b and a%b. It is clear that a greatest common divisor of a and 0 is a. The
algorithm terminates because the set of degrees of remainders is a non-empty subset of N and
must have a least element. In the exercises you are invited to write a computer program to
find the greatest common divisor of two integers.

Proposition 4.5 Let D be an Fuclidean domain and a,b € D not both zero. Then there
exist r,s € D such that ged(a,b) = ra + sb.

Proof: Consider I = {deg(ra+sb) € N:ra+sb# 0 and r,s € D} C N. As not both elements
a,b are zero, I #. As N is well-ordered, I has a minimum, say n = deg(ra + sb) for some
r,s € D. We claim that d = ra+ sb is a greatest common divisor of a and b. By the division
algorithm for Fuclidean domains, there exist q,t € D such that a = qd +t and either t =0
ort# 0 and deg(t) < deg(d) = n. However, sincet = a — qd = (1 — r)a — sb, we have that
either t = 0 or deg(t) € I. The second option is impossible, as n = deg(d) is the minimum
of I and deg(t) is smaller than n. Hence t = 0 and a = qd, i.e. d | a. Similarly one shows
d|b. If d is another common divisor of a and b, then d' | d = ra + sb. Thus d is a greatest
common divisor of a and b and can be written as d = ra + sb. UJ

As in the case of the integers, we have the extended FEuclidean Algorithm to calculate
ged(a, b) of two elements a,b € D in an Euclidean domain as well as the elementsr, s € D that
satisfy ged(a, b) = ra+sb. This is crucial for many applications. As in the case of the integers,
the algorithm uses the following reasoning: suppose ged (b, a(modb)) = x-b+y-(a%b) for some
x,y € D, where a%b denotes the rest of the division of a by b. Since a = (a/b)b+ a( mod b)
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it follows that a( mod b) = a — (a/b) - b, where a/b denotes the quotient of the division of a by
b. Substituting this expression for a( mod b) in the formula for ged(b, a( mod b)) yields:

ged(a, b) = ged(b,a(mod b)) =z -b+y-(a—(a/b)-b) =y-a+ (x—(a/b)-y)-b. (4.4)

Hence on the "way back" from our recursion, we can adjust the coefficients x and y by re-
placing x with y and y with x — (a/b) - y.

Data: a,b € D an Fuclidean domain
Result: d,x,y where d = ged(a,b) and d =z -a+y-b.
if b # 0 then
d,z,y = ged(b,a( modbd));
return (d,y,x — (a/b)y);
else
| return (a,1,0);
end
Algorithm 4: Extended Euclidean Algorithm

An integral domain all whose ideals are principal is called a principal ideal domain.
Lemma 4.6 Any Euclidean domain is a principal ideal domain.

Proof: Given a non-zero ideal I of an Euclidean domain R. Consider A = {\(r):r € I} CN.
Since N is well ordered, there exists a non-zero element b € I with A(b) minimal. Hence, for
any a € I, there are q,r € R with a = gb+ 1 and r = 0 or A(r) < A(b). Ifr # 0, then
r =a— gb € I has lower A-value than b which contradicts its minimality. Therefore r = 0
and a = qb, i.e. I =(b). O

Recall the notion of irreducible and prime elements in an integral domain R. Let p be a
non-zero, non-invertible element of R. Then p is called an irreducible element if and only if
for any a,b € R if p=ab, then a € U(R) or b€ U(R).

The element p is called a prime element if and only if for any a,b € R such that p | ab,
thenp | a orp|b. In general, prime and irreducible elements might be different. For principal
ideal domains however the notions coincide.

Lemma 4.7 Let R be a PID and p € R\ U(R)U{0}. Then p is irreducible if and only if p
is prime if and only if R/pR is a field.

Proof: Let P = pR. Suppose p is an irreducible element and let a € R such that p { a or
equivalently a + P # 0+ P) in R/P. Consider the ideal I = pR + aR generated by p and a.
Since R is a PID, I = cR for some ¢ € R. Hence p = cd for some d € R. As p is irreducible,
de€U(R) orc€ U(R). Ifd € U(R), then c = d 'p and as a € I = cR there exists e € R with
a=ec=ed 'p,iec p|a, which contradicts pta. Hence c € U(R) and R = I = pR + aR.
Thus there exist x,y € R with 1 = xa+yp, i.e. 1+ P = (x+ P)(a+P), i.e. a+P € U(R/P).
This shows that any non-zero element of R/pR is invertible, i.e. R/pR is a field.

If R/P is a field, then p is certainly prime, because if p | ab for some a,b € R, then
(a+P)(b+P)=0+P in R/P and as R/P is a field, a € P orb€ P, i.e. p|a orp]|b.

If p is a prime element, then it is always irreducible. [
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A (commutative) ring R is called Noetherian if any ascending chain of ideals
LCL<I3C---
becomes stationary, i.e. if there exists n > 1 such that I, = I,,,, for all m > n.
Lemma 4.8 A principal ideal domain is Noetherian.

Proof: If I; are ideals of a principal ideal domain R that form a chain I C I C --- then the
union I = J;5, Ii is an ideal of R (why?). Since R is a principal ideal domain, I = aR for
some a € I. But then there exists an index n > 1 such that a € I,,. As for allm > n,

InC|JLi=1=aRC I, CIn
i>1

we conclude I, = I,,.

Lemma 4.9 Let R be a (commutative) Noetherian integral domain. Then any non-zero,
non-invertible element is a product of irreducible elements.

Proof: Set
P ={a € R: aisnon-zero, non-invertible and not a product of irreducible elements}

Suppose P # (0. Then there exists an element ay € P which is non-zero, non-invertible
and not a product of irreducible, thus not irreducible itself. Hence there exist non-invertible
elements as, by € R with a1 = asbs. Both as, by are non-zero and cannot be both products of
wrreducibles, as otherwise a1 would be a product of irreducibles. Thus one of them must belong
to P. Without loss of generality we can assume az and in particular we have aiR C asR.
Note that if a1 R = aoR, then as = ajc = asbac, for some ¢ € R, implies by invertible, which
is a contradiction. Hence the inclusion a1 R C asR is proper. By the same argument, there
must exist ag € P such that a1 R C aoR C asR. Continuing in this way we obtain an infinite
(properly) ascending chain of ideals which would not become stationary and would contradict
R to be Noetherian. Hence P must be empty, i.e. any element is either 0, invertible or a
product of irreducibles. [

Note that the proof only needs that the ascending chain of principal ideals holds. For a
principal ideal domain (and in particualar for an Euclidean domain) we have just proven that
any non-zero, non-invertible element is a product of irreducible (=prime) elements. However,
in general a product of irreducible elements might not be unique and we make the following
definition.

Definition 4.10 An integral domain R is called a unique factorisation domain if every non-
zero, non-invertible element a of R has a unique factorisation in irreducible elements, i.e.

1. every non-zero, non-invertible element is a product of irreducible elements.

2. for any two sets {p1,...,pr} and {q1,...,qn} of irreducible elements, such thatp; - - py =
q1 - qn one has n =k and a permutation o € Sy, such that p; and q,(;) are associated,
for any 1 <i<n.
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Lemma 4.11 Any Noetherian integral domain such that irreducible elements are prime is
a unique factorisation domain. In particular any principal ideal domain and any Fuclidean
domain is a unique factorization domain.

Proof: By Lemma [{.9, any non-zero, non-invertible element is a product of irreducible el-
ements, which are prime by hypothesis. The uniqueness follows now by induction on the
number of prime factors: if p1---pn = q1 - @m, with p; and q; prime, then p1 | q1 ... Gm im-
plies p1 | q; for some i and hence p1 and q; are associated. After rearranging we might assume
1 =1 and can factor out p1 to obtain a shorter product. Continuing this process yields n = m
and p; ~ qq(;), for some permutation o € Sy,. U

The Gaussian Integers

One particular example of Euclidean domains is the ring of Gaussian integerﬂ this is the
subring
Zii) ={a+bicC:a,beZ}

of C consisting the complex numbers with integer coefficients.
Clearly the multiplication rule

(a+ bi)(c+ di) = (ac — bd) + (ad + be)i
shows that if a,b,c,d € Z, then (a + bi)(c+ di) € Z][i]. Since complex conjugation
a+bira+bi:=a—0b

is a ring isomorphism of C, it is multiplicative, i.e. aff = ap, for all o, € C. The norm of
a complex number o = a +bi € C is defined to be N(a) = aav = a®? +b* € R>o. In particular,
N(a) € N for all o € Z[i]. Moreover, the norm is multiplicative, i.e.

N(apf) = apaf = afaB = aaBp = N(a)N(B).
The multiplicative group of invertible elements of Z[i] is U(Z[i]) = {1, —1,4,—i}. It is easy
to see that 1,—1,i, —i are invertible. Let oo € U(Z[i]) and B € Z[i] such that aff =1, then

1= N(1) = N(aB) = N(@)N(8).

Hence N(a) = 1= N(B) as we have seen U(Z) = {1,—1} and N(«)
and a® +b> = N(a) = 1, thena = +1 and b =0 ora = 0 and b
N(a) > 2. This shows

2 But if o = a+ bi
= %1, since otherwise

U(Z[i)) ={1,—1,4,—i}. (4.5)
As a group U(Z[i]) ~ Zo x Zs is the Klein group.

In contrast to Z[i], the subring Q[i] = {a+bi € C: a,b € Q} is a subfield of C, because
for any non-zero a € Q[i], also N(«) # 0 and hence invertible in Q and hence o' = N%a)a
is the inverse of a.

We will show that Z[i] has a division algorithm and that Z[i] is an Fuclidean domain and
therefore a principal ideal domain and a unique factorization domain. But first wee need an

elementary Lemma about Z and Q.

3 Johann Carl Friederich Gauss (1777-1855), Biography: MacTutor


https://mathshistory.st-andrews.ac.uk/Biographies/Gauss/
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N[

Lemma 4.12 For any x € Q there exists an integer n € Z such that |x —n| <

Note that n might not be uniquely determined, if for instance x = %, thenn =0 orn =1
both satisfy |z —n| = 3.

Proof: If v = 0, then we can choose n = 0. Hence assume x = § # 0 such that a and b
are relatively prime and b > 0. By the division algorithm in Z, there exist q,v € Z such that
a=qgb+1 and 0 <r <b. If 2r < b, then we set n = q and obtain

a—qb 1 1

—- <=
b b~ 2

|z —n| =

If b < 2r, then 2(b—1r) < b and we set n = q+ 1 and obtain

|z —n| =

a—(g+1)b|
; —

r—2b _b—r<1
b | b 2

We can prove now the division algorithm for Z[i].

Theorem 4.13 Let o, 5 € Zli] be two elements with 3 # 0. Then there exists v,r € Zli]
such that
a=y6+r with N(r) < N(p).

In particular, Z[i] is an FEuclidean domain, hence a principal ideal domain and a unique
factorization domain.

Proof: Lemma shows that for any p = x + yi € Qi], there exist a,b € Z such that
|z —al < % and |y — b| < % Hence for v = a + bi we obtain

| =
N
)

Np—v)=(z—a)P+y-b>=|z—a*+|y—b*<

Let o = a+bi,f = c+ di € Z[i] with  # 0 and consider

o 1
B N(®)

af € Qi.

Then by the previous argument, there exists v € Zl[i] such that N (% — 7) < % Therefore,
forr=a—~p € Z[i] we have o =y + r and

N(r) = Nla=+8) = N (§ =) N(3) < 3N () < N(5).

As a subring of the field C, Z[i] is an integral domain, which has division algorithm as we
have seen with respect to the norm N : Z[i] — N. Hence Z[i] is an Euclidean domain. O

For example if we want to divide o = 12+ 3i por 5 = 2+ 2i, then we can form the fraction

in Q[i]:
12430 (12430)(2-2) 30 18, . 1 1
= =— - —i=4-2i+ (- — 1
212  (2+20(2-2) 8 8 41
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where N(—1 + Li) = 1 < 1. Choosing v = 4 — 2i and

ool—=

r=a—y8=12+3i — (242i)(4 — 2) =12+ 3i — (12 + 4i) = —i

we obtain a =B +1r and 1 = N(r) < N(B) = 8. Note that —i is invertible, hence o and
are relatively prime in Z[i]. A greatest common divisor of two elements of Z[i] is unique up
to an invertible element, this is up to a multiple of 1,—1,% or —i. In particular we have

1 =ia—iy8 =ia— (2 + 4i)5.
Here is a second example: Let o« =11+ 3¢ and =1+ 8i. Then

11430 = (1—i)(1+8i)+2—4i
14+8i = (—144)(2—4i)—1+2i
2—4i = (=2)(=142i)+0

Hence —1 + 24 is a greatest common divisor of a and B and we can write
—14+2i=(1+8)—-(-1+9)2—-4)=0+(1—-d)(a—(1—-1)B)=(1—-d)a+(1+2i)8

as linear combination of a and .

Applications

Since Z[i] is a unique factorization domain, the notion of prime and irreducible elements
coincide.

Lemma 4.14 Let a € Z[i] be an element such that N(a) is a prime number. Then o is a
prime element in Z[i].

Proof: It is enough to show that a cannot be factorized into the product of two non-invertible
elements. Hence suppose o = 3. Then N(a) = N(B)N(7) since the norm is multiplicative.
But since N(«) is a (positive) prime number, N(B) = 1 or N(y) = 1. If N(B) = 1, then
B is invertible with inverse B, i.e. B € {1,—1,i,—i}. Analogously, if N(v) = 1, then v is
invertible. Thus a is an irreducible element and hence a prime element as Z[i] is a unique
factorization domain. [

Not all prime elements in Z[i] have a norm that is a prime number (in Z). For example,
the prime number 3 is a prime element in Z[i], because if 3 = aff, with «,p € Z[i], then
9= N(3) = N(a)N(B). However, there does not exists o € Z[i] with N(«) = 3, because if
a = a+bi, then N(a) = a® + b2 = 3, which has no solution on

The prime number 2 is however not a prime element in Z[i| since 2 = (1+1i)(1—1) has a
factorisation in two non-invertible elements. Note that 2 = 12 + 12 is the sum of two squares
and we will prove that a prime number is precisely not a prime element in Z[i] if it is the sum
of two squares. We will actually prove that a prime number p is not a prime element in Z][i]
if and only if it can be written as the sum of two squares.

We need the following technical result before we continue.

4if @ = 0, b? = 3 is impossible and if a = +1, then b*> = 2 is impossible.
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Theorem 4.15 Let m be a positive integer such that U(Zy,) is cyclic. Let a € Z be an
integer that is relatively prime to m. Let n € NT and d = ged(n, p(m)) Then the following
are equivalent:

(a) " = a( mod m) has a solution.

p(m)

(b) a—a

A solution a of the equation ™ = a( mod m) is called an nth power residue modulo m. In
case n = 2, a s called a quadratic residue modulo m.

= 1(mod m).

Proof: Let g be a generator of G = U(Zy,). Then there exists b > 0 with a = g°. Then

JeeN: (¢°)" = a( mod m) Jee N: g™

dee N: ¢cn

g°(mod m)
b(mod ()
) b

@( p(m)b

d|b and a i =g a :(g@(m)) = 1(mod m)

d = ged(n, p(m

t ¢t ¢

By Theorem we have in particular for an odd prime p, that a is a quadratic residue
—1
modulo p, i.e. z? = a( mod p) has a solutz’o if and only if T = 1(mod p). The special
case a = —1 1is important to us:

Theorem 4.16 Let p be a positive odd prime number, then the following statements are
equivalent:

(a) p can be written as the sum of two squares;
(b) p is not a prime element in Z[i];
(¢) —1 is a quadratic residue modulo p;
() (-1)'F =1;
(e) p=1(mod4).
In the case p = a® + b2, the numbers a and b are uniquely determined up to sign and order.

Proof: (a) < (b) if p = a® + b%, then p = (a + bi)(a — bi) and N(a + bi) = a® + b = p shows
that a + bi is a prime element in Z[i], in particular not invertible, hence p is not prime in
Z[i]. On the other hand, if p = af, with «, 8 € Z[i] not invertible, then N(«a) # 1 # N(f)
and p?> = N(a + bi)N(c+ di) shows N(a) = p. Thus if a = a + bi, then a®> +b*> = N(a) = p.

(a) = (¢): If p = a® + b2, then p 1 b otherwise if p | b, then also p | a and hence p? | p
which is impossible. Thus p = a® + b is equivalent to a®> = —b*(mod p) and as b is invertible
modulo p, (ab—')? = —1(mod p), i.e. —1 is a quadratic residue modulo p.

5 or if you like a has a square root in Ly
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(¢) = (b) if —1 = a*( mod p) for some a € Z means that p | (a*> + 1) in Z. But then also
pl(a®>+1) = (a+i)(a—1i) in Z[i]. If p would be a prime element in Z[i, then since Z[i] is a
unique factorization domain, p | a+1i orp|a—1i. If p| a+1i, then there exists ¢ + di € Z][i]
such that a + i = p(c + di) = pc + pdi. Comparing the imaginary part, we see 1 = pd which
is 1mpossible, since the only invertible integers are 1 and —1. Hence p cannot be a prime
element in Z[i], which shows (b).

(c) & (d) < (e) follows easily from Theorem[{.15 with a = —1 and n = ¢(2,p — 1) = 2.
It is clear that (—1)% = 1 holds if and only if (p—1)/2 is even if and only if p = 1(mod 4).

(Uniqueness): If p = a® + b2 then p = (a + bi)(a — bi) in Z[i]. For any other numbers
c,d € 7 such that p = c¢* + d? we would also have p = (c + di)(c — di). Since Z[i] is a
unique factorization domain, a + bi must be associated to ¢+ di or ¢ — di. Hence there exists
u € U(Z[i]) such that a+bi = u(cEdi). Substituting the four choices u € {£1, +i}, we obtain
that a = +c and b = £d or a = £d and b = +c. O

Remarks: Note that the uniqueness of Theorem[{.16 does not say that for any number n that
can be written as n = a® + b%, the numbers a and b are uniquely determined. For instance
50 = 5% +5% =12+ 72,

Fermat had thought that his so-called 5th Fermat number n = 2(2°) +1 = 4294967297 was
a prime number. This number is a sum of two squares as

n = (2'9)" +12 = 65536 + 12.
Euler found a different way to write this number as the sum of two squares, namely
n = 62264 + 20449%.

Hence Proposition [{.16] shows that n cannot be a prime number, as the squares are different.
We have proven that n is not a prime number without having to decompose it.

Condition [{.16(e) is easy to verify. Hence odd primes p that are not primes in Z[i| are
precisely the primes p such that p = 1+4n for somen € Z, like 5,13,17,.... The set of such
primes is infinite:

Corollary 4.17 There are infinitely many prime numbers that can be written as the sum of
two squares and there are infinitely many prime numbers that cannot be written as the sum
of two squares.

Proof: The proof goes by contradiction. Suppose there are only finitely many positive prime
numbers of the form 1+ 4n. Say, {p1,...,ps} are all distinct positive prime numbers p; € N
such that p; = 1( mod 4). Form the number

n=(2p1---ps)* + 1.

Let p be any prime number that divides n. Then p = 1( mod 4) holds and there must exists
1 <i < s such that p = p;. However, then p | (2p1---ps)? and as p | n, we conclude p | 1 and
p =1 a contradiction. Thus the set of prime numbers of the form 1+ 4n must be infinite. By
Theorem [{.16| there are infinitely many prime numbers that can be written as the sum of two
squares.
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Suppose that the set of prime numbers that are of the form 3+4n is finite. Say, {p1,...,ps}
are all distinct positive prime numbers p; € N such that p; = 3( mod 4). Let p; = 3 and form
the number

n=4ps---ps + 3.

Since n = 3( mod 4), there must exist a prime number p of the form 3 + 4n dividing n
(otherwise if all prime divisors p of n satisfy p = 1( mod 4), then also n = 1( mod 4) - a
contradiction). By assumption p = p; for some 1 <i <s. Ifp=3, then3 |n=4py---ps+3
and therefore 3 | 4py -« - ps which is a contradiction, since 314 and 3 1 p; for i > 2. Hence
p = p; for some 2 < i < s. But then p; | n = 4ps---ps + 3 implies p; | 3, which is also a
contradiction. Therefore the set of positive prime numbers of the form 3+ 4n must be infinite
and by Theorem[{.10 there are infinitely many primes that are not the sum of two squares. O

Theorem allows us now to somehow characterise the prime elements of Z[i]. Recall
that two elements a and B are called associated if o = uf for u an invertible element, i.e. in
the case of Z[i], u € {1, +1i}.

Corollary 4.18 Any prime element in Z[i] is associated to one of the following primes:
® i+
e a positive prime number p € Z with p = 3( mod 4) or
e a prime element m € Z[i] such that p = N(7) is an odd prime with p = 1( mod 4)

Proof: Suppose a € Zli] is a prime element. Then aa = N(«a) € N, i.e. a | n divides a
number. Since n = p{*---p% is a product of prime numbers in N and since « is a prime
element, o | p, for some prime number p.

Ifp=2, thena|2= (1+i)(1—1i) = (—i)(1+4)?. Hence a is associated to the prime
element 1 + 1.

If p=3(mod4), then by Theorem[{.16p is a prime element in Z[i] and o | p shows that
« 18 associated to p.

If p = 1(mod 4), then p = a® + b%, for some a,b € Z. Hence p = (a + bi)(a — bi) with
N(a=+bi) = p. By Lemmal4.14, ™ = a+bi and 7 are prime elements in Z[i]. Since o | p = 77,
either a | m or a | 7. O

Pythagorean triple

As a second application of the unique factorization of Gaussian integers we will classify
Pythagorean triples. A triple (a,b,c) € Z of integers is called a Pythagorean triple if

a> 4+ b =¢ (4.6)

holds. For instance (3,4,5) is such a triple, since 9 + 16 = 25 or for instance (5,12,13).
A general formula to produce Pythagorean triples is given as follows: For any x,y € Z* we
define

(a,b,¢) = (z% — 92, 2zy, 2° + y?)

and verify that

a2 + b2 — ($2 _ y2)2 + (2.1':1/)2 — $4 + 25E2y2 +y4 — (ZL’Q +y2>2 — 02'
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However, some of these triples will be equal. In order to classify these triples we will re-
strict Pythagorean triples to primitive ones, because if (a,b,c) is a Pythagorean triple, then
also (+a,+b,+c) and (da,db,dc) are Pythagorean triples for all d € Z. Hence we call a
Pythagorean triple (a,b,c) a primitive triple if a,b, c are positive and relatively prime, i.e.

a,b,c>0 and ged(a, b, c) = 1.

Note that if (a,b, c) is a primitive Pythagorean triple, then ged(a,b) = ged(b, ¢) = ged(a,c) =
1, because whenever a number divides two of the three numbers a,b, c it will divide the third
of them due to the equation a®> +b> = ¢*. In particular, at most one of the three numbers can
be even.

Lemma 4.19 For each (z,y) € N, such x and y are relatively prime, have different parity
and 0 < y < x, the Pythagorean triple (z% — y?,2zy, x> + y?) is primitive.

Proof: Since 0 < y < x, each component of the constructed triple is positive.
Since x and y have different parity, x* + y? is odd. Hence if there exists a positive prime
number p that divides 2% — y?, 2xy and 2% + 4%, then p # 2 and

pla? =+ (2 + %) = 227

and

pla®—y* — (2® +y°) = -2

shows that p is a common divisor of x and vy, contradicting that x and y are relatively prime.
Hence the components are relatively prime and the triple is primitive. [J

Using factorzation in Z[i| we are going to show that any primitive Pythagorean triple
(a,b,c) is constructed as in Lemma .

Let (a,b,c) be a primitive Pythagorean triple. If ¢ would be even, then a and b have to
be odd. But then a®> = 1( mod 4) and b*> = 1( mod 4) shows ¢* = a® + b*> = 2( mod 4),
which is impossible. Hence ¢ must be odd and a and b have different parity. Without loss of
generality we may assume that b is even and a is odd. Of course it is clear that if (a,b,c) is
a Pythagorean triple, then so is (b, a,c).

Proposition 4.20 Every primitive Pythagorean triple (a,b,c) with b even is of the form
((I, bv C) = (12 - y2> 2333/7 1'2 + yQ)
with x and y relatively prime, © and y have different parity and 0 < y < x.

Proof: Let (a,b,c) be a primitive Pythagorean triple with b even. By the previous remark, we
may assume that a and c are odd. We will write the condition a® + b*> = ¢* as an equation in
Z[i], namely as

(a+ bi)(a — bi) = 2.

Let v = ged(a + bi,a — bi). Then 7 | 2a and 7 | 2b and therefore

v 12ged(a,b) =2 = (1+1)(1 —1).
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By unique factorization in Z[i], if v is not a unit, then 1414 | 7. But then 2 | N(v) | ¢, which

contradicts ¢ to be odd. Hence v is a unit and a + bi and a — bi are relatively prime in Z[i].
By unique factorization, we have that ¢ = p{* ---p% as a product of prime elements in

Z[i). Since a + bi and a — bi are relatively prime and their product is ¢? = p?‘“ - plas

must have that there exists a subset J C {1,...s} and a unit u such that

, we

2

a—l—bi:qu?aj:u HP?j :U($+yi)2a
jeJ jeJ

for some x,y € Z. If u = —1, then one can write —1 = i and hence a + bi = —(z + yi)? =
(—y + x4)%. Hence we have actually only two options

a+bi = (z+ yi)? or a4+ bi =iz + yi)?,
for some x,y € Z. Ezxpanding the square yields

a+bi = (2% —y?) + 2zyi or a+bi = —2xy + (2% — y?)i.

2

Since we assume b to be even and a to be odd, we can only have the first option, i.e. a = x> —y?

and b = 2xy. Hence

C2 — (.732 o y2)2 +4$2y2 — ($2 +y2)2
and as ¢ > 0, we have ¢ = 2 4+ y>. Moreover, as b > 0, x and y have the same sign and we
can choose them to be positive. Furthermore x> —y?> = a > 0 shows x > y. Any common

factor of x and y would be a common factor of a,b,c. Hence x and y are relatively prime.[]



Law of quadratic
restdues

We return to our discussion on solving equations in Z,. We have already seen when U(Zy,) is
cyclic. In case it is, we can try to discuss the existence of nth roots of elements in U(Zy,) and
Theorem tells us that for a positive integer m such that U(Zy,) is cyclic, a € Z an integer
that is relatively prime to m; n € N* and d = ged(n, o(m)) we have that 2™ = a(modm) has

a solution if and only if " d = 1(mod m).
For example if we want to solve

z* = 2(mod 7), (5.1)

herem =7, a =2 and n = 4. In this case d = ged(n, p(m)) = ged(4,6) = 2 and a?™)/4 =
26/2 = 8 = 1(mod 7). Thus the equation z* = 2(mod 7) has a solution. To obtain a solution,
we need to find a generator of U(Z7). Note that 2 is not a generator, since 2% = 1(mod 7)
shows that 2 has order 3 in in U(Z7) and not 6 = ¢(7). However, g = 3 is a generator, since
32=9=2(mod7) # 1(mod7) and 3% = 27 = —1(mod 7) # 1(mod 7). Thus 3% = 1(mod 7).

Write 2 as a power of g = 3 modulo 7. We have already seen that 3% = 2( mod 7). For
x = 3% for some k € Z we calculate:

2 =2(mod7) & 3% =3%mod7)
< 4k =2(mod 6)
< 2k =1(mod 3)

< k=2(mod3)

Therefore x = 323 = 3233 = 2 x (—=1)!(mod 7), forl € Z are solutions for (ﬂ) Hence we
have two different solutions, x € {2,—2}. We verify that (£2)* = 16 = 2(mod 7). And by
our reasoning, 2 and —2 are the only two solutions of the equation modulo 7.

o7
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How can we use the solutions we just found to obtain the solutions for
z* = 2(mod 7") (5.2)

where n > 2% The idea is to start with one of the solutions, say 2 and try whether or when
x =24 Ty is a solution of , where y has to be determined. For example let n = 2 and
we would like to obtain the solutions of z* = 2(mod 49). Then we can calculate:

2 = (2 + Ty)*(mod 49)

e 2=24 G) 2% % (Ty) + (;") 22 % (Ty)? + (;")2 x (Ty)> + (i) (7y)*( mod 49)
& 2=2"44x 2% x Ty(mod 49)

& 2-2"=4x23 x 7 x y(mod 49) note that 7|2 — 2*

& —2=4x8xy(modT)

< 5 =4y(modT)

& 3=y(mod7)

Hence y =3+ 71, for somel € Z and
r=2+Ty=2+703+70) =23+ 49! = 23( mod 49)

s a solution for . A similar calculation for the solution —2 and the attempt x = —2+ Ty
yields the solution y = 4(mod 7) and therefore, v = —2 + 7(4 4 71) = 26( mod 49).
This procedure works in general and for each solution of we obtain a solution of

.

Proposition 5.1 Let p be an odd prime number and a € Z, n € NT such that pta, p{n.
Then ™ = a( mod p) has a solution if and only if x™ = a( mod p™) has a solution for any
m > 1. Moreover, the solution sets of each equation have the same number of solutions.

Proof: Let m > 1 and let z¢ be a solution of ™ = a( mod p™) and let uw € Z be such that
a—zf =up™. Since pta, we have p { xg_l, as otherwise if p | xg_l then also p | a. Recall
that p{tn. Then the equation

(n:cg_l)y = u( mod p)

has a unique solution, say y € Z. Write nxjy = u + pl for some l € Z. We calculate:

(o +yp™)" = Y. <1Z> zg " (yp™)'(mod p™ )

=0
= x5+ <T> zp~ typ™(mod p™ )
= @ + (u+p)p™ (mod p" )
= b +up™(mod p™t) = 2 +a — 25"( mod p™ ) = a( mod p™ 1)

Hence x¢ + yp™ is a solution of the equation " = a( mod p™*!). Since n and o(p™) are

relatively prime, the solution fory is unique and each solution of x™ = a(modp™) corresponds
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to a unique solution of 2™ = a( mod p™*™1). Note that any solution of x™ = a( mod p™*1)

is also a solution of ™ = a( mod p™). Hence the solution sets of both equations are in
correspondence. By induction, we obtain solutions for any m > 1, starting from m = 1. O

Let us specialize to the case of nth power residues module p with n = 2. These residues
are called quadratic residues, i.e. an integer a € Z s called a quadratic residue modulo n if
ged(a,n) = 1 and 2% = a(mod n) has a solution.

From Theorem we have seen for any odd prime p and a € 7 with p{ a:

22 = a(mod p) has a solution if and only if o7 = 1( mod p).

What can we say about quadratic residues modulo some number n?

Proposition 5.2 Let n = 2bp‘111 -+ p§e be a positive number and p; # pj, 1 # j odd prime
numbers with b > 0 and a; > 1. Let a € Z with ged(a,n) = 1. then a is a quadratic residue
modulo n, i.e.

2?2 = a( mod n)

has a solution if and only if

Pi—

(i) a =121( mod p;), for all1 <i<s
(i) if b =2 then a = 1(mod 4) and if b > 3 then a = 1( mod 8).

2

Proof: By the Chinese Remainder Theorem, x* = a( mod m) has a solution if and only if the

system
2?2 = a(mod2?)
> = a(mod p;%)
2> = a(mod ps®)

has a solution. If b= 1, 22 = a(mod 2) has always a solution. If b= 2, then 2% = a( mod 4)
has only a solution of a = 1( mod 4). If b > 3, then 2% = a( mod 2°) has a solution implies
that x2 = a(mod8) has a solution. But the only squares modulo 8 are 0,1,4 and 2 | 4. Hence
a=1(mod8). O

As a technical tool we define the Legendre symbol of an integer a and a prime number p
as

= 0 p divides a

( ) 1 a is a quadratic residue modulo p
—1 a is not a quadratic residue modulo p

Proposition 5.3 Let p be a positive odd prime number and a,b € Z:

p—1

1. a2 = <%) (mod p).

2. If a = b(mod p) then (%) = (%);

= (3)=0)G)
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Proof: If p| a or p|b, then all of the statements (1-3) are true. Hence assume p{ a,b.
(1) By Fermat’s Theorem ?? we have that a®?~! = 1( mod p). Hence

(ap2;1 + 1) (a% — 1) = 0( mod p).

p—1

Thus a"z = +1(mod p). By Theorem|4.15 <13> =1 if and only if a g (modp) and by

the same Theorem, (%) = —1 if and only zfa e # 1(mod p). Hence (%) — a7 (mod p).

(2) is clear.
(8) Using (1) we calculate:

(“) = (ab)"F (mod p) = a7 b"F (mod p) = <a> (Z) (mod p)

p p

Hence p | (%’) — (%) (%). But as the latter difference is between —2 and 2 and p > 3 we
must have equality. U

For a € U(Zy) we have p { a, hence (%) e{-1,1} =U(Z). By Proposvjtion (%’) =
(%) (%) for all a,b € Z. Therefore this means that the Legendre symbol

N
<> :U(Zy) - U(Z) is a group homomorphism.
p

Therefore we have that:

e The product of two quadratic residues or two nonquadratic residues modulo p is a
quadratic residue module p.

e The product of a quadratic residue and a nonquadratic residue modulo p is a non-
quadratic residue modulo p.

o There are as many quadratic residues as nonquadratic residues.

The last item is true, since (%) :U(Zp) — U(Z) is a group homomorphism and the kernel
Q= Ker((%)) is the set of all quadratic residues modulo p. By Lagrange’s Theorem,

p—1=U(Zy)| = QI x [U(Z)| = 2|Q|.

Hence |Q| = 7%1 and the set of nonquadratic residues module p must have the same cardinal-
ity.

Theorem 5.4 For any positive odd prime number p we have (_71) = (_1)%1.

Proof: Apply Theorem witha=—1andn=2and m=p asd=ged(2,p—1)=2. 0

This means that —1 is a quadratic residue modulo p if and only if p = 1( mod 4).
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Lemma 5.5 (Gauss) Let p be a positive odd prime number and a € Z relatively prime with
p. Forany1 <k < % let mp € {1,...,p— 1} such that my = ka( mod p). Then

(2) = C0rCmodn). o nzl{mkmpp‘l}\

P 2
Proof: . I

Theorem 5.6 For any positive odd prime number p we have (%) = (—1)p ol

Proof: Consider the multiples of 2:

1
S:{2,4,6,...,2><p2 }

which are all of them less than p. Consider m such that

-1
2m < Pom < 2(m+1).
Then n = |{2k > % tked{l,..., %}H = % —m and by Gauss Lemma, (%) =(—1)™.
Consider | € {1,3,5,7} such that p =1+ 8k for some k € Z. Then
p—1 I—1+8k -1

2m < = =4k + — <2 1
m< 5 +2<(m+)

If1=1, then m = 4k, and (4) = (~1)* =1.

Ifl=71, thenm =2k + 1 and ( = (—1)%* =1.
0

N———

a
p

This means that 2 is a quadratic residue modulo p if and only if p = 1(mod8) or p = 7(mod8).
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