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Finite dimensional
division algebras

Any element d over a finite dimensional central division algebra D over F is algebraic over [,
because the suablgebra F[d] of D generated by F and d is actually a field extension over F as
the elements of F are central and commute with d. Moreover [F(d) : F| | [D : F] is finite and
hence d is algebraic over F. In particular if F is algebraically closed, then D = F. So there
are no finite dimensional division algebras over C. This does not mean that there are no field
extensions over C at all. For instance the field of fractions C(z) of the polynomial ring C[x] is
an infinite field extension over C and one could go on and construct more C(z1,...,z,) field
extensions of C.

Note that the quaternions H are a 2-dimensional division algebra over C, generated by 1
and j. However, H is not central over C as Z(H) = R. Over the real numbers R, we will now
prove a Theorem by Frobenius from 1877 (see IQI)D that says that the R and H are the only
finite dimensional central division algebras over R:

Theorem 1.1 (Frobenius) Let D be an algebraic division algebra over R. Then D is iso-
morphic to R, C or H as R-algebra.

Proof: Without loss of generality we can assume that R < Z(D) is a central subfield of D.
If [D: R] =1, then clearly D = R. Hence suppose [D : R] > 2 and let & € D\ R. Then as
D is an algebraic extension, « is algebraic over R. Since o € R, the irreducible polynomial
of o must have degree 2 and R(«) ~ C. Hence we can suppose that C also embeds into D
and that there are elements 1,2 € D such that 1> = —1. If [D : R] = 2, then D = C. Hence
assume that [D : R] > 2 and consider the centralizer of ¢ in D, i.e.

Dt ={d € D |di=1d} = Centp(z).

!Ferdinand Georg Frobenius (1849-1917), Biography: MacTutor


https://mathshistory.st-andrews.ac.uk/Biographies/Frobenius/
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Then D™ is a subalgebra of D that contains C. Furthermore, the inverse of any non-zero
element of DT will also commute with 2, i.e. DT is a division algebra over C and by hypothesis
algebraic. However, by the comment proceeding this Theorem, C is algebraically closed and
therefore we must have C = D*. Set D~ = {d € D : di = —d}. Then DD~ C Dt = C.
For any d € D,

1 1
— 1.1
d 5 (vd + dv) + 2Z(zd du) (1.1)

where 1d +dir € DY = C and «d — dv € D~. This shows that D = C® D~ as C-vector spaces.
Since [D : C] > 2, there exists a non-zero element z € D~, which allows us to define the map

p:D” —C, z+— xz € DT =C. (1.2)

Since z is algebraic over R and does not belong to R, there exist a,b € R such that

2?2 =az+b. (1.3)

On the other hand 22 = u(z) € C. Hence 22 € CN (Rz ®R) = R, because az = 22 — b C
D~ NDT ={0}. Hence 22 = b. If b > 0, then there exists ¢ € R such that b = ¢ and 22 = ¢?,
which implies z = +b € R and which contradicts z ¢ C. Hence b < 0 and 2% = —c? for some
c€R. Set j:= %z Then j? = 22/c? = —1. Set k = 1) and note that

1 1
Y= _w=—on=—gp, (1.4)

because z € D~. Furthermore, as u is an isomorphism of C-vector spaces,

D=CoCz=ROR1®Ry® Rk ~ H. (1.5)

Over the rational numbers there are infinitely many finite dimensional central division
algebras. In what follows we will show how to construct so called quaternion algebras.

Definition 1.2 Let A be a unital ring. A function o : A — A is called an anti-algebra
homomorphism if o is a group homomorphism of (A,+), such that

o(l)y=1 and o(ab) = o(b)o(a), VYa,be A. (1.6)
An anti-algebra homomorphism o : A — A is called an involution if 0% = id.

A typical examples for an involution is the transposition of matrices. Complex conjugation
is another example of an involution.

Proposition 1.3 Let A be a unital ring with involution o such that ac(a) and o(a)a are
invertible for all a € A\ {0}. Then A is a division ring.

Proof: For a € A\ {0} we have a (c(a)(ac(a))™!) =1 = ((c(a)a)'o(a)) a. Hence a has a
left and right inverse and is therefore invertible. [

Actually the Proposition above works for any map o : A — A with ao(a) and o(a)a being
invertible for a # 0.
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Let R be a commutative ring, a,b € R two elements and consider A = R[z]/{z? — a). We
can identify elements 7 € R with their coset r + (¥? — a). Set 7 := x + (2% — a). Then 1 and 2
form a basis of A as R-module such that

i’ =a (1.7)
This means for « =7+ st and § =1t + uz in A:
af = (r+ s)(t +u) = (rt + sua) + (ru+ st) (1.8)

The R-linear map : A — A defined by u + v := u — v1, for all u + v2 € A is an algebra
homomorphism of order 2, because for « =7 + s, 8 =t + uz in A we calculate:

afB = (rt + sua) — (ru+ st)r = 1t — sto + sua — rur = (r — s1)t — (r — s0)wr = @B.  (1.9)

Clearly, @ = a, for all a € A.
Consider the subset of 2 x 2-matrizes over A of the form

Q= { [O‘O al] | ag, a1 € A} C My (A). (1.10)

baqr ag

which is a subring of Ms(A), since it is closed under the multiplication:

bar ap

[Oéo a1] [ﬁo 51} _ [Oéoﬂo +baifi aof +Oé1ﬁo] _
bB1 Bo ba By + bagSr - bafr + @i Bo

aoBo +barBr B+ 1B
baoBr + 180 B + b P |

As A-module we can identify @ with A® A by sending a matrix [bo;? Zl} to the pair(ag, ay).
1 Qg

The multiplication on A & A has then the formula:

(a0, 1) - (Bo, B1) = (a0 Bo + b Br, a1 + a1 Bo) (1.11)

for all a;,8; € Aand i =0,1. We set Q := Q(a,b, R) = A® A with that multiplication. For
any «, By, 51 € A we have

(a,O)(ﬁo,ﬂl) == (Oéﬂo,oéﬁl) and (ﬁo,ﬁl)(a,O) == (ﬁoa,,ﬁla) (112)

which shows that € : A — @ given by e(«) := (a,0) is an injective ring homomorphism.
Moreover the centre of Q is e(R) = {(r,0) : r € R} C Z(Q), since o = @ if and only if a € R.
Thus @ is an R-algebra of rank 4, since ) has a basis as R-module consisting of

(1,0), (1,0), 7=1(0,1), k= (0,2). (1.13)

Abusing notation we will simply write 1 for (1,0) and ¢ for (z,0). In matrix notation, these
elements look like:

o [0 o 1 Lo [0
“lo 10 "Tlo =" T {p ol =m0
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Using that 22 = a we obtain j? = (b,0), k? = (—ab,0), 19 = (0,2) = k and 7k = (0,a) = ay. In
particular we obtain the following multiplication table:

‘ 1 gk

1| a ok ay
71—k b —h
k|—aj bi —ab

(1.14)

The following Theorem shows that over a field F of characteristic different from 2 and for
non-zero parameters a, b, Q(a,b, ) is a central simple F-algebra that is either a division ring
or isomorphic to M(TF).

Theorem 1.4 Let F be a field with char(F) # 2, a,b € F and Q = Q(a,b,F).
1. Ifa#0 orb#0, then F = Z(Q), i.e. Q is a central F-algebra.

2. If ab # 0, then Q is either a central division algebra or isomorphic to Ma(IF).

Proof: As before, let A = F[z]/(z?>—a), 7 = 2+ (x?—a) and Q = A x A with the multiplication
as in . Note that @ has the basis {1,, 7, k} as vector space over F. As an A-module,
@ has the basis {1, 7}. Moreover, if & = a + br € A, then joo = @, since p = —k = —).
Similarly, ka = yya = 1) = ak.

Denote by [a,b] := ab — ba the (additive) commutator in a ring R. Let v = ap + a1 € Q,
then the commutators with ¢, 7 and k are:

[1,7] = (ap+ a1g) — (ap + a19)r = 2a1k (1.15)
171 = glao+a1g) = (a0 + a1y)g = b(@1 — a1) + (@ — ag)g (1.16)
[k,y] = Eklao+ a1g) — (a0 + a1))k = i(aq +a1) + (6 — a)ry (1.17)

(1) Let v = ap + a1y € Z(Q). Then [3,7] = 0 = [+,y] and hence by ((1.15),
201k =0 b(ag —a1) =0 and o = .

Hence ag € F. If b # 0, then @1 = a3 and therefore, a; € F. But then 2ay: = 0 and
char(F) # 2 imply a; = 0. If b = 0, then a # 0 and 1 is invertible, with inverse a~'2. Hence
the first equation 2a2 = 0 and char(F) # 2 imply a; = 0. In both cases v = ap € F. It is
clear that any element o € F' is central in @), which proves F = Z(Q).

(2) Note that if @ # 0 # b, then 7,7 and k are units with inverses given by a=1s, b=!7 and
—a~'b'k respectively. Let I be an ideal of Q and assume I # Q. Let v = ag + a1 € I be
an element of I. From we get that

[k, [1,7]] = [k, 201 k] = 2(a7 — a1)k?* = —2ab(a@7 — o) € INTy,

which would be invertible if a7 # «a;. Since I # @, we must have a7 = a; € F. But then
[1,7] = 211 € T NTFe would be invertible if oy # 0. Thus we must have oy = 0 and v = «y.
Then [7,v] = (@ — ap)g € INFk would be an invertible element if ag # oy and we must have
v = ag € F. However this implies finally v = 0, as otherwise I = Q).

We proved that the only proper ideal of @) is the zero ideal, i.e. @ is a central simple
F-algebra. In particular, any non-zero left ()-module M is faithful. This means in particular
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that the canonical ring homomorphism Ay : @ — Endp(M) is injective. In particular,
4 = dim(Q) < dim(M)2.

Suppose @ is not a division algebra there exists 0 # x € @ without inverse element.
Let M = Qx be the left ideal of ) generated by z. Note that M # QE| By the argument
above, M and Q/M are non-zero faithful Q-modules 4 < min(dim(M)?, (4 — dim(M))?) As
dim(I) € {1,2,3}, the only choice is dim(M) = 2. However, since Ay : Q@ — Endp(M) is
injective and Endp(M) ~ Ms(F) has the same dimension as (), we must have that A\y; is an
isomorphism of rings.

g

The last Theorem raises the immediate question as to how to decide whether Q(a,b,F)
is a division algebra or not. For that reason we define the conjugate of an arbitrary element
T =x0+ 11+ 227+ 23k € Q as

T :=xg— 212 — o) — T3k (1.18)
Note that  is an involution of (), because one can easily check that for z,y € Q:
Ty =yxT and rT+y=T+7.
These calculations are straightforward and rely on the simple observation that
J=k=—k=(-)(-) =7
For an element x = xg + x11 + x27 + 3k € QQ we calculate

T = (xo+ z12+ ®2) + w3k) (0 — T11 — X2) — T3k)
= :r% — xox1t — TT2) — Toxszk
+x1T00 — ax% — x1x2k — axri1x3)
+xox0) + x2x1k — bx% + bxox3t
+a3x0k + ax3r1) — brarer + abal = 3 — ax? — bl + abxi € F
The norm on () is then defined as the map
N:Q—F, N(zo + 11 + 227 + 23k) := 23 — ax? — bxl + abx? (1.19)
Note that N(—) is a multiplicative map, because Z(Q) =F, i.e. for all z,y € @:
N(zy) = zyzy = zyyz = zN(y)T = N(z)N(y)

Theorem 1.5 Let F be a field with char(F) # 2 and a,b € F\ {0}. Then Q = Q(a,b,F) is a
division algebra if and only if N(x) # 0, for all0 # x € Q.

Proof: If N(x) = 2T # 0 for all non-zero = € @, then N(z) is invertible and by Proposition
[1.3] @ is a division algebra. The contrary is clear, since if @ is a division ring, then it has no
zero divisors. Thus 27 # 0 for all z # 0. O

Taking F = R and a = b = —1, we obtain Q(—1,—1;R) = H, which we already knew
to be a division ring. We will prove that over Q there are infinitely non-isomorphic division

2Since x is not invertible, either Qz # Q or zQ # Q. Without loss of generality we can assume Qz # Q.
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algebras of the form Q(a, b; Q). To do so we will recall some basic results of elementary number
theory. In particular how to solve polynomial equations modulo an integer m. Suppose given
a,b € Z we want to solve ax = b( mod m), for some x € Z then this is precisely possible if
the Diophantine equation ax + my = b has an integer solution x,y € Z, which is precisely
possible if ged(a,m) | b. The solution is then of course given by the (extended) Euclidean
Algorithm, as there exist r, s € Z with ra + sm = ged(a, m) and if b = ged(a, m)b’, then for
x = —rb’ we have
ar = —arb’ = ged(a, m)b’ — sb/m = b( mod m).

Theorem 1.6 Let m be a positive integer such that U(Z/mZ) is cyclic. Let a € Z be an
integer that is relatively prime to m. Let n € N* and d = ged(n, p(m)) Then the following
are equivalent:

(a) " = a(mod m) has a solution.

p(m)

(b) a—a =1(modm).

A solution a of the equation x™ = a( mod m) is called an nth power residue modulo m. In
case n =2, a is called a quadratic residue modulo m.

Proof: Let g be a generator of G = U(Z/mZ). Then there exists b > 0 with a = ¢g°. Then

JeeN: ()" =a(modm) & FeeN: g = ¢"(modm)
< JeeN: cn=b(modp(m))
& d=ged(n,o(m)) | b
p(m)  p(mb m\ 4 _
& d|band ad =g 4 —(g*’ ) = 1(mod m)
O
As a technical tool we define the Legendre symbol of an integer a and a prime number p
as
a 1 a is a quadratic residue modulo p
() = 0 p divides a
p

—1 a is not a quadratic residue modulo p

—1
By Theorem we have in particular (%) =1 if and only if aFr T = 1(mod p). The
special case a = —1 is important to us:

Corollary 1.7 Let p be a prime number, then the following statements are equivalent:
(a) —1 is not a quadratic residue modulo p, i.e. (_?1) =-1
(b) 2 +1 is an irreducible element in Fp|z].

(c) (-1)"T =-1.
(¢) p=3(mod4).
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Proof: In case p = 2, none of the three conditions is true. Hence we can assume p to be odd.
The equivalence of (a) and (b) is clear. By Theorem (a) is equivalent to (—1)177_1 # 1(modp)
and hence to (—1)% = —1, which in turn is equivalent to % being odd. This is equivalent
top—1=2(2n+1) =4n + 2 for some n € Z and hence to p = 3( mod 4). O

As a consequence of the fact that Z is a unique factorization domain we conclude that
there exist infinitely many prime numbers p that are congruent to 3 modulo 4.

Corollary 1.8 There exist infinitely many prime numbers p with p = 3( mod 4).

Proof: The proof is by contradiction. Suppose that there are only finitely many prime
numbers p of the form p = 3 + 4n, for some n € N. Let P = {po,p1,...,pm} the set of all
such prime numbers, where p; # p;, for i # j and pg = 3. Let = 4p; - - - p;, + 3. Then since
x is odd and must be divisible by some prime number. Since x = 3( mod 4), not all prime
factors of x can be of the form 14 4n. Hence there must exist some prime factor of the form
q = 3+ 4n, for some n € N. Hence ¢ € P. If ¢ = pg = 3, then ¢ = 3 | z implies 3 | p; for some
i > 1, which is impossible. Hence g = p; for some 1 < ¢ < m, but then p; | 3, which is also
impossible. This shows that we are lead to a contradiction and that there must be infinitely
many prime numbers of the form 3 + 4n. O

Now we will return to our construction of four dimensional division algebras over the
rational numbers. Let F = QQ and let b = p be a prime number in Z. We will try to decide
whether there exists a € Z such that @Q = Q(a,p; Q) is a division algebra over Q. Note that
A = Q[z]/{x? — a) is either isomorphic to Q x Q precisely in case a is a perfect square or
A ~ Q[/a] is a field extension of Q of degree 2. In the first case, @ will have zero divisors,
since if a = ¢2, then (2 — ¢)(2 + ¢) = 0. Hence we might assume that a is not a perfect square
and that A ~ Q[/a]. Suppose © = xo+ z12+ x2) + 23k € Q is a non-zero element, such that

N(z) =22 —az? —p (x% - ax%) =0. (1.20)

Multiplying by a common denominator, we can assume that all z; are integers. Furthermore,
we can also assume that at least one of the z;’s is not divisible by p (not all of them can be
zero as « # 0). Hence modulo p, equation (1.20) becomes:

22 = az? (mod p) (1.21)

If pta, then a = (moxl_l)2( mod p) and a is a perfect square modulo p, i.e. % = 1.
If p | x1, then also p | xp and we can cancel a multiple of p from equation (1.20) and
obtain p (az% - aa:%) - ( 2 - am%) = 0. Hence, taking this equation again modulo p, we obtain

73 = a:p% (mod p) and as either x9 or x3 are not divisible by p, none of them is. Hence, again

%) =1 as a= (v225")? (mod p). We have just proved the following Theorem:

we obtain
Theorem 1.9 For any a € Z and prime number p such that (%) = —1, the quaternion

algebra Q(a,p; Q) is a four dimensional central division algebra over Q. In particular, if p is
a prime number, such that p = 3( mod 4), then Q(—1,p; Q) is a division algebra.
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Proof: By Corollary p = 3(mod 4) is equivalent to (%) = —1. Hence by Theorem
Q(—1,p; Q) is a division algebra. O

The question arises when two of such quaternion division algebras are isomorphic. Suppose
there exists an isomorphism f : Q(a,b;F) — Q(a’,V';F) of F-algebras. Then the image of f (1)
satisfies f(2)2 = a like also the corresponding element +' € Q(a’,b’; F). Hence f(z) and ' are
roots of the same (irreducible) polynomial ¢> — a. What the next Lemma will show is that
roots in a division ring of an irreducible polynomial of degree 2 are conjugated. The reader
should be aware that if z is a root of t2 — a, then —z. However, this might not be all roots of
t? — a. For instance in H = Q(—1, —1;R) all six elements 42, +7 and £k are roots of t* + 1.

Even worse, for any A € R the element w = \/ﬁ (A2 + ) is a root of that polynomial as
wil= (A% + Xy + A+ 7)) = 0.

A2 +1
Hence the “innocent" looking polynomial #* + 1 has infinitely many roots in H.

Lemma 1.10 Let D be a division ring with F = Z(D) and [D : F] < co. Then any two roots
i D of an irreducible polynomial of degree 2 over F are conjugated in D.

Proof: We need to show that if x,y € D are roots of some irreducible polynomial f =
t2 + c1t + ¢o € F[t], then there exists d € D \ {0} such that y = dzd~!. Note that as f is
irreducible in F[t], it has no roots in F and therefore z,y € D \ F. Clearly, if f(z) = 0, then
(t—x)t+z4c)=t2+(x+c1—x)t —2° — 201 =t? + 1t +co = f. Let us consider first the
case y = —x — 1. Then oy = —2? — ¢y = ¢9 € F = Z(D) is central and xy = yx. Denote
by Centp(z) = {d € D : [d,z] = 0} the centralizer of x in D and define the F-linear map
g: D — D given by g(d) = dx — yd. Then g(D) C Centp(x), because, for all d € D:

[z, 9(d)] = 2(dz—yd)—(dz—yd)z = rdrx—dry—dr*+ydr = rdz+dr*+deyr—dr? —rdz—cide = 0.

As z is not central in D, Centp(z) # D and hence g is not surjective. Since [D : F] < oo
and ¢ is F-linear, g can also not be injective and there must exists a non-zero d € D with
dr —yd = g(d) =0, i.e. ded™! =y.

In case y # —x — ¢1. then as f(y) = 0, we have 22 + c1z + ¢y = 0 = 3% + c1y + co. Hence
(x + c1)r = y(y + 1) and adding yz to both side, we obtain (x 4+ ¢1 + y)xr = y(z + 1 + ).
Since d =z +¢; +y # 0, we obtain y = ded~!. O

Assume F is a field of characteristic not 2. An element a € F is called a square in F if
there exists ¢ € F with a = ¢?, or equivalently if 22 — a is not irreducible in F[xz].

Theorem 1.11 Let F be a field of characteristic not 2, a,b,b’" € F\ {0}. If a is not a square
inF and Q(a,b;F) ~ Q(a,b';F) as F-algebras then b/t € Im(N,), where

N, : Flz]/(z* —a) — T, Na(co + c12) = c2 — ac?.

Proof: Suppose f: Q(a,b;F) = Q(a,b’; F) is an isomorphism of F-algebras. Denote the basis
of Q(a,b;F) by 1,1,7,k and the basis of D := Q(a,b’,F) by 1,u,v,w. Then



CHAPTER 1. FINITE DIMENSIONAL DIVISION ALGEBRAS 10

Note also that the subspace of elements that anti-commute with v is
D, ={d€ D |ud=—du} =Fv & Fuw.
Set ug = f(2) and vgp = f(). Then
up=f(*) =a, =0 =b  wuovo=—vouo.

In particular u and ug are elements of D and roots of the irreducible polynomial 2% —a € F[xz].
By Lemma uw and ug are conjugated, i.e. there exists ¢ € D with u = quog~'. Set
¥ = quog~! € D. Then

uUY = quovoq_1 = —qvguoq_l = —ou.

Hence v € D,; and there exists cg, c; € F such that v = copv + cyw. Then
b=quig ' =9 = (cov+crw)(cov + ciw)
2

cgUQ + cpcrvw + cpcrwu + c%w
2 —ab'c?

= V' Ny(co+10c1)

Hence b/b" € Im(N,). O

Corollary 1.12 Q(—1,p;Q) # Q(—1,¢;Q) for all prime numbers p # q congruent to 3
modulo 4.

Proof: Clearly, a = —1 is not a square in Q. Hence A = Q[z]/(x? + 1) ~ Q(2) is a field and
N_1 is the square of the usual norm on C, i.e. N_j(co+c12) = c3+c3. If p/q € Im(N_1) then

there exists co,c; € Q with p = ¢(c + ¢?). Write ¢co = 2 and ¢; = %, with ¢}, ¢} € Z and d

the common denominator of ¢y and c;.Hence d?p = q(cf + ¢) € Z. Since p = 3(mod 4), we

have (‘71) = —1 and therefore, p { ¢ + ¢}2. Hence p = ¢q. O

Corollary 1.13 There exist infinitely many non-isomorphic division algebras of dimension
4 over Q.

Let us finish this section with a comment on the construction of Q(a,b;K). The two
elements ¢ and 7 are algebra generators of Q(a,b; K) and in particular we have a surjective
map from the free algebra ¢ : K(z,y) — Q(a,b;K) to Q(a,b;K) sending x to +» and y
to 5. Looking at the kernel of 1 we see that 22 — a, y?> — b and yx + yx belong to it.
On the other hand it is not hard to see that the free algebra modulo the ideal generated
by these three elements is actually 4 dimensional and that therefore Q(a,b;K) is actually
isomorphic to K(z,y)/(x? — a,y? — b, yx — xy). The quantum plane at parameter ¢ is defined
as Ky[z,y] = K(z,y)/(yx — qzy). Hence for ¢ = —1 we have that

Q(aa baK) = Kfl[l‘ay]/<x2 - a7y2 - b>

is a factor algebra of the quantum plane at parameter —1. Similarly, if ¢ is a root of unity
of index n and a,b € K are non-zero elements, one can consider K[z, y]/(z" — a,y™ — b) and
prove its centrality and simplicity.



Commutativity of
division algebras

We have seen that there are infinitely many finite dimensional central division algebras over Q,
while there are only finitely many over R. In this section we prove Wedderburn’s theorem that
says that any finite dimensional division algebra over a finite field is actually commutative.
We also present Jacobson’s result that extends Wedderburn’s result to division algebras that
are algebraic extensions over finite fields.

Before we start we need some facts about cyclotomic polynomials. Let n > 1 and consider
the polynomial 2" — 1 € Z[x]. A complex primitive root of unity of index n is

# =cos(3F) +osn ()
w=en =cos|— | +sm|—
n n

and 2™ — 1 decomposes into linear factors in C[z] as

" —1= H xr—wh).
[T (-~
Recall that Euler’s ¢-functior[]]is defined as
¢ :NT — NT, o(n) = |{k:ged(k,n) = 1,0 < k <n}|, ¥n € NT (2.1)

Lemma 2.1 Letn > 1 and C,, = (w) C C* be the multiplicative cyclic group of order n,
where w = e". Then

o(n) =|{y € Cy : y is a generator for Cy,}| (2.2)

'Leonhard Euler (1707-1783), Biography: [MacTutor

11
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Proof: Let A ={k:0 <k <n,ged(k,n) =1} and B = {y € C), : y is a generator for C,}.
We show that the mapping f : A — B with f(k) = w¥ is a bijection. Let k € A and
consider y = f(k) = w*. By the extended Euclidean Algorithm, there exist s,t € Z such that
1 = sk +tn. Thus

Y =wt =" = w(w") T = w. (2.3)

This shows that w € (y) and therefore C,, = (y). Let k1,ko € A such that f(k1) = f(k2).
Without loss of generality we can assume ki > ko, then

W= (k1) = flke) =0 = WP TR =1 24)

Since w has order n, n | k1 — ko. However, 0 # k1 — ko < n. Thus k; = ko, showing that f
is injective. To prove surjectivity, let y € B. Then y = w™ for some m € Z. By the division
algorithm we can divide m by n and obtain m = gn+k, for 0 < k < n. Since w™ =1, w7 =1

and hence y = w™ = wiwW* = W*. If k = 0, then y = 1 would be a generator, meaning

C, = (1) = {1}, which is absurd as n > 1. Thus 0 < k < n. Suppose ged(k,n) = d. Then
there are a,b € N such that £ = ad and n = bd. Hence

=W =t =1 (2.5)

and as the order of y = w” is n, we must have n | b. But then n = bd and n | b implies 1 | d,
i.e. d =1. Therefore k € A and y = f(k). O

The primitive roots of unity of index n are of the form w* for 1 < k < n and ged(k,n) = 1,
because the generator of the cyclic group of order n, C,, = {w* : k € Z} are precisely of that
form. The cyclotomic polynomial of index n is defined as

b, = H <:):—wk),

ged(k,n)=1

where it is understood that k runs between 1 and n. Note that if n = de, then w® is a root of
unity of index d. Hence,

" —1= H H (x —wh) = H H (x - ((we)k) = H(I)d. (2.6)

e|n ged(n,k)=e n=de ged(d,k)=1 dln

By induction we can show that ®,, € Z[z], because for n = 1, we have ®; = 2—1 € Z[z] and
if n > 1 and we have already proven that ®,4 € Z[z] for all d < n. Then g = <Hd|n’d7§n <IJd> €
Z[z] and hence ®,, € Z[z] since 2" — 1 = ®,,g € Z[z].

Theorem 2.2 (Wedderburn) Any finite division algebra is commutative.

Proof: Let F = Z(D) be the center of D. Then F is a finite field and has positive characteristic,
say p > 0. In particular |F| = ¢ = p* for some k > 1. Since D is a finite dimensional vector
space over F, |D| = ¢", for some n > 1. We will show n = 1.

Consider the multiplicative group G = D\ {0} and a set of representative of its conjugacy
classes C = F* U {z1,..., 2}, where the conjugacy classes of each non-zero central element
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z € F* are singletons and the elements x; are non-central representatives of the remaining
conjugacy classes [z;] = {yz;y~! | y € G}. In particular,

m
G=F* U] (2.7)
i=1
Let x be an element, [z] its conjugacy class and Centp(z) = {y € D : yx = xy} the
centralizer in D. Then C, := Centp(z)* is a subgroup of G = D* and the map

I G/CCC — [.’L‘], yCp — yxy_l

is a bijection. Furthermore, the centralizer Centp(x) is a subdivision ring of D and contains
F = Z(D). Hence |Centp(x)| = ¢", for r = dimp(Centp(x)) that divides n. Thus,

Gl _¢"—1
|[z]] = =-——.
|Cx| q — 1
Applying this identity to (2.7) we obtain:
" —1=|D*| = |F* ill=q—1 i 2.8
q [D*| = |+;sz]\ q +;qn_1, (2.8)

where r; = dim(Centp(x;)). Since ®,, | %, for all ¢, we obtain

qgi—1

Qn(q) [ ¢" — 1~ =q—1

i=1
Let w = cos (25) +1sin (27), then ®,(q) = e p=1(a— wk) and
@l = [ la—o")?

ged(n,k)=1

- ((q o (zjf))? (%nk)?) |
© L (e () )

ged(n,k)=1
< Jg-1P=¢"—2¢+1.

However, ¢ — 2qcos (%) +1 > 1 and ¢®> — 2qcos (%) +1 < ¢*—2¢+ 1 if and only if
cos (2%) > 1 if and only if k£ = n. Hence we must have n =k =1 and D = Z(D) =F. O

n

Wedderburn’s Theorem has some immediate consequences:
Corollary 2.3 Any finite ring without zero divisors is a (commutative) field.

Proof: In an Artinian ring, any non-zero divisor is invertible. Hence any finite ring without
zero divisors is a division ring and by Wedderburn’s Theorem a field. [J

Using Euler’s p-function we will now prove that a finite groups is cyclic if it has for each
divisor d of its order at most one subgroup of order d. This will be a key step to prove that
the multiplicative group of a finite field is cyclic.
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Theorem 2.4 The following statements are equivalent for a finite group G of order n.
(a) G is cyclic;
(b) for every divisor d of n, there exists exactly one subgroup H of G of order d;
(c) for every divisor d of n, there exists at most one subgroup H of G of order d.

Moreover, n= 3}, ¢(d) holds.

Proof: Let G be a group of order n and denote by ~ the equivalence relation a ~ b if and
only if (a) = (b), for all a,b € G. Then ~ yields a partition of G into distinct equivalent
classes, i.e.

c=,,, la- (2.9)

for some set of representatives A C G. Note that if a € A, then [a]. is precisely the set of
generators of the cyclic subgroup C' = (a). Moreover, |C| = d | n and |[a]~| = ¢(d). For any
divisor d | n, let ¢q be the number of different cyclic subgroups of order d of G. Then the
partition [2.9] yields:

n=|G =) lla<| = cap(d). (2.10)

acA dln

(a) = (b): Suppose G is cyclic, then we can assume G = C,,. Let d | n be a divisor of n.
Then there exist at least one subgroup H of order d, which is

H = (2™ = {1, 2V g2/ gld=1n/d) (2.11)

Hence ¢y > 1, for all d | n. Supose there exists another subgroup of order d, say H' = (z*),
which is of course also cyclic, then #¥¢ = 1 = z™. Hence n | dk and (n/d) | k, i.e. H' C H.
But since |H'| = d = |H|, both subgroups are equal. Hence ¢4 = 1, for all d | n and (b) and
(c) hold. Also from (2.10) we obtain the identity n =3_,, ¢(d).

(¢) = (a): Let G be a group of order n, then by (c), ¢g < 1, for all d | n. Hence by

n =161 =3 cap(d) < 3 p(d) = n. (2.12)

din dln
This shows ¢4 = 1 for all d | n and in particular also ¢, = 1, i.e. G is cyclic. O

As an application of Proposition we can deduce that the multiplicative group of a
finite field is cyclic. This is an important property and various modern cryptographic systems
rely on this fact.

Theorem 2.5 Let F be a field and G = (F*,-) its multiplicative group. Then any finite
subgroup of G is cyclic.

Proof: Let H < G be a subgroup of order n. Suppose Cy and Cy are cyclic subgroups of H
of the same cardinality, i.e. |C1| = |C2| =d |n. Any x € C; U Cy is a root of the polynomial
t? — 1, since 2% = 1. Since polynomials with coefficients in a field of degree d have at most d
roots, we conclude that Cy U Cs has at most d elements. Thus C; = Cy. Therefore, H has at
most one cyclic subgroup for each divisor d | n. By Proposition H is cyclic. O



CHAPTER 2. COMMUTATIVITY OF DIVISION ALGEBRAS 15

In particular, if R is a finite subring of a division ring, then it must be a field. This implies
that we can generalize our result that any finite subgroup of the multiplicative group of a
field is cyclic to domains of positive characteristic. Say that a domain D has characteristic
p > 0if pd =0 for all d € D. Hence [F,, ~ Z1p is a central subfield of D.

Corollary 2.6 Let D be a domain of characteristic p > 0. Then any finite subgroup of the
group of units U(D) is cyclic.

Proof: Identify F, with the subring Z1p. Let G < U(D) be a finite subgroup and consider
the subring R of D generated by G and F,, i.e.

R = {Zaig”aiEFp,giEG}.

=1

Then |R| < plGlis a finite subring of D and by the previous Corollary a field. By Theorem
2.5 U(R) is a cyclic group and so is its subgroup G. O

Our aim is to show Jacobson’s result which extends Wedderburn’s Theorem from finite
to algebraic division algebras over finite fields. In order to do so we will prove first several
sufficient conditions for a division algebra to be commutative.

Lemma 2.7 Let y be an element of a ring D without non-zero nilpotent elements. If y
commutes with all (additive) commutators in D, then y is central.

Proof: Note that for all a,b,c € D one has [ab, c] = a[b, ¢] + [a, c]b and also [a, ab] = a[a, ] as
it is easily verified. Hence for z,y € D:

([, 2y, y] = [z[2,y],y] = [z, 9], 9] + [2,y]*.

Thus, if y commutes with all commutators, then [[z,zy],y] = 0 = [[z,y],y] and therefore
[z,y]? = 0. By hypothesis [z,y] = 0, i.e. ¥y commutes with z.[]

Corollary 2.8 Let D be a ring without non-zero nilpotent elements. Then D is commutative
if and only if all additive commutators are central.

Of course, a division ring is a domain and hence has no nilpotent elements. Thus if D is
a non-commutative division ring and x € D \ Z(D), then there exists y € D with [z, y] # 0.
Hence x = z[z,y|[z,y] = [z, y][z,y]"'. This shows that any non-commutative division ring
is generated as a Z(D)-division algebra by 1 and all of its non-zero additive commutators.

The next rather technical looking Lemma is a big step towards our goal and was first
proved by L. Hersteinﬂ

Lemma 2.9 (Herstein’s Lemma) Let D be a division ring of characteristic p > 0. Suppose
a € D\ Z(D) is a torsion element in D*. Then there exists an additive commutator y € D*
and some i > 1 such that
yay ' =a' # a.
2Tsrael Nathan Herstein, 1925-1988, Biography: MacTutor
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Proof: Let F), be the prime subfield of Z(D) and consider the field extension K = Fp[a]. Since
a is a torsion element in D*, the field extension K is finite over F,, and there exists n > 1

such that |K| = p”. In particular, a?" = a. Consider the inner derivation § = [a,—]: D — D
given by d(z) = [a,z] = ax — za. Since a ¢ Z(D), 6 # 0. However, since K is commutative,
0(K) = 0. Thus § is a K-linear map, because 0(zx) = [a, zz| = [a, 2]z + z[a,z] = z0(x), for

all z € Kand x € D. Our aim is now to show that § has an eigenvector y in D. For this
purpose, let A : D — D denote the left multiplication by a, i.e. A(z) = azx and let p: D — D
denote the right multiplication by a, i.e. p(z) = za, for x € D. Then § = A — p. Note that
A and p are K-linear and that the associativity of the multiplication implies that both maps
commute, i.e. pA = \p. Furthermore, since a?" = a, we have that \*" = X and p?" = p and
in particular,

(o

p n
== =S (P ) (i = A (1P P = A —p =6
e =32 (7)) = (= A=
because p | (p;) for all 0 < i < p™ and (—1)?" = —1 if p is odd. Thus § is a root of the

polynomial t*" — ¢ € K[t]. As |K| = p", we know that K is the splitting field of " — ¢ and
therefore, *" —t = [[,cxx (t — b)t. Since for any ¢ € Endg(D), the evaluation map

U, : K[t] = Endg(D) with f = W, (f) == f(p)

is a ring homomorphism (with 1 € K being send to the identity map Id) we obtain

0=0"-5=0, (" —t) =T | [] -0t |= ][ (6 -0vld)s.
beKX beKX

Note that the last “product"” is actually a product of compositions of maps whose order is not
relevant since the functions § —bld mutually commute. As 6 # 0 and the [ [, g« (6 —bId)d = 0,
there must exists some by € K* such that § —bgld is not injective. Hence, there exists x € D*
such that 0(z) = bpz. Spelled out, this means (a — bg)x = xa. Since by # 0, a — by # a and
rax~' = a—by # a. The multiplicative order of zaz~! and the order of a are the same. Since
K* is cyclic by Theorem , the elements zaz ! and a generate the same cyclic subgroup, as
for each divisor there exists precisely one subgroup of that order. Hence zaz~! = a’ for some
i. In particular, za = a’x. As said before, zaz~' = a—bg # a as by # 0. Let y = §(x) = [a, z].
Then ya = ara — za®? = a'T'x — a'za = a'la,x] = a'y and as y = [a, 2] # 0, a’ = yay~!. O

Theorem 2.10 A division ring is commutative if and only if all non-zero additive commu-
tators have finite order.

Proof: Clearly, if a division ring D is a field, then there are no non-zero additive commutators
and the necessity holds vacuously. On the other hand, suppose that all non-zero additive
commutators in D have finite order. Let F = Z(D) and suppose that D is non-commutative.
Then there exists a non-zero non-central additive commutator, say [z,y] in D \ F. For any
z € F* we also have that z[z,y] = [z,zy] is a non-zero non-central additive commutator.
Hence by hypothesis, [z,y] and z[z,y] have finite order and there exists k& > 1 such that
[z,y]" = 1 = (z[z,y])*. But then z¥ = (z[z,%])* = 1 shows that all non-zero elements of



CHAPTER 2. COMMUTATIVITY OF DIVISION ALGEBRAS 17

F have finite order. Thus F has a prime subfield of positive characteristic, say p > 0. By
Herstein’s Lemma, there exists a commutator [u,v] € D* such that

[, o]z, yl[u, v] ™ = [2,9]" # [, 9] (2.13)

for some ¢ > 0. The multiplicative subgroup G of D* generated by [u,v] and [z, y] is therefore
finite, since both generators have finite order and [u, v][z,y] = [z, y]'[u,v] holds. Hence every
element of G can be written as [u, v]?[x, y]® for some a,b that are bound by the order of [u, v]
and the order of [z, y] respectively. By Corollary G is cyclic and hence Abelian. But then
[,y] and [u, v] would commute and equation would imply [z,y] = [z, y]?, contradicting
Herstein’s Lemma. Hence there cannot exists a non-zero non-central additive commutator.

Thus all commutators are central and the commutativity of D follows by Corollary 2.8 [

Theorem 2.11 (Jacobson) Any division algebra that is algebraic over a finite field is com-
mutative.

Proof: If I, is the prime subfield of an algebraic division algebra D. Then by hypothesis any
element a € D is algebraic over F,. The field extension F,[a] is finite and hence a has finite
order. By Theorem [2.10] D is commutative. [J



The tensor product of
algebras

Let R be a ring, Ur a right R-module, grV a left R-module and T" an Abelian group.

A map f:U xV — T is called Z-bilinear (or bilinear) if f(u,—) : V. — T and p(—,v) :
U — T are additive, i.e. Z-linear, for all w € U and v € V. The set of bilinear maps from
U x V to an Abelian group T is denoted by Bil(U x V,T)).

A Z-bilinear map 8 : U x V — T is called R-balanced if

B(ur,v) = B(u,rv), VueUwveVreR.

A pair (T,7) of an Abelian group 7" and an R-balanced map 7 : U x V. — T is called a
tensor product of U and V if it satisfies the universal property that for any R-balance map
B:U xV — G to some Abelian group G, there exist a unique Z-linear map v : T'— G such
that 8 = vy o7, i.e. the following diagram commutes:

B

G.
T

Obviously, if a tensor product (7, 7) exists, then it is unique up to isomorphisms since for
two pairs (T, 7) and (T”,7'), there are unique linear maps v : T — 7" and v/ : 7" — T such
that 7/ =~yo7 and 7 =7 o7". Thus 7 = (7 o) o7 and 7/ = (y0+') o 7. By the uniqueness
part of the definition of a tensor product, we have idp = v’ oy and idy» = v o+'. Hence,
~v:T — T is an isomorphism and 7/ = vy o 7.

Tensor products exists: let F = ZU*V) be the free Abelian group with basis {eww |
(u,v) € U x V}. Let N be the subgroup of F' generated by all elements of the form

UxV

Cutu’'w — Cuw — Cu Cuv+v’ — Cuw — Eup’y Cur,y — Cu,rv

18
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for all u,u’ € U,v,v" € V,r € R. Set T := F/N. Then the map

T:UxV =T, with (u,v) = eyp + N
is R-balanced, by the way N is generated, i.e. for instance
T(u4u',v) = eyqwo+ N =eyp+ ey, + N =1(u,0)+ 7, v).

for all u,u’ € U,v € V and moreover, for all r € R:

T(ur,v) = eyrp + N =€y o + N = 7(u,r0).

Let B : U x V — G be any other R-balanced map with Abelian group G. Then since
homomorphisms on free objects are defined on their basis elements, we define a map 7 :
F — G by setting v/(ey ) := B(u,v), for all (u,v) € U x V. Since § is R-balanced, the
generators of the subgroup N belong to the kernel of 4" and we can lift v/ to a Z-linear map
v:T =F/N — G given by

v(eww + K) := B(u,v), V(u,v) e U x V.

Thus, f =7 o7 and (7, 7) is indeed a tensor product of U and V.
Suppose there exists an R-balanced map 3 : U x V — T to some Abelian group 7”. Then,
as F'is free, there exists a unique homomorphism of Abelian groups 7/ : F' — T such that

Y (euw) = Bu,v), V(u,v) € U x V.

As 3 is R-balanced, all generators of N, i.e. the elements of the form e, ./ — €up — €u v,
Cuvtr — Cup — Eup AN €yry — €y, belong to the kernel of ~'. Thus +/ can be lifted to a
group homomorphism v : T'= F/N — T" and the following diagram comute:

B

UxV T
=
i ¥
F T

TN

where i : U x V — F denotes the map i(u,v) = ey,. Then clearly § = +'i and v/ = y7n.
Thus 3 = ymyi = 7. Since 7/ is unique and 7y is surjective, also ~ is unique.

Since tensor products are unique up to isomorphism, we denote by (U ®g V,T) a tensor
product of U and V and set u ® v := 7(u,v), for any (u,v) € U x V. An element of this
form is called a pure tensor. Note that the elements of U ® g V' are generated by pure tensors
u ® v, but that linear combinations of the form ) ; u; ® v; are in general not unique. From
the construction of the tensor product we can also deduce that

(ut+u)@v=uxv+iu v, u@v+v)=uvtu®, ur @V =uQ® rv
holds, for all u,u’ € U,v,v' € V and r € R.
Lemma 3.1 Let R be a ring, f: U — U’ a homomorphism of right R-modules and g : V —
V' a homomorphism of left R-modules. Then there exists a unique homomorphism of Abelian

groups
f@g:U@RV%U”XJRV'

with (f@g)(u @ v) = f(u) @ g(v). Moreover, for f, fi,fo: U — U and g,g1,92 : V — V’,
(f1+ f2)®g = f1®g + fa®g as well as fR(g1 + g2) = fRg1 + [Rga hold.
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Proof: Define : U xV = U' @ V' by (u,v) — B(u,v) = f(u) ® g(v), which is R-balanced,
because for example for u,u;,us € U, v,v1,v2 € V and r € R we have

Blur + ug,v) = fur +u2) ® g(v) = (f(ur) + fluz) @ g(v) = f(u1) ®g(v) + f(uz) @ g(v)
B(ur,v) + B(uz,v)

and

Blur,v) = f(ur) ® g(v) = f(u)r @ g(v) = f(u) @ rg(v) = B(u,rv)
By the universal property of the tensor product, there exists a unique group homomorphism
v:U®RrV — U ®r V', such that

f(u) @ g(v) = B(u,v) =vo7(u,v) =vy(u®v), V(u,v) € U x V.

Since f ® g is determined by f and g we have in particular idygy = idy ® idy .
Lemma 3.2 Let R be a ring Ug a right R-module and rV a left R-module. Then
Av :RQprV =V, Av(r@wv) =r-wv, Vre RveV

pv :U®rR— U, prv(u®r)=wu-r, Vr e R,ueU.

are isomorphisms of Abelian groups.

A bimodule over R is a left R-module U such that U is also a right R-module and both
scalar multiplications are compatible, i.e. - (u-7") = (r-u) -7/, for all r,7’ € R and v € U.
The most common examples we will consider stem from ring extensions: if R and S are
associative untial rings and f : R — S is a ring homomorphism. Then .S is an R-bimodule
with scalar multiplication 7-s = f(r)s and s-r = sf(r), for all » € R and s € S. For instance
if S = M,(R) is the n x n matrix ring with entries in R and f : R — M,(R) is defined
by f(r) = rI,, with I, being the identity matrix of M, (R), then M,(R) is an R-bimodule.
We denote an R-bimodule by grUg. In case R is commutative, any left R-module becomes
naturally a right R-module with the same scalar multiplication and vice versa.

Given two R-bimodules rUg and rVpg, the tensor product U @ g V becomes naturally an
R-bimodule by defining r - (u ®@ v) = ru®v and (U@ v) - = u ® vr.

Proposition 3.3 Let U, V, W be R-bimodules and (U;);cr and (V;)icr be families of R-bimodules.
1. Homg(U ®@g V, W) ~ Hompg (U, Homg(V,W)) by f — [u— [v— f(u®v)]].
2. (UpV)QrW U &g (VoOrW) with (u®v) @w—u® (v w).
3. 1y :URRrV =2V RrU withu®v— v®u.
4. (Bic1Ui) ®rV = @je; (Ui ®r V) with (us)icr @ v = (u; ® v)ier
5

. If R is commutative, X resp. Y are bases for U resp. V as R-modules, then {x @y |
(x,y) € X x Y} is a basis for U @V as R-module. In particular if R =T is a field,
then dimp(U ®@p V) = dimp(U) dimp (V).
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Proof: We leave (1-3) to the reader.

(4) For all j € I consider the inclusion respectively projection ¢; : U; — @,.; U; and
7 : @ie; Ui — Uj. Then idy, = 7je; as well as idg, Ui = = icr €iTi-

By Lemma @7

(m; @idy) : (@U)@V—w ®V  and (ej®idv):Uj®V—>(@Ui>®V

el el

are homomorphisms. Similarly, let e; : U;QV — @,c; Us®@V and p; : @, (Ui @ V) = U;QV
be the embedding and projection. Then there are homomorphisms

a:Zelﬁz(@ldV <@U>®V—>@U®V)

el el el

and
B=) (a@idv)pi: DU V) = (@U)
i€l iel i€l

Using that mje; = 0 = pje; for ¢ # j we calculate:

Ba = Z (e; ®idy)pjei(m @ idy) = Z(ei ®idy ) (m ®idy) = (Z 7r261> ® idy = zd(® L U)EV

ijel iel iel

Similarly one shows aff = idmy  (7.0v)-
@zel( 1® )
(5) follows from (4), because if U and V' are free, then U ~ P,y Rz and V ~ P, oy Ry.

Hence

U®V:(@Rx)®V:@(Rx®V):@@(Rx®Ry): @ R(z®vy)

reX reX zeX yey (z,y)eX XY
Since Rx ~ R ~ Ry, we conclude by Lemma that
R(z®y) = Rx® Ry~ R® Ry ~ Ry ~ R.
Hence {z®y : (z,y) € X x Y} is a basis for the R-module U @ V. O

In the sequel R will always denote a commutative, associative, unital and non-trivial ring.
Recall that an R-algebra A is a ring with a ring homomorphism i4 : R — Z(A). As said
before, A is naturally an R-bimodule. We usually will identify elements of R with their
image in A under i4. The multiplication p : A x A — A of A is R-balanced and leads to
a homomorphism p : A ®r A — A. The identity element of A is the image of the identity
element of R under i4. Hence i4(1)-a=a =a-is(1), or in a more diagrammatic language:

pnaA®id 4 iA®id 4 A®A idr®na A® R
-

ARARA AR A RRQA—"F""—>
s . S
AR A A A

HA
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A homomorphism f : A — B of R-algebras is a ring homomorphism that satisfies ip =
fia. Equivalently this means that the following diagram commutes:

ref

Ao A B® B R4 A

”Ai l“B \if
iB

A B B

f

Or in other words, that f is an R-linear ring homomorphism, where A and B are considered
R-modules using i4 and ip respectively. The set of R-algebra homomorphisms from A to B
is denoted by Algpr(A, B).

The opposite algebra of A is denoted by A°? with A = AP as sets and
HAor = [LATA A

where 744 : A® A - A® A sending a ® b to b ® a is the flip map. We clearly have
Z(A) = Z(AP).

Proposition 3.4 Let A and B be R-algebras. Then A g B is an R-algebra with multipli-
cation defined by

(a®b)(d @) =ad @bV, Va,a' € A,b,b € B.
The R-algebra A @r B is called the tensor product of algebras A and B.

Proof: All unadorned tensor products are taken over R, i.e. ® = Qpr. Let ug : AQA — A and
up : B® B — B denote the multiplications of A and B respectively. Let 7: B A - A® B
be the flip map, sending b ® a to a ® b. Then we define

pasp: (ARB)@(A®B) - A® B,  pagp = (Ha®@up)T
Then for any a,a’ € A and b, b’ € B we have
(a®b)(d @) = pagp((a®@b) @ (d' @V)) = (pa®@pp)la®@d @b V) =ad @ bb.

The associativity condition hold because A and B are associative. The identity of A ® B
is given by 14 ® 1p and A ® B becomes an R-algebra via iqsgp : R — A ® B given by
iaeB(r) =1a(r) ®ip(r), for all r € R. O

Some comments are in place. First of all, if B = R, then A ® g R ~ A as R-algebras, by
the isomorphism A ®p R — A with a ® r — aia(r). Similarly R ®r A ~ A as R-algebras.
Moreover if a € Z(A) and b € Z(B), then a® b € Z(A® B).

The tensor product of algebras has also the following universal property:

Proposition 3.5 Let A, B,C be R-algebras, f : A — C and g : B — C be R-algebra
homomorphisms. If f(a)g(b) = g(b)f(a) for alla € A and b € B, then there exists a unique
R-algebra homomorphism

f®g: A® B — C, such that fegla®b) = f(a)g(b), Va € A,b € B.
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Proof: By Lemma there exists an R-linear map f ® g : A® B — C ® C, such that
f®gla®b) = f(a) ® g(b). Let pc denote the multiplication of C, then f®g := uc(f ® g) is
the homomorphism we are looking for. since f(a) and g(b) commute in C, we obtain for any
a,a’ € A and b,b € B:

feglad @) = f(aa)g(bh') = f(a)g(b)f(a')g(t) = (f@g(a @ b)) (fR9(d ®V))

One important case is when we tensor an R-algebra A with a matrix ring M, (R), which
will produce the matrix ring M, (A) over A.

Lemma 3.6 Let A be any R-algebra and n > 1. Then A ® M, (R) ~ M, (A) as R-algebras.

Proof: The map f : A — M,(A) with f(a) = al,, for all a € A is an R-algebra ho-
momorphism. Denote by E;; the matrix unit of M,(A), which is a basis of M, (A) as
(left) A-module. Then there exists an R-algebra homomorphism ¢ : M,(R) — M,(A)
sending 7E;; to i4(r)E;j, for any r € R and 1 < 4,j < n. In order to simplify nota-
tion, we will identify r with ¢ A(T)D Note that the images of f and g commute, because
f(a)g(rE;j) = arE;j = rE;jja = g(rE;j;) f(a). By Proposition there exists an R-algebra
homomorphism such that f®g: A ® M,(R) — M,(A) with

feg (> awry;Ey | =) aryEy.
i, i,

Similarly, we can define an R-algebra homomorphism h : M, (A) - A® M,(R) by
h Z aijEij = Z Qjj X EZ]
] 2]

Then h(f®g) (Z” a® rijEij) = E” arijQE;; = E” a®rij By and (f®g)h (Z” aij B; ) —
Zi’j a;jE;; shows that h is the inverse of f®g. [

Note that the consequence of the last Lemma is that for any n,m > 1:
M, (R) ® My, (R) ~ M, (M,,(R)) = Mym(R).

Note that for any R-algebra A and R-module M the tensor product M ®r A becomes an
A-bimodule, by setting a(m ® ') := m ® ad’ and (m ® a’')a = m ® d’a, for all a,a’ € A and
m e M.

Proposition 3.7 Let R be a commutative ring and S a commutative R-algebra.
1. A®R S is an S-algebra, for any R-algebra A.

2. Any S-algebra A is also an R-algebra.

If R is not a field and i is not injective, then there might exist some non-zero element r in the kernel of
14 and i4(r) = 0 while r # 0.



CHAPTER 3. THE TENSOR PRODUCT OF ALGEBRAS 24

3. For any R-algebra A and S-algebras B we have a group isomorphism:

Algg(A®R S, B) ~ Algr(A, B), fefla)=fla®1),Va € A.

4. For any R-algebras A, B we have an isomorphism of S-algebras
(A®rB)®p S~ (A®RrS)®s (B®RS), (a®@bs—(a®s)® (b ls)

Proof: 1. If ig: R — S and i4 : R — Z(A) are the ring homomorphisms, turning S and A
into R-algebras, then ijggs = i4®is: R — Z(A® S) turns A® S into an R-algebra.
2. Clearly, if A is an S-algebra with ig : S — Z(A), then i40ig turns A into an R-algebra.

3. If f: A®r S — B is an S-algebra homomorphism and f(a) = f(a ® 1), then f is
clearly additive and for any a,a’ € A and r € R we have

flad) = flad @ 1) = fla® 1) f(d ® 1) = f(a)f(d)

as well as

flra)=f(ra® 1) = fla®r)=rfla®1)=rf(a)
where we use that the tensor product is taken over R and that the R-module action on A
and S is determined by i4 and ig respectively.
The inverse map associates to an R-algebra homomorphism g : A — B the R-algebra
homomorphism ¢®ig: A®p S — B. Then for all f € Algg(A®rS,B)andac€ A, s€ S:

(f@is)(a®s) = fla®)is(s) =sfla@ 1) = fa®s),

where the last equation uses that f is S-linear and acts on the last tensorand. Conversely if
g € Algr(A, B), then for any a € A:

9@ is(a) = (9®is)(a@ 1) = g(a).

4. The map (A®rB) xS = (A®rS)®s (B®grS) given by (a®b,s) = (a®s)®(b®1)
is S-balanced and shows that there exists a unique group homomorphism

Y :(A®Rr B)®rS — (A®RS) ®s (B ®r S), Y((a®@b)®@s)=(a®s) @ (b®1).
For elements a,a’ € A, b,/ € B and s,s’ € S we calculate:
P((a®@b) @s)((a @) @s)) = ¥((ad @bb) @ s5')
= (ad ®ss') ®g (b ® 1)
((a®s)@s (b@1))((d' @) @5 (V @ 1))
= Y((a®b) @s)y((d @) @)

It is also not difficult to see that v is R-linear. Hence v is an R-algebra homomorphism.
The inverse of ¢ is given by

P (a®s)®s (b®s) = (a@b) ®ss'.
Its existence can be shown again by the universal property of the tensor product. [J

By passing from A to A ®pr S, one speaks of extension of scalars, while restricting the
scalar multiplication and viewing an S-algebra as an R-algebra is called restriction of scalars.
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Central Algebras

From now on we will reduce to algebras over a field K and all unadorned tensor products are
taken over K, i.e. ® = ®g. Recall that a K-algebra A is called central if Z(A) = K, where
we now stop mentioning the homomorphism iy : K — Z(A) and identify elements of K with
elements of A. We have seen already that Q(a,b; K) if a # 0 or b # 0 is a central K-algebra.
Similarly, Z(M,(K)) = K1,, ~ K shows that M, (K) is a central K-algebra.

We want to show that for any central K-algebras A and B, also A ® B is a central
K-algebra. In order to do so, recall that Cents(M) = {a € A : am = ma,Vm € M} is the
centralizer subalgebra of a subset M C A. The centralizer is easily seen to be an F-subalgebra
of A.

Lemma 3.8 Let A and B be K-algebras with subsets M C A and N C B.
1. Centggp(M @ N) = Centy4 (M) @ Centp(N).
2. Z(A® B) = Z(A) ® Z(B)
3. If A and B are central K-algebras, then A ® B is a central K-algebra.

Proof: Clearly (3) follows from (2) and (2) follows from (1) for M = A and N = B. Hence
we only need to prove (1). Without loss of generality we can assume that M and N are F-
subspaces of A and B respectively, since the centralizer of a subset is equal to the centralizer
of the subspace generated by that subset. Hence M ® NN is a subspace of A® B. Furhtermore,
we can assume that 14, € M and 15 € N, since both elements are central and will not
change the centralizers. Clearly Cent4(M) ® Centp(IN) C Centggp(M @ N). Let 0 # z =
Yorx; @y € Centagp(M ® N). If the x1,. .., x, were linearly dependent, then we could
write some x; as linear combination of the others, say z,, = Z;:ll Niz; and \; € F. Hence
z = Z?:_ll x; ® (y; — \iyn) is a representation of z with fewer summands. Hence we can assume
that n is minimal and that the elements {z1,...,z,} are linearly independent.

For any v € N we have l®v € M ® N and 2(1 ® v) = (1 ® v)z. But then

0=z2(1®v)— (1®v)z=2xi®(yiv—vyi).
i=1

As the z; were linearly independent we deduce, for instance by extending {zi,...,z,} to
a basis of A and projecting onto the x;-component, that y;v = vy;, for all &. Thus y; €
Centp(N).

Without loss of generality, we might assume that {yi,...,yn} is a maximal linearly in-
dependent subset of {y1,...,yn} and z can be represented as z = > ", z; ® y; for some
x,. A similar argument as the one above, forces now the z} to belong to the centralizer of
M in A, while the y1,...,ym are still in the centralizer of N in B. Hence we have shown

z € Centg(M) ® Centp(N) and have proven (1). O

Corollary 3.9 Let K < L be a field extension. If A is a central K-algebra, then A @k L is
a central L-algebra.
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Simple Algebras

Recall that a ring is simple if the only ideals are the trivial ones. We know already that M,,(A)
is a simple ring whenever A is simple. Hence we conclude that A ® M, (K) ~ M,(A) is a
simple K-algebra whenever A is a simple K-algebra. We will show under which conditions
the tensor product of two simple algebras is simple. Note that this need not be true in general
and for tensor products of fields, there is a connection with inseparable field extensions.

Let F3 be the finite field with 2 elements and consider the polynomial ring R = Fa[t]. The
polynomials in z = t? form a subring of R denoted by S = Fs[z]. Consider their fraction
fields L = Frac(R) = Fo(t) and K = Frac(S) = Fo(x). Then L is a finite field extension of K
and L = K(t) with t> = 2. The element t ® 1 — 1 ®t € L @ L is nilpotent, because

(t1-10t) =01 -2tat+10t*=2221=0.

Thus the ideal ] = (t® 1 —1®t) < L®g L is a proper non-zero nilpotent ideal and L ® L is
not simple. The problem with this example is that L/K is not a separable field extension.

Let us denote the algebraic closure of a field K by K. Let K C L be a field extension. An
element a € L is called a separable element over K if its minimal polynomial minpoly ;- (a) has
only simple roots, i.e. it is irreducible in K[z]. A field extension K C L is called a separable
extension if every element of L is separable over K.

Theorem 3.10 Let K be a field with algebraic closure K and L a finite dimensional simple
field extension of K. Then L is separable over K if and only if K @k L is a semisimple
K-algebra.

Proof: Let L = K(a), for some algebraic element a and minimal polynomial f = minpoly j(a)
with n = deg(f). Then 1,a,---,a""! form a basis of L ~ K[z]/{f). Consider the homomor-
phism

n—1 n—1
¢: K @ L — K[z]/{f) with ¢ <Zai ®ai) =>
1=0 =0

where T = = + (f) denotes the image of = under the canonical projection. Since the pow-
ers 1,a,a?,--- ,a"! form a basis of L, ¢ is well-defined. Since 1,Z,---,Z""! are linearly

independent, ¢ is injective and hence an isomorphism of K-algebras as
dimz(K @ L) = dimz(K[z]/(f)) = n.
Over K, f decomposes into linear factors, let’s say

where deg(p;) = 1 and m; > 1. By the Chinese remainder theorem we have an isomorphism

of algebras:
k

K@k L~ K[a]/(f) ~ [[ Kl«]/®]™)
1=1

Note that K[z]/(p"") contains a nilpotent element if and only if m; > 1 if and only if a is
separable over K. [
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A K-algebra A is called a separable algebra if A® L is semisimple, for any field extension
L of K. In particular, any separable algebra is semisimple itself.

Let us recall that if A is an K-algebra, its dual algebra AP is also an K-algebra, since
ia: K — Z(A) = Z(A). Hence A ® AP is an K-algebra as well.

Let Ay and p, denote the left and right action of a € A on A respectively. Then the map
Ax A? — End(x A) with (a,b) — Agopp is K-balanced and yields the existence of an algebra

homomorphism
A® A — End(gA), a®br N\ 0 pg.

This shows that A becomes naturally a (left) A ® A% module by setting
(a®Db)-x = Ao pp(z) = axbd, Va,b,x € A.

Hence (twosided) ideals of A corresponds to A ® A°P-submodules of A and A is a simple
algebra if and only if A is a simple A ® A°P-module.

Let B < A be a subalgebra of A. Then A is also an A ® B°?-module, B ® A°P-module
and B ® B°P-module. The ring of endomorphisms End(pgaorA) is a K-algebra where each
A € K is identified with Aidg4.

Recall that the centralizer of B in A is defined as Cent4(B) = {a € A | ab = ba,¥b € B}.
Lemma 3.11 Let B < A be a subalgebra of A. Then
® : End(pgarA) — Centy(B), f—=o(f):=f(Q)
is an isomorphism of K-algebras with inverse given by ® 1(x) = A, for all x € Cent 4 (B).
Proof: Let f € End(ggao»A) and b € B. Then

bf(1) = (b@ 1) f(1) = f(M(1)) = f(0) = f(pp(1)) = (1@ b)f(1) = f(1)b.

This means ®(f) = f(1) € Cent(B).
Furthermore, for f,g € End(pgaorA) we calculate:

(fog)=(fog)(1) = flg(1)) = flpgy(1)) = (1@ g(1)f(1) = f(1)g(1)

Since @ is clearly an K-linear map it is a K-algebra homomorphism.
For any f € End(pgaorA) and a € A we have

Aa(py(a) = (fla = (1®a)f(1) = f(pa(1)) = f(a).

Thus )‘(I’(f) = f
Furthermore, if © € Cent4(B), we have first of all that A\, € End(pgaorA), because for
any a € Aand b®d € B® A%:

Ae((b® a")a) = wbad’ = brad' = (b ® ')\ (a)

shows that A\, € End(pgaorA). The associativity of A shows also that Ay o Ay = Ayry, for
all z,2/ € Cents(B) and therefore A : Cents(B) — End(pgaerA) is a homomorphism of
K-algebras, that satisfies ®(\;) = z, i.e. 71 =\ O

|CentA(B) :
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Analogously one proves the isomorphisms of K-algebras

End(agperA) ~ Cent 4(B)?, and End(gga0rA) ~ Cent4(A) = Z(A),

where an endomorphism f is send to f(1).
Furthermore, A is also naturally a left B¢-module and there exists an isomorphism of
K-vector spaces given in the same way, namely by evaluating f at 1:

Hompgper (B, A) ~ Cent 4(B).

Lemma 3.12 Let B < A be a subalgebra of a K-algebra A. If B is a central simple K -algebra,
then the linear map
m : Cento(B) ® B — A, r®b— xb

s an injective homomorphism of K-algebras.
Proof: To ease the notation, let us write B¢ := B ® B°.

The linear map m exists, because the images of A : Cent4(B) — A and the embedding of
B into A commute. As K-vector spaces we have

Cent4(B) ~ Hom(peB, A)
by sending = € Cent4(B) to A,. Hence we get a linear map
m' : Hompe (B, A) ® B ~ Cents(B) ® B — A, fab— f(H) @b~ f(1)b= f(b),

which is the evaluation map. In particular m is injective if and only if m’ is injective.
By hypothesis B is a simple algebra, hence B is a simple B°-module and we consider the
B¢-submodule of A:

M = Z{U < A| U ~ B as B°submodule }.

Since a sum of isomorphic simple modules is semisimple and a direct sum of some of these
simples:
M= @Ei, with E; ~ B as B® — module.
el
Since B is a central K-algebra, we have for all ¢ € I:
Hompe (B, E;) ~ End(peB) ~ Z(B) = K

Moreover, the image of any non-zero f € Hompe (B, A) is isomorphic to B as B°-module.
Hence Im(f) C M and

Hompe (B, A) = Hompe (B, M) = Hompe (B, @E) = @ Hompe (B, E;) ~ K.
i€l el
For each i € I choose an isomorphism ¢; € Hompe(B, E;). Then Hompe(B, E;) = Ky; and

{¢i | i € I} forms a basis of Hompe (B, A). In particular, any element of Hompe(B, A) ® B
can be uniquely written as vy =", ; ¢; ® b; for some b; € B. Thus if m/(y) = 0, then

0=m'(7)=> wilb) e PE =  @ib)=0Viel
i€l i€l
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As the ¢; were isomorphisms, b; = 0 for all 4 € I and hence v = 0. This shows that m’ and
thus m is injective. [J

The following technical Lemma is also needed for the next Theorem:

Lemma 3.13 Let f : U — U’ and g : V — V' be linear maps of vector spaces. If f and g
are surjective, then fQq: U@V — U @ V' is surjective and

Ker(f®g) = Ker(f) @ V + U ® Ker(g).

Proof: Clearly, if f and g are surjective, then so is f®g. For u € Ker(f), v € Ker(g) and
a € V,be U one has

(feg)(u®at+b®v)=0-g(a)+g(b) - 0= Opey

Hence J := Ker(f) @ V + U ® Ker(g) C Ker(f®g) and f®g factors through J, i.e. there
exists a (surjective) linear map ¢ : (U ® V)/J — U’ @ V' such that f®g = ¢m;, where 7y is
the canonical projection. Define a map from U’ ® V! — (U ® V')/J as follows: For each pair
(z,y) € U x V' choose a pair (u,v) € U x V such that f(u) =z and g(v) = y and define the
map ¢ : U' x V' = (U®V)/J by ¥(z,y) =u®v+ J. This map is independent of the choice
we made, because if (u2,v2) is another pair such that f(uz2) = = and g(v2) = y, then

URV—ur @V = (u—u2) v +u2 ® (v —w2) € Ker(f) @ V+U ®Ker(g) = J.

Since this map is balanced, by the universal property of the tensor product, there exists a
(unique) map ¢ : U' @ V! — (U ® V)/J, such that ¢(z ® y) = u ® v if and only if f(u) = =
and g(v) = y. This map satisfies 75 = ¥ (f®g). Thus Ker(f @ g) = Ker(ny) = J. O

Theorem 3.14 Let A and B be K-algebras. If B is central simple then the following function
s a bijection
{ ideals of A} — {ideals of A® B} I—-I®B

whose inverse function is given by
{ ideals of A® B} — {ideals of A} J—={aceA|la®le J}.

Proof: If I is an ideal of A, then it is easy to see that I ® B is also an ideal of A ® B. And if
J<A®Bisanidealand I = {a € A|a®1 € J}, then I is a subspace of A, because for any
a,’ €Talso(a+d)®1l=a®1l+d ®1€J,thusa+d €. And for x € [ and a,a’ € A
one has azd’ @1 =(a®@1)(z®1)(d’ ®1) € J, ie. axd € I.

Starting with an ideal I of A, forming I ® B and looking at I' ={a € A|a®1 € [ ® B},

we see I C I" and choosing a basis of B that contains 1, we can easily also conclude I = I'.

Let J beanidealof A Band I ={a€ A:a®1€J IfJ=A® B, then 1®1 € J
and hence 1 € I and I = A. Suppose J # A® B, consider T'= (A ® B)/J and the following
homomorphisms of K-algebras:

T:AQB — T, a®@b—>ab+J
e1:A — T, a—a®l+J
e:B — T, b—1®@b+J
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Since B is simple and J # A ® B, we conclude that €5 is injective. The images of the maps
€1 and e are subalgebras of T. Denote by A’ = €1(A) and B’ = e3(B). Since €, is injective,
B’ is a central simple K-algebra. Consider also the algebra homomorphism

1R : A B— A ®B.
By Lemma [3.13] and using that e is injective we have
Ker(e;®¢e2) = Ker(e;) ® B=1® B.
Moreover, A’ C Centr(B’), because
e1(a)ea(b) =a @b+ J = ea(b)ei(a),

for all @ € A and b € B. Hence by Lemma the multiplication map m : A’ ® B’ — T is
injective. Note that 7 = m o (e1®e2). Hence

J = Ker(m) = Ker(m o (1Q¢€2)) = Ker((e1®€2)) = I ® B.

The correspondence Theorem implies that if B is central simple, then A® B is simple
if and only if A is simple. Together with Lemma[3.8] we can summarize our findings as follows:

Corollary 3.15 Let B be a central simple K-algebra (CSA) and A a K-algebra.
1. A® B is a simple K-algebra if and only if A is a simple K-algebra.
2. Z(A® B) =Z(A)® Z(B) ~ Z(A).
3. A® B is a central simple K-algebra if and only if A is a central simple K -algebra.

An immediate consequence of Corollary [3.15 we can prove that A ® AP is isomorphic to
a full matrix ring over K, if A is a finite dimensional central simple K-algebra.

Corollary 3.16 If A is an n-dimensional central simple K-algebra A, then A Qg AP ~
MK).

Proof: Let ¢ : A®g A’ — End(xR) ~ M,(K) be given by a ® b — A, o pp. Since A is
central simple, A° is central simple and hence A ® AP is central simple by Corollary
Thus ¢ is injective and as dim A ® A% = n? = dim M, (K) it must be also surjective. (]

We will strength now Lemma, (3.1

Corollary 3.17 Let B < A be a subalgebra of a K-algebra A. If B is a finite dimensional
central simple K-algebra, then the linear map

m : Cents(B) ® B — A, T®@br xb

is an isomorphism of K -algebras.
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Proof: We have already seen in Lemma [3.12] that m is injective and that its image is equal to
the sum of all simple B¢-submodules of A that are isomorphic to B, where B¢ = B® B°P. By
Corollary B¢ ~ M, (K), with n = dim B. Thus B¢ is a semisimple, simple K-algebra,
any left B®-module is semisimple and a direct sum of a unique (up to isomorphism) simple
Bf-module. Hence A is isomorphic toa direct sum of copies of B as left B®-module and m is
surjective. [J

Corollary 3.18 (Double Centralizer Theorem) Let A be a finite dimensional central
simple K -algebra with subalgebra B < A. If B is a central simple algebra, then

1. Cent(B) is central simple and

2. CentA(CentA(B)) = B.

Proof: By Corollary the multiplication m : Cent4(B) ® B ~ A is an isomorphism.
Hence Cent4(B) ® B is simple and central and therefore also Cent4(B) by Corollary
Moreover, n = dim A = dim Cent 4(B) dim B.
Applying Corollary to the subalgebra Cent4(B), we also get that n = dim A =
dim Cent 4 (Cent 4(B)) dim Cent 4 (B). Hence dim B = dim Cent 4(Cent 4(B)). Now the result
follows as B C Cent g (Cent4(B)). O



The Brauer group of a
field

We have seen that in general the tensor product of division rings is not necessarily a division
ring. If K < L is an inseperable field extension, then we have seen that K ®x L contains
a nilpotent element and hence cannot be a division algebra. But even for separable field
extensions the tensor product of two fields might not be a division algebra. For example,
Q(2) ®g Q(z) contains zero divisors:

(®14+1)01-11)=(-1)®1-1®(-1)=0.

More generally, if D is any K-algebra that contains an element a € D \ K satisfying a™ = 1,
for some even number n > 1, then

n—1 n—1 n—1
((l R1+1® a) (Z(_l)iai ® an—i) _ (_1)iai+1 ® an—i + Z(_l)iai ® an—i—l—i
=0 =0 i=0

= (-1)"M®a+1®a=0.

On the other hand, the tensor product of two central simple algebras is central simple.
Hence if D and D’ are finite dimensional central division algebras, then their matrix rings
M, (D) ~ D ® M,(K) and M,,(D’) are finite dimensional central simple K-algebras and so
is their tensor product M, (D) ® M,,(D’). What is the relation between finite dimensional
central simple algebras and division algebras? The short answer is given by the Wedderburn-
Artin Theorem. The uniqueness of that Theorem is important.

Lemma 4.1 Let D and E be two division algebras such that My (D) ~ M,(E) as rings, for
somen,m>1. Then n=m and D ~ E as rings.

32
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Proof: Let A = M, (D), B = M,,(E) and f : A — B an isomorphism of rings. The first
column of A = M,(D) is the unique (up to isomorphism) simple left A-module M and
D ~ End4(M)°P. Analogously, the first column of B = M,,(D) is the unique simple left B-
module N and E ~ Endg (V). Since f induces an equivalence of categories between A and
B, any left B-module N is uniquely a left A-module by a-n = f(a)n, for alla € Aandn € N.
Moreover, the submodule lattice of gN and 4N are equal and there exists an isomorphism
between Endp(/N) and End4(N). Hence the unique simple B-module N is isomorphic to M
as left A-module and F ~ Endp(N)? ~ End4(M)° ~ D. Furthermore, M has rank n over
D and N has rank m over £~ D. Thus, n =m. O

Corollary 4.2 Let A be a finite dimensional central simple K-algebra. Then there exists a
unique finite dimensional central division K -algebra D and a number n such that A ~ M, (D)
as K-algebras.

Proof: By the Wedderburn-Artin Theorem any finite dimensional simple algebra A is semisim-
ple and hence a finite direct product of matrix rings over division rings, i.e. A ~ M, (D1) X
<+ X My, (Dy). As A is simple we must have t = 1, i.e. A~ M,(D), with D a division ring.
The first column of M, (D) is a simple left A-module and D ~ End(D)°. If A was a central
K-algbera, then D is also a finite dimensional central division algebra over K. [

Last Corollary and the uniqueness of the Wedderburn-Artin decomposition allows us to
conclude that the tensor product of two finite dimensional central division algebras is in fact
a division algebra if their dimensions are relatively prime.

Proposition 4.3 Let C' e D be finite dimensional central division algebras over. If dimg (C)
and dimg (D) are relatively prime, then C ® D is a central division algebra over K.

Proof: We know that C' ® D is a finite dimensional central simple K-algebra. Hence by
Corollary there exists a finite dimensional central division K-algebra E and number r > 1
such that C ® D ~ M, (E). Let n = dimg(C). Then M, (K) ~ C ® C° and

M, (D) ~ D ® My(K) ~ D®C®CP ~ M,(E) ® C” ~ M,(E ® C%).

Since E @ C° is a finite dimensional central simple algebra, again Corollary [£.2] shows that
there exist a finite dimensional central division algebra E’ and a number s > 1 such that
E ® C° ~ M(FE’"). Hence M, (D) ~ M,s(E’). By the uniqueness of the Wedderburn-Artin
decomposition n = rs and D ~ E'.

Similarly for m = dimg (D) we have D ® DP ~ M,,(K) and

M (C)~C @ Mpy(K)~C®D® D~ M. (E)®D?~ M. (E® D?)

Againm E® D ~ M;(E") for some number ¢ > 1 and a division algebra E”. Thus M,,(C) ~
M,+(E") and by the uniqueness of the Wedderburn-Artin Theorem, m = rt and C ~ E”.
Hence r is a divisor of n and m and by hypothesis r = 1. Thus C® D ~ E. [J

When extending the scalars of a central simple algebra, we can apply Corollary again
and conclude that the dimension of a finite dimensional central simple algebras is a square
number. In particular the dimension of any finite dimensional central division algebra over a
field is a square.
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Lemma 4.4 Let A be a central simple K -algebra and K the algebraic closure of K.
1. If K < L is a field extension of K, then A @k L is a central simple L-algebra.

2. If dimg (A) = n, thenn = d? and A @k K ~ My(K) as K-algebras, for some d > 1.

Proof: (1) follows directly from Corollary

(2) By (1) A® K is a central simple K-algebra. By Corollary A®@ K ~ MyD)
for some finite dimensional central division algebra D over K. Since any element of D is
algebraic over K = Z(D), we must have D = K. Moreover, if n = dimg (A) and {ay,...,a,}

is a K-basis for A, then a; ®1,...,a,®; is a K-basis for A® K. Thus A® K ~ My(K) and
n = dimg (A) = dimz(A ® K) = dimg(My(K)) = d*. O

Definition 4.5 The degree of a finite dimensional central simple K-algebra A is defined as

degr (A) := y/dimg(A).

The Brauer group will be defined on the set of equivalence classes of finite dimensional
central simple algebras over a field.

Definition 4.6 Let A and B be finite dimensional central simple K-algebra. Then A and
B are called similar, in symbol A ~ B if and only if there exist numbers n,m > 1 and an
isomorphism of K-algebras

A® My(K)~B® Mpy,(K).

The relation ~ is obviously reflexive and symmetric. Let A ~ B and B ~ C, for finite
dimensional central simple K-algebras A, B, C. Then there exist ny, no, m1, mo such that

A® M,,(K)~ B® My, (K) and B® My, (K) ~C® My, (K).

Then

12

A® Mpyn, (K) = (AQ My, (K)) © Mn,(K) (B ® My, (K)) @ M, (K)
B & M, (K) © My, (K)

(C® My, (K)) @ M, (K) = C @ Mypym, (K)

12

12

Thus, A ~ C.

Let us denote by [A] = [A]~ the equivalence class of a finite dimensional central simple K-
algebra. We have already seen that any such algebra A is isomorphic to M, (D) for some finite
dimensional central division algebra D over K. Hence A ~ D shows that any equivalence class
contains a finite dimensional central division algebra. The uniqueness of the Wedderburn-
Artin decomposition shows that any two finite dimensional central division algebra contained
in the same equivalence class must be isomorphic.

Lemma 4.7 Let D and E be finite dimensional central division algebras over K. Then D
and E are similar if and only if D and E are isomorphic K-algebras.
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Proof: Suppose D ~ E. Then there are numbers n,m > 1 such that M, (D) ~ D® M, (K) ~
E® My (K) ~ My (E). By Lemma[d.]]E ~ D. O

We conclude that for any finite dimensional central simple K-algebra A there exists a
uniquely determined finite dimensional central division algebra D over K such that [A] = [D].
Moreover, D determines the equivalence class of A, i.e. [A] = {M, (D) :n > 1}.

Definition 4.8 The Schur index of a finite dimensional central simple K -algebra A is defined

Indg (A) :=degg (D) = /dimg (D)

if A~ M, (D) for some finite dimensional central division K-algebra D and r > 1.

Theorem 4.9 (The Brauer group of a field) Let K be a field. The set of equivalence
classes of finite dimensional central simple K -algebras

Br(K) = {[4] : A is a finite dimensional central simple K -algebra}
s a group with product given by the tensor product
[A]-[B] :=[A®B]  V[A],[B] € Br(K)
neutral element given by [K| such that [A]~! = [A°P] for all [A] € Br(K).

Proof: Firstly we have to show that the product is independent of the representatives of the
classes. Hence let A ~ A" and B ~ B’ be finite dimensional central simple K-algebras. Then
there are ny,ns, my, my > 1 such that

AR M, (K)~ A" @ M,,(K) and B ® My, (K) ~ B' ® My, (K).
Hence

(A® B) ® Mpym, (K) ~ A® M, (K)® B® My, (K)
~ A @ Mpy(K) ® B'® My, (K) =~ (A ® B") @ Mygm, (K)

shows A B~ A" ® B'.

The isomorphism K ® A ~ A ~ A® K shows that [K][A] = [A] = [A][K]. Furthermore,
from we know that A ® A? ~ M, (K), with n = dimg(A). Hence A ® AP ~ K, i.e.
[A][AP] = [K].

U

We have already characterised the finite dimensional central division algebras over several
fields. For instance if K = K is algebraically closed, then Br(K) = {[K]} is the trivial group,
e.g. Br(C) = {[C]}. Similarly, if K is a finite field, then Br(K) = {[K]}.

Then we have also Br(R) = {[R], [H]}. In particular

H Qg H ~ M4(R)

as dimg (H) = 4 and H = H°. Hence Br(R) ~ (Za,+) is the cyclic group of order 2.
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Consider a field K and a finite dimensional central simple K-algebra A that admits a K-
linear involution, i.e. an anti-isomorphism * : A — A such that a** = a for all a € A. Then
* is an isomorphism between A and its opposite algebra A°?. Thus [A]? = [A][A?] = [K]
shows that [A] has order 2 in the Brauer group Br(K). For example if the Quaternion algebra
Q = Q(a,b; K) is a division algebra, then the conjugation  (see equation of Q is an
involution and @ is an element of order 2 in Br(K).

We will show that any element of the Brauer group has finite order, i.e. Br(K) is a torsion
group, but first we will see how to reduce the study of the Brauer group to Galois extensions
of K.

Theorem 4.10 Let L/K be a field extension. The following map
7r/K * Br(K) — Br(L), [A] — [A® L]
is a group homomorphism, such that if K < L < F is an extension of fields, then
TF/K = TF/L°TL/K-

Proof: We need to show that 77/ is well-defined. Hence if A ~ B are similar finite dimen-
sional central simple K-algebras, then there are numbers n,m > 1 and an isomorphism of
K-algebras A ® M,,(K) ~ B ® M,,(K). Hence

(A® L)@ Mp(L) ~ A@ My(K)® L~ B® M,(K)® L~ (B®L)®r, M,,(L)

shows that 1y is well-defined. By Proposition (A B)® L ~ (A® L)® (B® L) as
L-algebras shows

Tk ([Al[B]) = [(A®B)® L] = [(A® L)©L (BO L) = [A® L|[B& L] = 71k ([A]) 71/ K ([B])-

We also have 7,k ([K]) = [L], which shows that 77,/ is a group homomorphism.
Let K < L < F be a field extension and A a central simple K-algebra. Then we have an
isomorphism of F-algebras

(A®g L)®p F — A®k F, (a @k =)Ly — a K xy.

Hence
Tr/L(T/x([A]) = [(A®k L) @1 F| = [A®k F] = 7p/k([A]).

We make a remark about the index and the degree of a finite dimensional central simple
K-algebra A. We have seen that there exists a finite dimensional central division algebra D
over K such that A ~ M, (D). Hence

degy(A) = \/dimg (A) = ry/dimg (D) = rIndg (D) = rIndg (A).

Moreover we have seen that then [A] = [D] and if [B] = [A], then B ~ D and hence Indg (B) =
Indg (A) = degg (D). Moreover, for any field extension L/K, if AQ L ~ D ® L ~ My(FE) for
some finite dimensional central division algebra E over L. Then

Indg (A) = \/dimg (D) = v/dimz (D ® L) = s\/dim(E) = sdeg; (E) = sInd(A® L).
This means Ind;,(A® L) | Indg (A).
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Definition 4.11 Let A be a finite dimensional central simple K -algebra. A field extension L
of K is called a splitting field for A if [A] € Ker(ry k).

Lemma 4.12 Let A be a finite dimensional central simple K-algebra and L a field extension
of K. Then L is a splitting field for A if and only if there exists a number n > 1 and an
isomorphism of L-algebras A ® L ~ M, (L).

Proof: By Corolary there exists a finite dimensional central division K-algebra D, a
number r > 1 and an isomorphism of K-algebras A ~ M, (D). Hence

AL ~M(D)®L~M.(K)®D® L~ M, (D® L)

as L-algebras. Since D ® L is a finite dimensional central simple L-algebra, there exists again
by Corollary a finite dimensional central division L-algebra E, a number s > 1 and an
isomorphism of L-algebras D ® L ~ M (E). Hence

A® L~ M (D® L)~ My(E).

If L is a splitting field for A. Then [A ® L] = [L] and there are numbers n,m > 1 and an
isomorphism of L-algebras (A ® L) ®p, M, (L) ~ M,,(L). Hence

M, (L)~ (A® L) ®p M, (L) ~ M,s(FE) ®p, My, (L) ~ M,s,(F).

By the uniqueness of the Wedderburn-Artin Theorem Lemma [£.I] we must have £ = L and
m = rsn. Hence D ® L ~ My(L) and A® L ~ M,4(L).

Conversely, if A® L ~ M,(L), then clearly A ® L ~ L and therefore [A ® L] = [L], i.e.
[A] € Ker(rr,/k)-

O

If L is a splitting field for A, then so is any field extension F/L, because A ® F ~
(AR L)®p F ~ M,(L)®y F ~ M,(F). In particular K is a splitting field for any A and the
next Proposition will show that any finite dimensional central simple K-algebra A admits a
finite dimensional splitting field.

Proposition 4.13 Any finite dimensional central simple algebra has a finite dimensional
splitting field.

Proof: Let n = dimg (A). We have already seen that there exists an isomorphism of algebras
f i Aekx K — My(K), with d> = n. For 1 < i,j < d, denote by E;; the matrix units
of My(K). Let {b1,...,b,} be a K-basis of A. Then there exist elements u;;, € K for
1<4,7<dand 1 <k <n such that

Fe®1) =" pijeBy € My(K).
ij=1

Let L be the subfield of K generated by all elements pijr and K. Then f restricts to an
isomorphism of L-algebras f: A® L — My(L). Hence L is a finite dimensional splitting field
for A. O
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The kernel of 77,k is called a relative Brauer group, denoted by Br(L/K) := Ker(7/x)
and we have just seen that any [A] € Br(K) belongs to a relative Brauer group, i.e.

Br(K) = U{Br(L/K) | L/K is a finite field extension}.

We will see soon, that L can be assumed to be a finite Galois extension of K, but first of all
we need another technical Lemma:

Theorem 4.14 (Skolem-Noether) Let A and B be finite dimensional simple K -algebras
and f,g : A — B two K-algebra homomorphisms. If B is central, then there exists an
invertible element u € B such that

g(a) = uf(a)u™1, Va € A.

Proof: Let T = A ® B°. Then T is a finite dimensional simple K-algebra. By the
Wedderburn-Artin Theorem, T ~ M, (D) for some finite dimensional division K-algebra
D. Recall that up to isomorphism, there exist only one simple left T-module, say F, and
that End(rE) ~ D and dim(E) = n[D : K]. Moreover, any non-zero finitely generated left
T-module M is isomorphic to E", for some r > 1, and dim(M) = rdim(E) = rn[D : K]. In
particular, two non-zero finitely generated left T-modules are isomorphic if and only if they
have the same dimension.

Since B is simple algebra, it is a simple B ® B°P-module. Note that as A is simple, f
and g are injective. For each of the ring homomorphisms, we have a T' = A ® B°’-module
structure on B, namely by

(a®b) -z = f(a)xb, Va € A, b,z € B.

and
(a®b) -z =g(a)xb, Va € A, b,z € B.

Thus the two left T-module structures on B must be isomorpic. Hence there exists an
isomorphism ¢ : B — B of left T-modules such that

o(fla)r) = ¢(a-xb) =a-p(z)b = g(a)p(x)b, Vae A,x,be B.

Thus, for a = 14, x = 15 we have p(b) = p(1p)b, for all b € B. As ¢ is bijective, there exists
b€ B with 1 = p(b) = ¢(1p)b. Hence u = ¢(1g) € U(B) is invertible. Moreover,

g9la)u = g(a)p(1p) = ¢(f(a)lp) = ¢(f(a)) = ¢(1p)f(a) = uf(a),  VaecA

This shows, g(a) = uf(a)u! for all a € A.
U

Corollary 4.15 Let A be a finite dimensional central simple K-algebra and By, By simple
K-subalgebras of A. If g : By — Ba is an isomorphism of K-algebras, then there exists
u € U(A) such that f(x) = uzu™!, for all x € By. Moreover,

w1 Cent o(B;)u = Cent o(Bs).
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Proof: Let f =id|, : Bi — A be the restriction of the identity map to By. By the Skolem-

Noether Theorem, there exists u € U(A) such that g(z) = uzu~? for all x € By.
Furthermore, let y € A. Then for any x € By we have

yg(z) = g(x)y < yuzu~' = uzuty & (u_lyu) rT=2x (u_lyu)

As g is surjective andy element if Bj is of the form g(z) for some x € By. Thus y € Cent 4(B2)
if and only if u=tyu € Cent4(B;). O

An automorphism o of a ring R is called an inner automorphism if there exists an invertible
element u € U(R) such that o(z) = uzu~!. The inner automorphisms form a subgroup
Inn(A) of the group of automorphisms Aut(A) of A. The map U(R) — Inn(A) given by
u + [z +— uru~!] is a surjective group homomorphism. By Corollary we have that

Corollary 4.16 Any automorphism of a finite dimensional central simple K -algebra is inner.

The following so-called Centralizer Theorem will generalise the Double Centralizer Theo-
rem.

Theorem 4.17 (Centralizer Theorem) Let A be a finite dimensional central simple K -
algebra with simple K -subalgebra B < A. Then

1. there exists an isomorphism of K-algebras A ® B°? — Centa(B) ® Endg (B);
2. dim(A) = dim(B) - dim(Cent 4(B));
3. Cent4(B) is simple with center Z(Cent4(B)) = Z(B) such that Cent4(Cent4(B)) = B.

Proof: (1) As B is finite dimensional, say n = dim(B), its endomorphism ring End(B) ~
M, (K) is central simple and so is A ® End(B) as A is central simple. The map f : B —
A ® End(B) sending b to
f(b) =b®idg, Vb € B.
is an injective algebra homomorphism.
Denote by A, € End(B) the endomorphism Ay(z) = bxr. Then [ : B — End(B) with
I(b) = \p is an injective algebra homomorphism The map g : B — A ® End(B) sending b to

gb)=1®X, VbeB

is also an injective algebra homomorphism.

Hence f(B) ~ B ~ g(B) as K-algebras, showing that the subalgebras f(B) and g(B)
of A ® End(B) are isomorphic. By the Skolem-Noether Theorem there exist an invertible
element v € U(A ® End(B)) such that

g(b) =uf(d)u~t,  VbeB.
As seen before, this implies Cent gggna(p)(9(B)) = uflCentA@)End(B)(f(B))u and hence

Cent ggend(p)(9(B)) =~ Cent sgrna(n)(f(B))-
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By Lemma |3.8) we have
Cent gggna(p)(f(B)) = Cent ggpna(p) (B ®@ idp) = Cent4(B) ® End(B).
Similarly we calculate
Cent ggmna(p) (9(B)) = Cent pgmna(p) (1 ® I(B)) = A ® Cent gpq(p) (I(B))-

In order to conclude, we need to determine Centgy,q(p)(/(B)). Denote by r : B? —
End(B) the map r(b) = pp, where py(x) = xb is the right multiplication of an element z by b.
Then for any ¢ € End(B)

goECentEnd(B)(l(B)) & VbeB: pody =Mooy
& Vbe B:Vxe B: ¢(br) =bp(x)
& Vbe B: p(b) =bp(1)
& per(BP)

Hence Centgyq(p)(I(B)) = r(B°) and since B is simple, r is injective and therefore, B ~
7(B%) ~ Centgpnq(p)(/(B)). Thus

A®B? ~ A®Centpya(p) (I(B)) ~ Cent agrna(p) (9(B)) = Cent agpna(n) (f(B)) = Centa(B)QEnd(B).
(2) follows from (1) and the following calculations
dim(A) dim(B) = dim(A ® B°?) = dim(Cent 4(B)) dim(End(B)) = dim(Cent 4(B)) dim(B)?.

(3) Since A and B are simple, so is A ® B. By (1) also Cent4(B) ® End(B) is simple
and therefore also Cent 4(B).

Applying (2) to Centa(B) instead of B yields dim(B) = dim(Cent4(Centa(B))) and
therefore Cent 4(Cent4(B)) = B. Then Z(Centa(B)) = Cent4(B) N B = Z(B).

O

Corollary 4.18 Let A be a finite dimensional central simple K-algebra and K < L < A a
subfield of A containing K. Then

1. A® L ~Centa(L) ® M,(K) as L-algebras, with n = [L : K|;
2. dim(A) = [L : K] dim(Cent (L))
3. [L: K] |deg(A) = +/dim(A).

Proof: Take B = L in the Centralizer Theorem Then (1) and (2) follow from the
same Theorem, having in mind that End(xL) ~ M, (K). Furthermore, L C Centa(L)
turns Cent4(L) into an L-algebra. Therefore dim(C4(L)) = dim(.Ca(L))[L : K], where
dim(7,Ca(L)) denotes the dimension of C4(L) as L-space. Hence [L : K] divides dim(C4(L))
and therefore [L : K]? | [L : K]dim(C(L)) = dim(A) by [£.17/2). Thus [L : K] | deg(A). O



Maximal Subfields and
Crossed products

A subfield L of a K-algebra A is a K-subalgebra L < A that is a field and contains K.
Recall that a finite field extension L/K is a Galois extension if L/K is separable and normal,
where L/K is called a normal extension if any polynomial f € K|[z] that has a root in
L will decompose over L in linear factors. Given any finite field extension L/K with L =
K(ai,...,ay), we can consider the product f of minimal polynomials min,, i of the ai, ..., ay,
and consider the splitting field F over K. It is a fact from Galois Theory that F'/K is a normal
extension, called the normal closure of L and generated by all the (finitely many) roots of f.
Let A be finite dimensional central simple K-algebra with finite splitting field L of A and F'
the normal closure of L, then F is also a splitting field of A.

A maximal subfield L of a central simple K-algebra A is a subfield such that Cent (L) = L.
Our aim will be to show that any finite dimensional central simple K-algebra is similar to
a finite dimensional central simple K-algebra that contains a splitting field L as maximal
subfield such that L is a finite Galois extension of K.

Lemma 5.1 A subfield L of a division algebra D over K is mazimal if and only if it is
mazximal in the lattice of subfields of D.

Proof: Any subfield L is commutative and hence satisfies L C Centp(L). Hence if L C L’ is
a chain of subfields of D and L is maximal, then L C L' C Centp(L) = L.

On the other hand, if L is maximal in the lattice of subfields of D, then for any non-zero
x € Centp(L), the subfield L' = L(x) generated by L and z is an extension of L and hence
z € L' =L. Thus L = Centp(L). O

While Lemma [5.1] shows that maximal subfields do exist in finite dimensional central
division algebras, they might not exist in a finite dimensional central simple algebra as we
will see soon. However, if they exist, then they are splitting fields for the algebra in question.

41
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Theorem 5.2 Any mazimal subfield L of a finite dimensional central simple K-algebra A is
a splitting field for A and satisfies [L : K| = degg(A).

Proof: Let L be a maximal subfield of A and n = degg(A). Then Corollary yields
n? = [L : K]dimg(Centp(L)) = [L : K]?>. Thus n = [L : K]. Moreover, by the same
Corollary, A® L = Cent4 (L) ® My(K) = L ® M, (K) ~ M,(L) ~ L. Hence [A] € Ker(rz k).
O

The following technical Lemma will be important to show that we can reduce our study to
separable splitting fields. Recall that an element of a division K-algebra a € D is not separable
over K if it is a multiple root of its minimal polynomial f. In other words, if f = (z —a)™g,
for some g € K[z] and m > 2. Then the formal derivative f' = (z — a)™ *((x — a)g’ + mg)
has still @ as a root and f divides f’. Since the degree of f is larger than that of f’ we
must have f’ = 0. This of course cannot happen if char(K) = 0. If char(K) = p > 0,
the condition f’ = 0 implies that f = h(zP) for some h € K[z]. Let n > 1 be the largest
number such that there exists f € K[z"] and f & K[z?""']. Then there exist g € K|[z] with
f = g(zP"). Note that g’ # 0 since otherwise g = h(2?) and f = h(xan) which contradicts
our choice of n. Thus, ¢ is irreducible in K[z] and in particular the minimal polynomial of
a?" as g(a”") = f(a) = 0. Thus we showed that for any non-separable element a of a division
K-algebra D over a field of characteristic p, there exists n > 1 such that a?" is separable over
K.

Theorem 5.3 (Noether-Jacobson) Any noncommutative algebraic central division alge-
bra D over K contains a separable subfield K C L.

Proof: If a € D\ K is separable over K, then we can choose the subfield L = K(a) < D
generated by a and K, which is possible since the elements of K commute with a and since
non-zero elements of D are invertible in K. In case char(K) = 0, we can choose any element
a € D\ K, since any element is separable. Hence assume char(K) = p > 0.

We will prove the result by contradiction: Suppose that no element of D\ K is separable
over K. Let a € D\ K be any element. By the previous comment, there exists a minimal
n > 1 such that a?" is separable over K and a?""" is not. We can substitute a by a?"" and
obtain that a ¢ K, while aP is separable and hence by assumption belongs to K = Z(D).

Consider the additive commutator § = [—,a] : D — D. Then § # 0 since a ¢ K = Z(D)
and 0P =0, as a? € Z(D) and 0P(b) = ba? — aPb = 0. Let m > 1 be the least positive integer
such that 6™ # 0 and 6™+ = 0. Then there exists 0 # w € D such that

d(w) =wa —aw #0 and 6% (w) = 6(w)a — ad(w) = 0.
Thus 6(w) ta = ad(w)~! and §(w) + aw = wa. For u = wad(w)~* we calculate:
aua™' + 1 = awad(w) ra™t +1 = aws(w) ™t + 1 = (aw + §(w))d(w) ! = wad(w) ™t = u.

If u is not separable, then there exists m > 1 such that uP" is separable and hence
uP™ € K. If u is separable, then v € K and we can take m = 0. But then
)"

- (aua_l +1 = (aua_l)pm Fl=a”"at+1=0u"" + 1,

which leads to the contradiction 0 = 1. Hence there must exist some element of D \ K that
is separable over K. [J
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Theorem 5.4 Let D be a finite dimensional central division algebra over K. Then D con-
tains a mazimal subfield L such that L/ K is separable.

Proof: Let L be a subfield of D such that L/K is separable and [L : K] is maximal. Such a
subfield exists, since K is a subfield of D with K separable over K.

We will show that L = Centp(L). Clearly Centp(L) is a central division algebra over L
by If L # Centp(L), then by the Noether-Jacobson Theorem there exists a subfield
L' C Centp(L) with L C L' and L/L’ separable. But then L’ is also a subfield of D and
L'/K is separable as L'/L and L/K are separable field extensions. As [L' : K] > [L : K], we
obtain a contradiction to the choice of L. Therefore, Centp(L) = L, i.e. L is maximal. [J

Theorem 5.5 Any finite dimensional central simple K -algebra has a finite dimensional split-
ting field L such that L/K is Galois.

Proof: Let D be a finite dimensional central division algebra over K. By Theorem [5.4, D
contains a maximal separable subfield L. Substituting L by its normal closure F', shows that
F' is a Galois and a splitting field of D. OJ

Corollary 5.6 For any field K we have
BrK = U{Br(L/K) : L/K is a finite Galois extension }

The last Corollary allows us to reduce our classification of finite dimensional central di-
vision algebras over a field to those that have a finite Galois extension as splitting field. We
will classify Br(L/K) with the help of so called crossed products.

Assume that L/K is a finite Galois extension with Galois group

G =Gal(L/K) = {o € Aut(L) : 0, =idk}.

Consider A = Endg (L) ~ M, (K), where n = [L : K]. Then each g € G can be considered a
K-linear endomorphism of A, i.e. g € A, by x — g(x), for all x € L. We need the following
fact about the linear independence of automorphisms of L:

Lemma 5.7 (Dedekind’s Lemma) The elements of Gal(()L/K) form a linearly indepen-
dent set of Endg (L) considered as vector space over L.

Proof: A =Endg(L) is a vector space over L with scalar multiplication given by - f : [x —
Af(z)] for all f € A and A € L. We wish to prove that any set {o1,...,0,} C G is linearly
independent. If m = 1, then Aoy = 0, means A = 0 since o1 # 0. Suppose we have proven our
claim for some m > 1. Let {01,...,0m+1} € G be m + 1 distinct elements such that there
exist A1, ..., Am+1 € L with

Mot + -+ Ant10my1 =0 (51)

Note that equation is an equation of functions. If one of the \; = 0, then all are equal to
zero by induction hypothesis. Thus we suppose A1 # 0 and by dividing equation by
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Am+1 we actually can suppose that A,,+1 = 1. In other words, without loss of generality we
can assume that we have an equation:

AMor+ -+ An0m +0me1 =0 (5.2)
Since oy,41 # 01, there exists y € L such that 01(y) # om+1(y) # 0. Hence for all z € L:
Ao(zy) + -+ Amom(2y) + oms1(zy) = 0.

Multiplying by the inverse of a;llﬂ yields

ML @)om1(1) ™) 1)+ + ()1 (1)) O (@) + G () = 0.
By setting 11; := Ao (y)omi1(y) ! for all 1 <4 < m we re-write the last equation:
pio1 + o+ pmom + omy1 = 0. (5.3)
Subtrating equations from yields:
(M —p1)or+ -+ (A — o) om = 0. (5.4)

The induction hypothesis then shows \; = p;, for all i. But then \; = 1 = Mo1(y)om+1(y)~
and o01(y) # om+1(y) implies \; = 0 - a contradiction. [

Since [|G|*> = [L : K]? = dimg(A) = [L : K]dimy(A), we have dimj(A4) = |G| and
therefore that the elements of G form a basis of A as vector space over L.

Not all finite dimensional central simple algebras contain a maximal subfield. Consider
the real quaternions H and the central simple R-algebra A = M,,(H). Then dimg(A) = 4n>.
If there existed a maximal subfield L C A of A, then by Corollary 4n? = [L : R]?. Hence
[L : R] = 2n. However, any finite field extension of R has degree at most 2. Thus if n > 1,
then A cannot have a maximal subfield, e.g. A = M,(H).

However, we will prove now that any finite dimensional central simple K-algebra with
finite dimensional splitting field L is similar to a finite dimensional central simple K-algebra
that contains (up to isomorphism of course) L as a maximal subfield.

Theorem 5.8 For any finite field extension L/K and [A] € Br(L/K) there exists [B] = [A]
such that L is a mazimal subfield of B and degy (B) = [L : K]%.

Proof: Let D be a finite dimensional central division K-algebra, such that [A] = [D]. Then
D ® L ~ M,(L), for n?> = dimg (D). The algebra M, (L) is simple and semisimple. Hence
there exists a unique simple left M, (L)-module V such that M, (L) ~ V™.

The isomorphism between D ® L and M, (L) yields both a left D- and a left L-module
structure on V. Considering B = Endp(V), the algebra of left D-linear endomorphisms of
V', we have that D ~ B, since for m = dimp (V') we have

D ® My,(K) ~ M,,(D) ~ Endp(V) = B.

Moreover, since the left D- and left L-action on V commute, we obtain an embedding of
K-algebras of L into Endp(V') by

r— v (1®x)- v, V€ L.
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We calculate

[L: K] =dimp(D® L)=dimp(M,(L)) =dimp(V") = ndimp(V) = nm
and deduce

dimg (B) = dimg (Endp(V)) = dimg (D) dimp(V)? = n*m? = [L : K%

Furthermore, by Corollary m [L : K]? = dimg(B) = [L : K]dimg(Centg(L)) shows,
dimg (Centp(L)) = [L : K]. Since L C Centp(L), we obtain equality, i.e. L is a maximal
subfield of B. [J

Definition of crossed products

Lemma 5.9 Let L/K be a Galois extension with Galois group G. Then L+, G is associative
if and only if v satisfies (g, h)y(gh. k) = 7(g, hk)g(y(h, k)), for all g,h,k € G.

Proof: ...still to come ... [J

Definition of 2-cocycle:
Z4G,L*) = {7 : G x G = L :4(g.h)v(gh, k) = v(g, hk)g(v(h. k), Vg, h, k € G}

For v € Z?(G, L*) we conclude (setting g = h = id)) that y(id, id)y(id, k) = ~(id, k)~(id, k)
holds for all £ € G. Similarly, setting h = k = id, yields (g, id)y(g, id) = (g, id)g(y(id, id)).
Hence

~(id, g) = ~(id, id) and v(g,1d) = g(v(id, id)), Vg € G.

Set u = ~(id, id).

Theorem 5.10 Let L/K be a Galois extension with Galois group G. Then for any v €

Z?(G,L*), Lx, G is a central simple K-algebra of dimension [L : K]* and L as mazimal
subfield.

Proof: ...still to come ... [J

Theorem 5.11 Let L/K be a Galois extension with Galois group G. For any [A] € Br(L/K),
there exists v € Z*(G, L*) such that [A] = [L %, G].

Proof: ...still to come ... (J

Group structure on Z2(G, L*). Neutral element é(g, h) = 1, for all g,h € G. Definition
of 2-coboundary. Given § : G — L* define § € Z2(G, LX) by

8(g, h) := 6(g)g(8(h))d(gh)~".
The set of 2-coboundaries R
BXG,L*):={0:0:G — L*}

is a subgroup of Z?(G, L*) and the second cohomology group of G with coefficients in L* is
defined to be
H?*(G,L*) = Z*(G,L”)/B*(G, L)
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Theorem 5.12 Let L/K be a Galois extension with Galois group G. Then
B:HAG,L*) = Br(L/K), D] m [Lx G
is an isomorphism of Abelian groups.

Proof: ...still to come ... OJ

Lemma 5.13 Let R be a ring and e a non-zero idempotent of R. Then eRe ~ End(rRe)?
as Tings.

Proof: ...still to come ... OJ

Lemma 5.14 Let A be a finite dimensional central simple K -algebra with non-zero idempo-

tent e € A. Then [A] = [eAe].
Proof: ...still to come ... [J

A set of idempotents {e1,...,e,} of aring R is called a complete set of orthogonal idem-
potents of R if 1 =" | e; and e;e; = 0 for all ¢ # j.

Lemma 5.15 Let L/K be a finite Galois extension with Galois group G. Then there exits a
unique complete set of central orthogonal idempotents {e, : g € G}of L ® L satisfying:

(a®bleg = (1®g(b)a)ey = e4(a®b), Va,be L,g € G.
Proof: ...still to come ... O

Recall the construction of L, G which had basis {g : g € G} subject to the multiplication
rule

(ag)(bh) = ag(b)y(g, h)gh.

The identity element of L %, G was u~tid where u = 7(id,id). Recall that u = (id,id) =
~(id, g) for all g € G holds.
And there was an inclusion i : L — L %, G with i(a) = au™tid.

gi(a) = glau™"id) = g(a)g(w)~'(g,id)g = g(a)g = i(g(a))7.
We shall identify a € L with i(a) € L x, G and set u, := g. Then u, satisfies
uga = g(a)ug, ugup = Y(g, h)ugn Vae L,g,h € G (5.5)
Note that 1z, ¢ = uwu;y and that ug is invertible with inverse
(ug) ™ =g (v(g. g7 ) ) e,

because

-1, —1 1 1

ugg ™t (v(g, 97 ") ) ugr = v(g, 97 T ugug1 = (9,97 1) 7!

uw (g, 97 tia = 116
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Lemma 5.16 Let L/K be a finite Galois extension with Galois field G. Let {eq: g € G} be
the idempotents of L ® L as in Lemmal).15 and set e = e;q. Then

Ly Gz e(LxyG) @k (Lxy G)e
as K-algebras and in particular 8([vY']) = B([v])B([Y'])-
Proof: Let {ey : g € G} be the idempotents of L ® L as in Lemma Set e = e;q. We
identify L ® L with its image in (L %y G) ®x (L %y G).
Denote by {uy : g € G} the L-basis of L x, G of invertible elements that satisfies

uga = g(a)ug and ugup = Y(g, h)ugn Vg,h € G,a € L.

Then (u;l ® 1)e(ug ® 1) is an idempotent of L %, G and lies actually in L ® L, because for
any a,b € L and g € G we have (u;' ® 1)(a @ b)(ug ® 1) = g7 '(a) ®b € L ® L. Thus
(ug_l ® De(ug ® 1) € L ® L. Since uga = g(a)ug, we also have aug_l = u;lg(a) and we
calculate, for all a,b € L and g € G:

(a® b)(u;1 ®1)e(ug®1) = (ug_l ®1)(g(a) ®b)e(ug ® 1)
= (uy' @ 1)(1®g(a)b)e(ug ® 1) = (1® g(a)b)(u; ' @ De(ug ® 1)

Hence the idempotent (u; ' ® 1)e(uy ® 1) € L ® L satisfies the same identity as e, and must
be equal to e, be the uniqueness of it, i.e. (ug_1 ® 1)e(ug ® 1) = e4 or equivalently

e(ug®1) = (ug @ 1)ey. (5.6)
Similarly, if {v, : g € G} denotes an L-basis of L . G of invertible elements that satisfies
vga = g(a)vy and vgun = 7' (9, h)ugn Vg,h € G,a € L,

then (1 ® vg)e(1 ® v;' ®1) is an idempotent of L 4, G and lies actually in L ® L, because
for any a,b € L and g € G we have: (1® vy)(a®b)(1®v;') =a®g(b) € L ® L. Thus
(1®vg)e(1®@v, ') € L® L. Since vgb = g(b)ug, we also have buy = g~ (b)v, and we calculate,
for all a,b € L and g € G:

(@@b)(1®ve(l®v,') = (1®vy)(a@g " (b)e(l@v,")
= (1®v)(1®ag  (0))e(l®v,") = (1@ g(a)b)(1 ® vg)e(1 @ v, ")

Hence the idempotent (1 ® vy)e(1 ® v, ') € L ® L also satisfies the same identity as e, and
must be equal to ey, i.e. (1®vy)e(l1®v,!) = e, or equivalently

(1®vg)e=-e4(1®vy). (5.7)
Let {wy : g € G} an analogous L-basis for L x,. G satisfying
wga = g(a)wg and wgwp, = (g, h)7' (g, h)wg, Vg,h € G,a € L
and define the map

VY :Lxyy G—e(LxyG®LxyG)e, YPlawg) = (1 ® a)e(ug ® vg)e, Vg€ G,a € L.
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Since (1®a)e = e(1 ® a), the image of w belongs certainly to e (L xy G ® Ly G) e. For any
g,h € G and a,b € L, using equations (5.6 and ( . 5.7)) yields:

Plawg)p(bwg) = (1@ a)e(ug ® vg)e(l @ b)e(un @ vp)e

= (1®ag(b))e(ug @ vg)e(un @ vy)e using the property of e and v,

= (I1®ag(b))e(ug ® 1)eg(up, @ vgvp)e using

= (1®ag(b))e(ugup, @ vgvp)e using

= (1®ag(b))e(v(g, h)ugh ®~ (g, h)vgn)e using properties of ug and vy
= (1®ag(b)v(g,h)¥ (g, h))e(ugn @ vgy)e using the property of e

= P(ag(b)y(g, )y (9, h)wgn)

= P((awg)(bwp))

Note also that the identity of L %y, G is mapped to e, because for v = ~(id,id) and
= ~/(id, id), we have loe 6= (uv) ~!w;q and hence

w(lL*ﬂw’G) = (1 ® u_lv_l)e(uid ® Uid)e
= (u ' ®v e(uu ® via)e = e(lpw,g ® lL*W,G)e =e.

Since L %, G is a simple algebra, v is injective Let a,b € L and g,h € G. If g # h, then
e(aug @ bvy)e = 0, because by equations (5.6) and (5.7) we have

e(aug ®@ bvp)e = (a®@b)e(ug ® vp)e = (a @ b)e(ug @ 1)egen(1 ® vy)e =0,
since egep, = 0 if g # h. On the other hand, any element of the form e(auy ® bvy)e is equal to
e(aug ® bvg)e = (1 ® ab)e(ug ® vg)e = P (abwy).

Thus, 1 is also surjective and hence an isomorphism. [J

Corollary 5.17 The Brauer group of a field is a torsion group.

Proof: We have seen that any [A] € Br(K) belongs to some Br(L/K), with L/K a finite
Galois extension and Galois group G. Then we have seen that H2(G,L*) ~ Br(L/K) and
that [A] = [L x, G] = B([7]), for some v € Z?(G,L*). Hence we only need to show that
H?(G,L*) is a torsion group for each Galois group G of a finite Galois extension L/K. Let
v € Z2(G, L*). Using the defining relation of a 2-cocyles,

v(g, h)v(gh, k) = (g, hk)g(v(h, k),  Vg,h,k € G

we calculate:

™ I v(gh. k) = T (v(g, hk)g(v(h, k)))

keG keG

= H V(Qak)

keG

Define § : G — L* by
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Then we obtain

g )" =[] (v(g. hk)g(v(h. k))v(gh, k) ™)

keG
1
= (H (9, hk)) g (H v(hy k)) (H v(gh’k‘)>
keG keG keG

= 0(g)g (6(h))d(gh)™" = d(g,h).

Thus, v* = 6 € B2(G, L), i.e. [y] has finite order.
O

We finish with an example.
Let L/K be a Galois extension with Galois group G. Then for any v € Z2(G, L*) we can
define § : G — L* as §(g) = (id,id)~*, for all g € G and conclude that

0(g,h) = 8(9)g(d(h))d(gh) ™" = g (v(id,id)™'),  Vg,heG.
In particular o/ = & satisfies
7' (id, g) = +'(id,id) = 1 = g(1) = g(v'(id,id)) = v/ (g, id), Vg € G.

Therefore, any class [y] € H?(G, LX) can be represented by some v € Z2(G,L*) with
~(id, id) = v(id,g) = v(g,id) =1 for all g € G.

We assume now that [L : K] = 2 and G = {id,c}. For any [y] € H?(G,L*) with
~(id,id) = ~(id, o) = ~y(o,id) = 1 we also have by the the 2-cocycle condition with all three
parameters equal to o:

A(0,0) = 1(0,0)1(0%,0) = 1(0,6)0(1(0,0)) = 0 (1(0,0)) € L* = K
Hence (0, 0) € K*. Define ¢ : K* — H?(G, L*) with b+ 1(b) = [7s], where
’Yb(o-a U) =b and 'Yb(ida Zd) = Vb(ida U) = 7b(07 Zd) =L

Then v is a surjective group homomorphism, because for any b, b’ € K* we have ¢ (bb') = [ypy]
with

Yo (0, 0) = bb' = () (0,0).
Hence 1 (bb') = (b)) (V).

Recall the norm np/x : L — K defined by ny i (z) = xo(z), for all z € L. The norm is
multiplicative and in particular, np,, k(L) is a multiplicative subgroup of K*. We will show
that Ker(v) = np/x(L*). For any b = np /g (x) = zo(r), we can define 6 : G — L* with
0(id) = 1 and 6(0) = x and conclude:

:( N

d(o,id) = ¢

S(id,o) = 6(i
) = &
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Hence np (L) C Ker(y)). On the other hand, if b € Ker(y), then vy, = §, for some
§: G — L*. Hence, 1 = y,(id,id) = 6(id)?6(id)~! = §(id) and

b=(0,0) = 6(0)0(3(0))3(0?) ™" = nyx(3(0)) € np/x(L*).

Thus we proved,
K*/np(L*) ~ H*(G,L*) ~ Br(L/K).
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