On principal types of stratified combinators

Sabine Broda, Luís Damas

Technical Report Series: DCC-97-4

Departamento de Ciência de Computadores – Faculdade de Ciências & Laboraório de Inteligência Artificial e Ciência de Computadores

Universidade do Porto

Rua do Campo Alegre, 823 4150 Porto, Portugal Tel: +351+2+6001672 { Fax: +351+2+6003654

http://www.ncc.up.pt/fcup/DCC/Pubs/treports.html

On principal types of stratified combinators

Sabine Broda, Luís Damas DCC & LIACC, Universidade do Porto R. do Campo Alegre 823, 4150 Porto, Portugal Phone: 351 2 6001672, Fax: 351 2 6003654

e-mail: {sbb,luis}@ncc.up.pt

Abstract

In this paper we study (in some cases) the relationship between the combinatory completeness of a set of stratified combinators for a system of ˘-calculus and the axiomatic completeness, under substitution and modus ponens, of the respective set of principal types for the corresponding logical system. We show that combinatory completeness is a necessary, but not sufficient, condition for axiomatic completeness in the ˘K- and in the ˘I-calculus, while the two problems become equivalent for the BCK-˘- as well as for the BCI-˘-calculus. Furthermore, we present another proof for the fact that each BCK-˘-term in normal form is completely determined by its principal pairs.

1 Introduction

The connection between systems of λ-calculus and logical systems, already suggested in [4], was established in 1968 (see [9] and [5]) for the λK-calculus and intuitionistic logic^1. In fact the types of stratified, i.e. typable, λK-combinators form the set of provable formulas in intuitionistic logic. The same correspondence exists between the λI-calculus and the system R_→ of relevance logic (see [1]), as well as between the BCK-λ- and BCI-λ-calculus and BCK- and BCI-logic respectively, which have been introduced in [10]. Furthermore, it is well known that the principal types of some standard combinator bases for the four systems of λ-calculus form, together with the inference rules modus ponens and substitution, complete axiom sets for the respective logical systems. The aim of this paper is to study this pattern in the four cases, i.e. the relationship between the combinatory completeness of a set of stratified combinators and the axiomatic completeness of their principal types. We show that the two problems are equivalent in the BCI-λ- as well as in the BCK-λ-calculus, and that for the two remaining cases axiomatic completeness is a sufficient, but not necessary, condition for combinatory completeness. Finally, we give an alternative proof for the fact that each BCK-λ-term in normal form is completely determined by its principal pairs. This result, from which it follows that two BCI-λ-terms are β-convertible if and only if they have the same principal pairs, has already been proved by Hirokawa in [8], but his proof seems to be much more complex than the one presented here.

1Strictly speaking, we refer to Hilbert’s positive implicational logic (cf. [11]).

2 Basic concepts

2.1 ˘-calculus

We use standard notation from [2] and [3]. In order to distinguish the full λ-calculus from its different sub-systems, we usually refer to it as the λK-calculus. A λI-term is a λ-term such that each subterm λx.N has at least one free occurrence of x in N . If every variable occurs at most once free in any subterm of a λ-term M , then we call M a BCK-λ-term. If, in addition to that, for each subterm λx.N of M there is exactly one occurrence of x in N , then M is a BCI-λ-term.

Combinators are closed λ-terms. A set of combinators Γ is combinatorially complete or a basis for a system of λ-calculus if and only if for each combinator N in that system there is an applicative combination M of members of Γ such that M =_β N .

For type assignment we consider the simply typed λ-calculus à la Curry. Our notation differs from that in [3], since we denote type variables by a, b, c, . . . and arbitrary types by α, β, γ, . . .. The set of all types is denoted by T . Besides standard results on typed terms and principal types, that can be found in [3], we will need the following result which has been proved by Hindley in [7].

Theorem 2.1 (Hindley) Every BCK-λ-term is stratified.

Note that, as a particular case, the same result is true for BCI-λ-terms. Furthermore, we will use the following property which follows directly from the definition of principal type.

Property 2.2 Consider two closed λ-terms M and N such that the application M N is stratified. If α1 and α2 are respectively principal types for M and N , then there are substitutions ⋆1 and ⋆2 such that α^{⋆1}_1 = β → γ and α^{⋆2}_2 = β and such that γ is a principal type for M N .

2.2 Implicational logic

Propositional formulas are denoted by α, β, γ, . . . and are built from propositional variables, denoted by a, b, c, . . ., using the connective →. Consider the following formulas. σ = (a → b → c) → (a → b) → a → c κ = a → b → a β = (b → c) → (a → b) → a → c γ = (a → b → c) → b → a → c ι = a → a The logical systems in this paper have two rules of inference, namely modus ponens and substitution, and are respectively based on the following sets of axioms.

Intuitionistic logic: σ, κ Relevance logic (R_→): σ, β, γ, ι BCK-logic: β, γ, κ BCI-logic: β, γ, ι

Every formula that can be derived from the axioms of a logical systems using the inference rules modus ponens and substitution is called a theorem (of that system). If Σ is a set of formulas, such that the set of formulas that are derivable from Σ, by means of modus ponens and substitution, is exactly the set of theorems of one of the logical systems, then we say that Σ is axiomatically complete for that system.

As already mentioned in the introduction, the λK-, the λI-, the BCK-λ- and the BCI-λ-calculus are respectively related to intuitionistic, R_→-, BCK- and BCI-logic. In particular, the set consisting of all types that can be assigned to the combinators of a system of λ-calculus, is exactly the set of theorems of the corresponding logical system. Now, consider the following combinator bases for the λI-calculus and the BCK-λ-calculus respectively:

{B, C, I, W} and {B, C_∗, K}

where B = λxyz.x(yz) C = λxyz.xzy W = λxy.xyy C_∗ = λxy.yx I = λx.x K = λxy.x One knows that the set of principal types of the combinators in the two sets form complete axiom sets, respectively for R_→- and for BCK-logic. A great number of similar examples can be easily found for these as well as for the remaining cases. On the other hand, there are bases for λI, such as {B, C, I, W_∗}, where W_∗ = λx.xx, which contain non-stratified combinators and the set of principal types of the remaining (typable) combinators is obviously not complete for R_→. This suggests a pattern, that will be analysed in the next section, where we study the relationship between the combinatory completeness of a set of stratified combinators and the axiomatic completeness of the corresponding set of principal types.

3 Combinatory vs. axiomatic completeness

It is easy to show that in all four cases axiomatic completeness is a sufficient condition for combinatory completeness.

Proposition 3.1 Let {α_1, . . . , α_n} be a complete axiom set for intuitionistic, R_→-, BCK- or BCIlogic. If M_1, . . . , M_n are λK-, λI-, BCK-λ- or BCI-λ-terms, which admit α_1, . . . , α_n respectively as principal types, then {M_1, . . . , M_n} is a basis for the λK-, λI-, BCK-λ- or BCI-λ-calculus.

Proof In each case it is enough to show that it is possible to define the elements of some basis of the respective system of λ-calculus by some applicative combination of M_1, . . . , M_n. We show the result for the BCK-λ-calculus. The other cases are analogous.

If {α_1, . . . , α_n} is a complete axiom set for BCK-logic, then there are deductions of the formulas β = (b → c) → (a → b) → a → c, γ = (a → b → c) → b → a → c and κ = a → b → a from the hypotheses α_1, . . . , α_n. Applying the corresponding terms for each application of the inference rule modus ponens in these deductions, one obtains by the substitution lemma (cf. [3], Proposition 3.1.10), derivations of − U : β, − V : γ and − W : κ, where U , V and W are combinations of M1, . . . , M_n. We conclude from the subject reduction property (cf. [3], Proposition 3.1.11) that the normal forms of U , V and W , whose existence follows from typability, admit equally the types β, γ and κ. Furthermore, it is easy to show that λxyz.x(yz), λxyz.xzy and λxy.x are the only terms in normal form for which one may infer β, γ and κ. Finally note that {λxyz.x(yz), λxyz.xzy, λxy.x} forms a basis for the BCK-λ-calculus. •

The next example shows that the converse of this result does not hold for the λK-calculus. In fact there are bases of stratified combinators, whose principal types do not form a complete axiom set for intuitionistic logic.

Example 3.2 Consider the λK-terms K = λxy.x and S = λxyz.xz(yz) which admit the following types κ̃ = a → a → a and σ̃ = (a → a → a) → (a → a) → a → a.

Hindley proved in [6] the existence of terms K̃ and S̃, with principal types κ̃ and σ̃, and such that K̃ →_β K and S̃ →_β S. Since {S, K} is a basis for the λK-calculus, we conclude the same for {S̃, K̃}. On the other hand, it is easy to see that their principal types, i.e. κ̃ and σ̃, do not form a complete axiom set for intuitionistic logic.

In the last example we made no restriction on the form of the combinators. The next example shows that in the λI-calculus, combinatory completeness of normal or even proper combinators does not imply axiomatic completeness of their principal types for R_→-logic. It will become obvious, that the same holds in the λK-calculus.

Example 3.3 Consider the proper combinators W̃ = λmxy.m(m(x(my)(my))) B̃ = λmxyz.m(x(m(m(y(mz))))) C̃ = λmxyz.m(m(x(mz)(my))) and I = λx.x respectively with principal types (a → a) → (a → a → a) → a → a (a → a) → (a → a) → (a → a) → a → a (a → a) → (a → a → a) → a → a → a and a → a. Obviously the set of principal types is no complete axiom set for R_→-logic, since it is not possible to deduce the theorem (a → a → b) → a → b. On the other hand, we have W̃I →_β W = λxy.xyy B̃I →_β B = λxyz.x(yz) and C̃I →_β C = λxyz.xzy thus {W̃, B̃, C̃, I} is combinatorially complete for the λI-calculus, since {W, B, C, I} is.

The proof of proposition 3.1 relies on the fact that the typed λ-calculus has the subject-reduction property. We now show the converse result for systems with the subject-expansion property.

Definition 3.4 A system of λ-calculus has the subject-expansion property if and only if for all terms M and N in that system, any basis B and any type α ∈ T , there is B − N : α and M →_β N ⇒ B − M : α.

Proposition 3.5 Consider a system of λ-calculus λ_X with Λ_X ⊆ Λ where the subject-expansion property holds. Let {M_1, . . . , M_n} ⊆ Λ^0_X be a set of stratified combinators, that is complete for λ_X . If α_1, . . . , α_n ∈ T are respectively the principal types of M_1, . . . , M_n, then {α_1, . . . , α_n} is a complete axiom set for the propositional calculus P_X (→), whose set of theorems is the set of admissible types for Λ^0_X .

Proof Let α be a theorem of P_X (→). Then there is a term N ∈ Λ^0_X in normal form such that − N : α. From the completeness of {M_1, . . . , M_n} we conclude that there is some combination M of M_1, . . . , M_n that defines N . Consequently there is M →_β N , hence − M : α. By property 2.2, it is possible to infer − M : γ, where γ is a principal type of M , from − M_1 : α_1, . . ., − M_n : α_n.

Hence there is some substitution ⋆ such that α = γ^⋆. Dropping the terms in this process, we obtain a deduction of γ from the hypotheses α_1, . . . , α_n from which we obtain a deduction of α by substitution. • Hindley proved in [7] that two BCI-λ-terms M and N have the same principal pairs, whenever M =_β N . On the other hand, any BCI-λ-term is stratified. We conclude the following.

Corollary 3.6 Consider a set of BCI-combinators {M_1, . . . , M_n} with principal types {α_1, . . . , α_n}. Then, {M_1, . . . , M_n} is combinatorially complete for the BCI-λ-calculus if and only if {α_1, . . . , α_n} is a complete axiom-set for BCI-logic.

Example 3.7 Now consider the BCK-λ-terms M = (λxyzw.xz(yw))(λuv.u) and N = λyzw.z for which one has M →_β N and − λyzw.z : a → b → c → b. On the other hand, it is easy to see that −̸ (λxyzw.xz(yw))(λuv.u) : a → b → c → b.

The example above shows that the subject-expansion property does not hold in the BCK-λ-calculus. Nevertheless, we will obtain a similar result to corollary 3.6 for this calculus, establishing first some properties (stated in lemma 3.9 and lemma 3.10) on principal types of BCK-λ-terms. Besides the stratification theorem for BCK-λ-terms (theorem 2.1) we will also need the next lemma, that has already been used and proved by Hindley in [7].

Lemma 3.8 (Hindley) Let M and M^′ be BCK-λ-terms of the form M = (λx.U )V P1 . . . P_t, M^′ = (U [V /x])P1 . . . P_t (t ≥ 0) such that B − M^′ : α for some basis B and some type α ∈ T .

1. If x ∈ F V (U ), then B − M : α.

2. If x ∉ F V (U ), and there exists β ∈ T such that B − V : β, then B − M : α.

The following result is due to the absence of multiple occurrences of variables in BCK-λ-terms.

Lemma 3.9 If M is a BCK-λ-term with F V (M ) = {x_1, . . . , x_n}, then there are types α_1, . . . , α_n, α such that x1 : α1, . . . , x_n : α_n − M : α and such that each β ∈ {α_1, . . . , α_n} is of the form β_1 → . . . → β_k → b where the type variable b does not occur in the type schemes β_1, . . . , β_k.

Proof By induction on the length of M . The cases for M = x and M = λx.M_1 are easy.

Now consider M = (λx.U )V P_1 . . . P_t, such that t ≥ 0 and x ∉ F V (U ). From theorem 2.1 and by the induction hypothesis we conclude that there are bases B_1 and B_2 satisfying the conditions of the lemma and such that B_1 − U P_1 . . . P_t : α and B_2 − V : β. By the basis lemma (cf. [3], Proposition 3.1.7) and since no variable occurs more than once free in M we may suppose that dom(B1) ∩ dom(B2) = ∅, as well as x ∉ dom(B1) ∪ dom(B2). Consequently, B1, B2 − V : β follows equally from the basis lemma. On the other hand, we conclude from the generation lemma (cf. [3], Proposition 3.1.8) that there are types α_1, . . . , α_t such that B_1 − U : α_1 → . . . → α_t → α and B_1 − P_i : α_i, (1 ≤ i ≤ t). Hence, B_1, B_2, x : β − U : α_1 → . . . → α_t → α and B_1, B_2 − P_i : α_i, for (1 ≤ i ≤ t). Thus, B_1, B_2 − λx.U : β → α_1 → . . . → α_t → α and consequently one has B_1, B_2 − (λx.U )V : α_1 → . . . → α_t → α, and finally B_1, B_2 − (λx.U )V P_1 . . . P_t : α.

If M = (λx.U )V P_1 . . . P_t, with t ≥ 0 and x ∈ F V (U ), we conclude from lemma 3.8 that the term (λx.U )V P_1 . . . P_t admits exactly the same types as U [V /x]P_1 . . . P_t. On the other hand, it is easy to see that U [V /x]P_1 . . . P_t has smaller length than (λx.U )V P_1 . . . P_t, since x occurs exactly once in U . Thus, the result follows from the induction hypothesis.

Finally let M = xL_1 . . . L_m with m ≥ 1. By the induction hypothesis there are B_i and α_i such that B_i − L_i : α_i, for 1 ≤ i ≤ m. As before, we may suppose that the domains of B_1, . . . , B_m are pairwise disjoint and do not contain the variable x. Choosing a new type variable a we have B_1, . . . , B_m, x : α_1 → . . . α_m → a − xL_1 . . . L_m : a. •

Lemma 3.10 Consider a BCK-λ-term M , whose normal form is a proper combinator λx_1 . . . x_n.N with principal type α = α_1 → . . . → α_n → a. Then there are types α̃_1, . . . , α̃_n ∈ T such that • − M : α̃_1 → . . . → α̃_n → a; • if x_i ∈ F V (N ), then α̃_i = α_i, for 1 ≤ i ≤ n;

• if x_j ∉ F V (N ), then α̃_j = β_1 → . . . → β_k → b, with k ≥ 0 and 1 ≤ j ≤ n, and such that the type variable b does not occur in β_1, . . ., β_k and no type variable occurs both in α̃_j and in some α_i for which there is x_i ∈ F V (N ) and 1 ≤ i ≤ n.

Proof First note that α_i is a type variable, say a_i, with no further occurrences in α, whenever x_i ∉ F V (N ) and i ∈ {1, . . ., n}. Now, we prove the result by induction on the length k of the normal reduction from M to λx_1 . . . x_n.N . Here we show that one may obtain a type for M from α, by substitution of some of the type variables a_i, for which there is x_i ∉ F V (N ), but such that x_i occurs free in some subterm of M , by types of the form β_1 → . . . → β_k → b containing only new type variables and such that b does not occur in β1, . . . , β_k. 2 The result is trivially true for k = 0.

Consider a normal reduction from M to λx_1 . . . x_n.N of length k > 0 and suppose that in the first step M reduces to some term M_1, which may be obtained from M by substitution of some subterm in M of the form (λx.P )Q by P [Q/x]. From lemma 3.8 we conclude that M admits exactly the same types as M_1, whenever x ∈ F V (P ). Hence the result follows from the induction hypothesis.

Now, suppose that there is x ∉ F V (P ), i.e. P [Q/x] = P and let F V (Q) = {y_1, . . . , y_m}. Since (λx.P )Q is the leftmost redex in M and M reduces to the proper combinator λx_1 . . . x_n.N , it is easy to see that the term M is necessarily of the form λx1 . . . x_t.(X1(X2(...(X_l((λx.P )Q) . . .) . . .) . . .) . . .) 2Note that for such a substitution ⋆ = [a1 := β11 ! . . . ! β1k

1 ! b1, a2 := β21 ! . . . ! β2k_2 ! b2] the

types β11 ! . . . ! β1k1 ! b1 and β21 ! . . . ! β2k2 ! b2 may have variables in common, while b1 may occur in

β21 ! . . . ! β2k_2 ! b2.

with 0 ≤ t ≤ n, and l = 0 whenever t < n, and such that the terms X_1, . . . , X_l are applicative terms over {x_1, . . . , x_n} \ {y_1, . . . , y_m}. Furthermore, there is {y_1, . . . , y_m} ⊆ {x_1, . . . , x_t} since M is a closed term. The term M1 = λx1 . . . x_t.(X1(X2(...(X_lP . . .) . . .) . . .) . . .) admits, by the induction hypothesis a type α̃_1 → . . . → α̃_n → a obtained from α by substitution of some of the type variables a_i by types containing only new type variables, where 1 ≤ i ≤ n, and such that x_i occurs free in some subterm of M_1, while x_i ∉ F V (N ). For x_i ∈ {y_1, . . . , y_m} follows α̃_i = α_i = a_i, with no further occurrence of the type variable a_i in α̃_1 → . . . → α̃_n → a. From lemma 3.9 we conclude that there are types ⃗β1 = β11 → . . . → β1_{k1} → b1 , . . ., ⃗β_m = β_m1 → . . . → β_{mk}m → b_m and γ such that b_i does not occur in β_{i1}, . . . , β_{ik}i for 1 ≤ i ≤ m and such that y1 : ⃗β1, . . ., y_m : ⃗β_m − Q : γ. Without loss of generality we may suppose that ⃗β_1, . . . , ⃗β_m, γ and α̃_1 → . . . → α̃_n → a have no variables in common. Now consider the inference process of the type α̃_1 → . . . → α̃_n → a for M_1. As the variables y_1, . . . , y_m do not occur in (X_1(X_2(...(X_lP . . .) . . .) . . .) . . .) it follows that all steps in the inference of the type of this term are of the form

B_U , y_1 : a_1, . . . , y_m : a_m − U : σ

where no use has been made of the type assignment y_1 : a_1, . . ., y_m : a_m. Hence, one may substitute each a_i by ⃗β_i, for 1 ≤ i ≤ m. Furthermore, in the part which corresponds to the inference of a type, say δ, for P one may join the declaration x : γ to the basis, thus obtaining B_P , y_1 : ⃗β_1, . . . , y_m : ⃗β_m, x : γ − P : δ and infering B_P , y_1 : ⃗β_1, . . . , y_m : ⃗β_m − λx.P : γ → δ. From the basis lemma we conclude

B_P , y_1 : ⃗β_1, . . . , y_m : ⃗β_m − Q : γ

hence B_P , y_1 : ⃗β_1, . . . , y_m : ⃗β_m − (λx.P )Q : δ. Consequently, it is possible to infer the type α̃_1 → . . . → α̃_n → a for M , where α̃_i = α̃_i whenever x_i ∉ {y1, . . . , y_m}. •

Proposition 3.11 Consider a set of BCK-combinators {M_1, . . . , M_n} with principal types {α_1, . . . , α_n}. Then {M_1, . . . , M_n} combinatorially complete for the BCK-λ-calculus if and only if {α_1, . . . , α_n} forms a complete set of axioms for BCK-logic.

Proof By proposition 3.1 it remains to show that the completeness of {α_1, . . . , α_n} follows from the completeness of {M_1, . . ., M_n}. Since {M_1, . . ., M_n} is a basis, it is obvious that there are closed λ-terms B̃, C̃, K̃, combinations of M1, . . . , M_n, and such that B̃xyz →_β x(yz) C̃xyz →_β xzy K̃xy →_β x

It is easy to see that one has the same for the normal forms of B̃, C̃ and K̃, whose existence results from theorem 2.1. On the other hand, note that λxyz.x(yz), λxyz.xzy and λxy.x are the only closed normal forms with this property and that their principal types (b → c) → (a → b) → a → c (a → b → c) → b → a → c and a → b → a form a complete set of axioms for BCK-logic. Since the terms B̃, C̃ and K̃ satisfy the conditions in lemma 3.10, there is − B̃ : (b → c) → (a → b) → a → c − C̃ : (a → b → c) → b → a → c − K̃ : a → β → a where β = β_1 → . . . β_k → b and k ≥ 0, such that a ≠ b and neither a nor b occur in β_1, . . . , β_k.

We conclude the proof, showing that a term with type a → b → a is definable from B̃, C̃ and K̃. For this we construct a term that admits a type of the form a → (⋆(β2) → . . . → ⋆(β_k) → b) → a where ⋆ is a substitution of some type variables by types containing only new type variables. Consequently, the type variable b does not occur in the types ⋆(β_2), . . . , ⋆(β_k), while the number of “principal” implication symbols in ⋆(β_2) → . . . → ⋆(β_k) → b is strictly smaller than in the type β1 → . . . → β_k → b. Hence, it is sufficient to repeat this process until one obtains a term with a type of the form a → b → a.

In fact, there is − C̃ : (((β → a) → c) → (a → (β → a)) → a → c) → (a → (β → a)) → ((β → a) → c) → a → c − B̃ : ((β → a) → c) → (a → (β → a)) → a → c − C̃B̃ : (a → (β → a)) → ((β → a) → c) → a → c − K̃ : a → β → a − C̃B̃K̃ : ((β → a) → c) → a → c − C̃B̃K̃ : ((β^′ → a^′) → c^′) → a^′ → c^′ − C̃B̃K̃(C̃B̃K̃) : ⋆_1(a → c)

such that β^′ is β where each type variable d has been substituted by a new variable d^′ and such that ⋆1 is the substitution following from the unification of

(β → a) → c with ((β^′ → a^′) → c^′) → a^′ → c^′.

Note that the existence of ⋆_1 follows from theorem 2.1. Since ⋆_1 results from a = c^′, c = a^′ → c^′, a^′ = β2 → . . . → β_k → b and β_1 = β^′_1 → . . . → β^′_k → b^′

we conclude ⋆1(a → c) = c^′ → ⋆(β2 → . . . → β_k → b) → c^′ where ⋆ results from the unification of β_1 with β^′_1 → . . . → β^′_k → b^′. Furthermore, since b does not occur in β_1 there is − C̃B̃K̃(C̃B̃K̃) : c^′ → (β^⋆_2 → . . . → β^⋆_k → b) → c^′. •

4 Principal pairs of BCK-˘-terms

In this section we reprove the fact, already presented by Hirokawa in [8], which states that each BCK-λ-term in normal form is completely (modulo α-conversion) determined by its principal pairs. This result, which has the equivalence of β-conversion and equality (modulo renaming of variables) of principal pairs for BCI-λ-terms as a consequence, is rather intuitive and stems from the fact that no variable occurs more than once free in any BCK-λ-term. In fact, without this restriction the result turns out to be false, even for λI-terms as shows the example below.

Example 4.1 Both normal forms λxyzu.x(yz)(yu) ≠_β λxyzu.x(yu)(yz) have principal type (a → a → b) → (c → a) → c → c → b. At first sight, the proof of the result seems to be straightforward using induction on the term structure (or length). However, for the case xM_1 . . . M_n the induction hypothesis is not applicable (see also comments in [8] on page 266). Hirokawa surrounded this difficulty defining a transformation of type assignment figures, which preserves principality. Furthermore, he introduced the notion of connection of types in type assignment figures in order to characterize principal type assignment for BCK-λ-terms. Finally the proof works by induction on the weight of terms. In the following, we describe an alternative way to overcome the encountered difficulty. It consists in taking a slightly stronger result, than the one we wish to prove, as the induction hypothesis in order to turn it applicable to the case xM1 . . . M_n. Then, it is sufficient to use some direct consequences of the definition of principal pair as well as the following lemma.

Lemma 4.2 Consider a BCK-λ-term M in normal form with principal pair (B, α). Then each type variable has at most two occurrences in (B, α).

Proof By induction on the structure of M .

If M = x, then (B, α) is of the form ({x : a}, a).

Let M = λx.P , where P is a BCK-λ-term in normal form. We conclude from the generation lemma that α is of the form α = β → γ and B, x : β − P : γ. If x ∈ F V (P ), then (B∪{x : β}, γ) is a principal pair of P and the result follows from the induction hypothesis. Otherwise, i.e. if x ∉ F V (P ), then (B, γ) is a principal pair of P and β = b where b is a type variable with no further occurrence in B and γ. By the induction hypothesis, each type variables occurs at most twice in (B, γ) and consequently in (B, b → γ). Finally suppose that M = xN_1 . . . N_n, with n ≥ 1. Since M is a BCK-λ-term, it is easy to see that the variable x does not occur in N_1, . . ., N_n, that one has α = a and that B = B_1 ∪ . . . ∪ B_n ∪ {x : α_1 → . . . α_n → a} such that (B_i, α_i) and (B_j , α_j) have no common type variables, for 1 ≤ i ≠ j ≤ n, and that each pair (B_i, α_i) is a principal pair of N_i. We conclude by the induction hypothesis that each type variable has at most two occurrences in each pair (B_i, α_i) and consequently in (B, a). •

Proposition 4.3 Let M and N be two BCK-λ-terms in normal form. If M and N have the same principal pairs, then M =_α N .

Proof We show by induction on the length of the terms M and N that whenever B = {z_1 : γ1, . . . , z_k : γ_k} is a basis such that every type variable occurs at most twice in (B, α) and such that

(B ¯ F V (M ), α) and (B ¯ F V (N ), α) are respectively principal pairs for M and N , then M =_α N . Then it is sufficient to note that, by the basis lemma and by lemma 4.2, every principal pair of M and N satisfies the conditions above.

The result is trivial when M and N are variables. Otherwise, M and N are respectively of the form M = λu1 . . . u_{n1} .y1M1 . . . M_{m1} and N = λv1 . . . v_{n2} .y2N1 . . . N_{m2} with n1 > 0, n2 > 0, m1 > 0 or m2 > 0 and with principal pairs (B1, β1 → . . . β1_{n1} → b1) and (B2, β21 → . . . β2_{n2} → b2) which are respectively variants of (B ¯ F V (M ), α) and (B ¯ F V (N ), α). Thus, it follows that α is of the form α = α1 → . . . → α_n → a, where n = n1 = n2 ≥ 0.

Next we substitute all occurrences of u_1, . . . , u_n in M and of v_1, . . . , v_n in N by new variables x1, . . . , x_n obtaining M^′ =_α M and N^′ =_α N . Hence, (B ¯ F V (M^′), α) and (B ¯ F V (N^′), α) are respectively principal pairs of M^′ = λx_1 . . . x_n.y^′_1M^′_1 . . . M^′_{m1} and N^′ = λx_1 . . . x_n.y^′_2N^′_1 . . . N^′_{m2} and consequently (B ∪ {x_1 : α_1, . . ., x_n : α_n} ¯ F V (y^′_1M^′_1 . . . M^′_{m1} ), a) and (B ∪ {x_1 : α_1, . . ., x_n : α_n} ¯ F V (y^′_2N^′_1 . . . N^′_{m2} ), a)

are respectively principal pairs of y^′_1M^′_1 . . . M^′_{m1} and of y^′_2N^′_1 . . . N^′_{m2} , where the type variable a occurs in the types assigned to both y^′_1, y^′_2 ∈ dom(B) ∪ {x_1, . . . , x_n}. By lemma 4.2 each type variable occurs at most twice in {γ_1, . . . , γ_k, α}, hence y^′_1 = y^′_2 = y, with y : β ∈ B ∪ {x1 : α1, . . . , x_n : α_n}. Furthermore, note that the variable y does not occur in the terms M^′_1, . . . , M^′_{m1} or N^′_1, . . ., N^′_{m2} . On the other hand, there is F V (M^′_i )∩F V (M^′_j ) = ∅, for 1 ≤ i ≠ j ≤ m_1, as well as F V (N^′_l )∩F V (N^′_k) = ∅, for 1 ≤ l ≠ k ≤ m_2. Thus, β = β_1 → . . . → β_m → a with m = m_1 = m_2 and for i = 1, . . . , m the pairs

(B ∪ {x_1 : α_1, . . . , x_n : α_n} ¯ F V (M^′_i ), β_i) and (B ∪ {x_1 : α_1, . . . , x_n : α_n} ¯ F V (N^′_i ), β_i)

are respectively principal pairs of M^′_i and N^′_i . Then M^′_i =_α N^′_i results from the induction hypothesis. • References

[1] A. R. Anderson and N. D. Belnap. Entailment. The Logic of Relevance and Necessity, Vol. 1.

Princeton University Press, New Jersey, 1975.

[2] H. Barendregt. The Lambda Calculus, its Syntax and Semantics. North-Holland, Amsterdam, 1981.

[3] H. Barendregt. Lambda calculi with types. In Abramsky, Gabbay, and Maibaum, editors, Background: Computational Structures, volume 2 of Handbook of Logic in Computer Science, pages 117–309. Oxford Science Publications, 1992.

[4] H. B. Curry and R. Feys. Combinatory Logic, volume 1. North-Holland, Amsterdam, 1958.

[5] N. G. de Bruijn. The mathematical language AUTOMATH, its usage and some of its extensions.

In Symposium on automatic demonstration, volume 125 of Lecture Notes in Mathematics, pages 29–61. Springer Verlag, 1970.

[6] J. R. Hindley. The Principal Type-scheme of an Object in Combinatory Logic. Transactions of the American Mathematical Society, 146:29–60, 1969.

[7] J. R. Hindley. BCK-combinators and linear λ-terms have types. Theoretical Computer Science, 64:97–105, 1989.

[8] S. Hirokawa. Principal types of BCK-lambda-terms. Theoretical Computer Science, 107:253–276, 1993.

[9] W. A. Howard. The formulae-as-types notion of construction. In J. P. Seldin and J. R. Hindley, editors, To H. B. Curry: Essays on Combinatory Logic, Lambda Calculus and Formalism, pages 479–490. Academic Press, 1980.

[10] C. A. Meredith and A. N. Prior. Notes on the axiomatics of the propositional calculus. Notre Dame J. Formal Logic, 4:171–187, 1963.

[11] D. Meredith. Positive Logic and λ-constants. Studia Logica, 3:267–285, 1978.