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Abstract

The deductive verification of concurrent programs gained new tools with the advent of
Concurrent Separation Logic (CSL). This program logic is a compositional method that combines
the Owicki-Gries method with Separation Logic, allowing to reason and prove correct concurrent
programs manipulating shared mutable data structure. The soundness of Concurrent Separation
Logic had been established using a denotational semantics (based on traces). An alternative
proof based on structural operational semantics was obtained only for a fragment of the logic —
the Disjoint CSL — which disallows modifying shared variables between concurrent threads. In
this work, we lift such a restriction, proving the soundness of full Concurrent Separation Logic
with respect to an operational semantics.

1 Introduction

The aim of this work is to present a new soundness proof for the Concurrent Separation Logic, [7],
with respect to a structural operational semantics, [11]. This work adapts and extends the results
presented by Vafeiadis, [15].

The axiomatic verification of programs goes back to Hoare Logic, [6]. This seminal work introduces
two key ideas, i) the specification of programs by means of what is know by a Hoare triple: {P}C{Q},
where P and () are first order formulae, called the precondition and postcondition respectively,
and C is an imperative program; ii) a deductive proof system to ensure the partial correctness of
programs. We say that a program is partially correct, if every execution of C from a state respecting
the precondition does not abort and the postcondition holds for its final state, when the execution
terminates. The state for this logic is formed only by the store, i.e. a partial function that records
the value of each variable. Hoare’s work gave rise to numerous deductive systems, for instance
Owicki-Gries method, see e.g. [9, 10], and Separation Logic, see e.g. [8, 13, 14].

The Owicki-Gries method is one of the first attempts to give a resource-sensitive proof system for
concurrent programs. Each resource has a mutual exclusion lock, an assertion, called invariant, and
a set of variables, called protected variables. To reason about concurrent programs synchronizing
via resources, Owicki and Gries augmented the programming language with i) parallel composition,
C' || C; ii) local resources, resource r in C; and iii) a critical region, with » when B do C, where r
denotes a resource.

The execution of parallel composition non-deterministically chooses one of the commands to
execute first. As usual, the execution is assumed weakly fair, i.e. if a commands is continually
available to be executed, then this command will be eventually selected. The resource command
declares a local variable r to be used in C. The critical region command waits for the availability
of the resource r, and when B holds, it acquires r and starts the execution of C; the resource r is
released upon the termination of the execution.



The programs derivable by the Owicki-Gries method have to respect resources invariants —
properties respected when acquiring and releasing resources — and respect the protection of variables
— to change a protected variable, it has to acquire all resources protecting that variable. The
parallel rule of the proof system proposed by Owicki, [9], requires that every free variable occurring
in one command can not be changed by another, except by protected variables occurring within the
derivation proof of its critical region. Thus, the Owicki-Gries method is not compositional.

Separation Logic supports reasoning about imperative programs with shared mutable data and
consequently about dynamical data structures, such as lists and trees. In order to do this, the assertion
and program languages used in the Hoare Logic had to be augmented. The assertions are extended
with the constructs emp, representing the empty memory; e — €', representing a single memory
location e with the value €’; and P * ), representing a portion of memory that can be divided in two
disjoint parts, one satisfying P and the other satisfying ). The programing language is augmented
with commands for reading a memory location, x:=[e]; for writing on a memory location, [e]:=e’; for
allocating a memory cell, x:=cons(e); and for deallocating a memory cell, dispose(e). Naturally, the
proof system is also extended with a rule for each new commands and with a frame rule, used to
enlarge the portion of memory considered in the specification of a program. This rule is crucial to
achieve local reasoning: program specifications only need to consider the memory relevant for their
execution; the frame rule allows to extend those memory portions. Therefore, this local reasoning
mechanism can be used to establish the partial correctness of disjoint concurrent programs, i.e.
concurrent program where each thread do not modified variables used by others threads.

In these settings, the memory is usually represented by the heap — a partial function from the
set of locations to the set of values. The store and the heap together define the state of a program.
In order to prove the soundness of the frame rule, and thus of local reasoning, it is sufficient to ensure
the validity of two key properties: safety monotonicity and the frame property. Safety monotonicity
states that if an execution does not abort for a given memory portion, then the execution does
not abort for any memory portion that contains the initial one. The frame property says that if
a command does not abort for a given memory portion, then every execution on a larger portion
corresponds to an execution on the initial one.

Since the introducing of Separation Logic, different authors adapted Separation Logic to the
verification of concurrent programs. Vafeiadis introduced RGSep, combining Separation Logic with
Rely/Guarantee reasoning [16]. Reddy and Reynolds introduced a syntactic control of interference in
Separation Logic [12], borrowing ideas from works on fractional permissions [2]. O’Hearn proposed
Concurrent Separation Logic (CSL), combining Separation Logic with the Owicki-Gries method [7].
Brookes formalized this version of the logic, extending the traditional Hoare triples with a resource
context I' and a rely-set A, what leads to specifications of the form I" =4 {P}C{Q}. A resource
context records the invariant and the protected variables of each resource. A rely-set consists of
all free variable of a specification, with the exception of the variables occurring inside a critical
region. This set ensures that CSL is a compositional proof method, proved sound with respect to a
denotational semantics based on traces, where a program state is represented by the store, the heap
and the sets of resources, expressing variable ownership [4]. Actually, the rely-set was introduced
after Wehrman and Berdine discovered a counter-example to the initial proof of soundness of CSL
[3], and it is analogous to the set of variables used by Owicki and Gries to check non-interference in
their parallel rule, playing the same role in the parallel rule used by Brookes.

Alternatively, Vafeiadis proposed a structural operational semantics for concurrent programs
synchronizing via resources, and proved the soundness of a fragment of CSL, the Disjoint Concurrent
Separation Logic, where concurrent threads are not allowed to modify shared variables [15].

Our motivation for this work was to remove the disjointness condition and obtain a soundness
proof using a structural operational semantics for the full Concurrent Separation Logic. The goal is
relevant because it is a step in the development of more expressive provers well integrated in software
development environments.

Concretely, the contributions of this work are the following.

e A novel notion of environment transition that simulates actions made by other threads. We
define it taking into account the rely-set, available resources and their invariants (Section 4.1).
This relation is important to study the interferences made by other threads. Furthermore it



allows to show the soundness of the parallel rule. Note that Vafeadis uses a different notion of
environment transition [16].

e The resource configuration that expresses ownership. It is defined with three sets: owned
resources, locked resources, and available resources (Definition 24). A program state is formed
by a store, a heap and a resource configuration.

e A collection of examples of programs which we prove correct in Concurrent Separation Logic.
The aim is to illustrate the expressiveness of the proof system; hence we selected “classical”
problems. In particular, we show correct programs to push and pop over a stack in parallel;
to lock and release of a binary semaphore in parallel; and to multiply two matrices in parallel
(Section 2.6). These examples together with the programs proved by O’Hearn and Brookes,
[7, 3, 4], support the usefulness of Concurrent Separation Logic.

In the rest of this paper, we review the syntax of concurrent resource-oriented program with shared
mutable data (Section 2.4) and Concurrent Separation Logic proof system (Section 2.5), following the
work of Brookes [4]. Next, we present a structural operational semantics for the previous programs
(Section 3.4), along the lines of the work of Vafeiadis [15]. We prove that this operational semantics
respects safety monotonicity and the frame property (Section 3.6) and we give a specific formula for
the resource configuration along an execution (Section 3.7). Afterwards, we introduce the environment
transition relation (Section 4.1). Finally, we prove the soundness of Concurrent Separation Logic with
respect to the operational semantic we defined (Section 4.4).

2 Concurrent Separation Logic

In the following sections, Concurrent Separation Logic is revisited, as presented by Brookes [4]. First,
the syntax of expressions, Boolean expressions and assertions are defined. This part follows the work
done for Separation Logic, see e.g. [13]. Next, the syntax of commands for concurrent programs
is specified. Then, the inference rules for Concurrent Separation Logic are given. To finish some
examples of derivable programs in Concurrent Separation Logic are presented.

2.1 Expressions and Boolean expressions

We write Var for the set of variables, which are usually expressed with lowercase letter, e.g. x,vy,. ...
Let Val denote the set of values. The set of values include at least the natural numbers and the
representation of null, i.e. Ny U {null} C Val.
The set of ezpressions is denoted by Exp and it is given by the following grammar

e:=x|nle+e|eg —es|er Xea, x € Var, n € Val.
The set of Boolean expressions is denoted by Bool and it is defined by
B:=true|false|e; =ex|e; <es | BiABy| BV By | B, ej,es € Exp.
Next, we define the set of variables, that occur free inside an expression.
Definition 1. Let e € Exp. The set of free variables in e is denoted by FVg(e) and it is given by:
o FVg(x) = {z},
o FVg(n)=10,
o FVi(er 4+ e2) = FVg(e1 —e2) = FVg(e1 X e3) = FVg(e1) U FVg(es).

For the set of expressions, {e1, es, ..., e,}, we write F'Vg(e1, e, ..., e,) to denote the set F'Vg(e1)U
FVg(e2) U...UFVg(e,). The set of free variables for a Boolean expression is defined below.



Definition 2. Let B € Bool. The set of free variables in B is denoted by FVpgr(B) and it is given
by:
o FVpp(true) = FVpgr(false) =0,
o ['Vpr(e1 =e2) = FVpg(e1 < e2) = FVg(e1) U FVg(ez),
o FVpp(Bi A Bz) = FVpp(B1V Bs) = FVpp(B1) U FVgp(B:) ,
e FVpg(—B) = FVpg(B).

For the set of Boolean expressions, {Bi, Ba, ..., By}, we write FVgg(B1,Ba,...,B,) to denote
the set FVBE(Bl) U FVBE(BQ) u...uU FVBE(Bn)

In both definition, when no confusing arise we omit the subscript.

Next, we see how the partial substitution interact with expressions and Boolean expressions.

Definition 3. Let ¢ € Exp, x € Var and v € Exp. The partial substitution in the expression e of x
by v is denoted by e[v/x|g, and it is defined by:

o if y=u, then ylv/x]lp = v, else y[v/z] =y

e nfv/zlp =n,

o (e1+er)v/alp = efv/alp + ealv/z]p,

o (e1 —e2)[v/z]p = erv/z]p — e2v/2]E,

o (e1 x e2)[v/z]p = erv/z]p x e2[v/]E.

We denote the partial substitutions e[vy /x1]g[va/22]E - . . [Un/@n]E bY €[v1/21,v2 /22, ..., U0 /T ]E.

Definition 4. Let B € Bool, x € Var and v € Exp. The partial substitution in the Boolean
expression B of x by v is denoted by Blv/x|pE, and it is defined by:

o true[v/z|pg = true,
e false[v/x]pg = false,

o (e1 =e9)[v/z]pr = (e1[v/x]E = e2[v/z]E),

e1 < es)[v/xlpr = (e1[v/z]E < eav/z]E),
B4 /\BQ)[’U/Q?]BE = (Bl[v/x]BE /\BQ[U/Z‘]BE),
Bl \/BQ)[’U/.Z‘]BE = (Bl[v/a:]BE \/BQ[U/Q?]BE),

o (-B)[v/x]pr = ~Bv/z]BE.

(
(
(
e (

The notation Blvy/x1,v2/2a,...,v,/x,]p stands for Blvy/x1]p[ve/xa]p ... [vn/Th]B-
As before, we omit the subscript in partial substitutions when no confusing arise.

2.2 Assertions

We begin this section by defining the syntax of assertions.

Definition 5. The set of assertions is denoted by Astn and it is given by:

P = B‘_|P|P1/\P2|P1\/P2|P1=>P2|V1‘P|E|J?P
| emp|lee | PLxPy| P —xPs,

where B € Bool, x € Var and e, e’ € Exp.



Besides the assertion usually used in Hoare Logic, we also consider the assertion introduced by
Separation Logic. They intent to describe the following ideas:

emp the empty memory.

e e a memory with the location e, which has the value ¢’.

P+ Py a memory that can be divided in two disjoint parts such that one part verifies P;
and the other part verifies Ps.

P, —P, a memory such that, for every disjoint memory that verifies P;, the union of
memories verifies P .

The set of variables that occur free inside an assertion are defined below.

Definition 6. Let P € Astn. The set of free variables in P is denoted by FV4(P) and it is given
by:

o FVa(B) = FVBE( )

o F'Va(emp) =

o FVa(=P) = FVA( )

o FVa(VaP) = FVa(BaP) = FVa(P) \ {z},

o FVA(PL AN Py) = FVA(PLV Py) = FV4(Py = P) = FVA(PL % Py) = FVa(P) —+P) =
FVaA(P1)UFVa(P2),

o FVy(e— ¢')=FVg(e ).

As before, for a set of assertions {Py, Ps, ..., P,}, we write FV4(Py, Py, ..., P,) to represent the
set FVA(P1)UFVa(P2)U...UFV4(P,). And, when no confusing arise we omit the subscript.
Next, we define the partial substitution on assertions.

Definition 7. Let P € Astn. We denote the partial substitution in the assertion P of x € Var for
v € Exp by Plv/x]a, and it is inductively defined in the following way:

e Blv/z|a = Blv/z|pE,

o (—-P)[v/z]a = ~Pv/]a,
o (PiAPR)[v/x]la= Pilv/z]a A Palv/z]a,
o (PLV Py)[v/x]a = Pi[v/x]aV Palv/z]a,

(P = Py)[v/x]a = Pilv/x]a = Palv/x]a,
if ' = x, then (Va'P)[v/x]a = Va'P, else (V&' P)[v/x]a = Va'(P)[v/x] 4,
if ' = x, then (32’ P)[v/x]a = 32’ P, else (32'P)[v/x]a = 32’/ (P)[v/x] 4,

o emplv/ala = emp,
(e = &)[v/aa = (elv/a]p ~ ¢[v/a]p),
(Py % Py)u/2]a = Pi[v/z]a * Palv/a]a,
o (P —+P)v/z]s = Pi[v/x]s —Palv/a]a

We write Plvy/x1,v2/a, ..., 0n/2s] 4 for the partial substitution Plvy/z1]ave/x2]a ... [Un/Tn]A-
When no confusing arise, we omit the subscript.

Despite we did not give the semantic of assertions, we introduce the notions of validity and precise
assertions. The interested readers can see the sections 3.1 and 3.2 for the formal definitions.

We say that an assertion P is valid and write = P, if P is satisfied by every storage and heap
(definition 21).

If for a given storage and heap, the subheap that satisfies P is uniquely determined, then we say
that P is precise (definition 22).

For instance, we give examples of valid and precise assertions.



Example 1. The following assertions are valid:
e =EP=P,
e =Pxemp= P,
e =P = Pxemp.
Example 2.
e emp S a precise assertion.
e e ¢ is a precise assertion.
e if P is precise and B € B, then P A B is precise.

e if P, and P are precise assertions, then Py x Py is a precise assertion.

2.3 Resources context

The set of resources names is denoted by Res. The resources names are usually denoted by lowercase
letters different from those used for variables, i.e. Res N Var = (.

Next, we define the resource context as it is defined in [4]. The global properties are represented
by resource contexts.

Definition 8. A resource context I' has the following form
7”'1(X1) . Rl,TQ(XQ) . RQ, ey Tn(Xn) . Rn,

where r1,79,...,7y are distinct resources names, Ry, Ro, ..., R, are assertions and X1, Xs,..., X,
are sets of variables such that FV(R;) C X;, for each i =1,2,... n.
We say that the resource context I is well-formed if R; is a precise assertion, for every i.

As noted by others authors, because we’ll consider the conjunction rule in the inferences rules, it is
necessarily to use precise assertion to define the resource context. This is illustrated with an example
in [7, Section 11]. Moreover, the results presented in this text do not require that the resource context
is precise, except for the conjunction rule.

The following examples are instances of well-formed resources context.

Example 3.

o A resource context that establish the equality of two variables has the form
r(x,y) : x=y A emp.

e The resource st represents a stack
st(z) : stack(z),
where stack(z) is inductively defined by:

— z=null A\ emp, or

— oz a, b stack(b),
and z — a,b is abbreviation to z+— axz+ 1+ b.

o Let a;j € Val, i = 1,....,n and j = 1,...,m. A matriz, n X m, with coefficients a;; is
represented by the following resource context

mat(X,n,m): X — a11,a12...,0n,m-

)



o Leti=1,...,m. The next resource context represents the i-column of the matriz above

coli(X,n,m) : X+(i—1)—a;+«X+0E-—1+m—ag;*x..xX+(@—-1)+n—1)m— an,.

o Let j=1,...,n. The j-line of the matrix above is represent by

linj(X,m) : X+ (j—1)mw—a;1,a2,...05m.

e Let p and q denote different threads. A binary semaphore for the threads p and q can be
represented in the following way

se(wantp, wantq) : wantp + wantq < 1 A (wantp = 0V wantq = 0) A emp.
In the next definition, we fix some notation for resource contexts.

Definition 9. Let I" be a well-formed resource context with the form

r1(X1) : Ry, 7m2(X2) : Ro,...,mn(X0) : Ry

We denote by Res(T") the set {r1,ra,...mn},

For r; € Res(T), we say that the variables in X; are protected by the resource r; and we denote

We denote by PV (L) the set U, cpesry PV (7),

For r; € Res(T"), the assertion R; is denoted by I'(r;),

For a set D ={rj,,rj,,...,7;,} € Res(I"), we define

@ I'(r)=Rj, *Rj, *...x Rj,,
reD

We write inv(T") to represent ® T'(r).
reRes(T")

Below, we see how to change the resources names inside a resource context.
Definition 10. Let r,7’ € Res and T' be a resource context with the form
r1(X1) : Ry,r2(X2) : Ra, ..., rn(Xy) : Ry,
such that v’ ¢ Res(T"). We define the substitution T'[r'/r] by:
o ifr=r, T[r'/r] =ri(X1): R1,m2(X2) : Ro,...,7"(X;) : Riy...,1n(Xn) : Ra.
e ['[r'/r] =T, otherwise.
For every resource context, we associate to each resource a set of protected variables. Then the

resource context determines a system of permission, as noted in [12] and [5].

2.4 Programming Language

The commands C are given by the following grammar:

C = skip|x:=e|x:=[e] | [e]:=€" | x:=cons(€) | dispose(e)
| Cl ) CQ | if B then Cl else CQ | while B do C | C1 || CQ

|  resource r in C' | with r when B do C,

where x € Var, e,e' € Exp, B € Bool and € = (ey,...,e,) is a vector of expressions.



The set of commands that result from the grammar above is denoted by Com.

The set of commands is composed by the commands consider by Hoare Logic, Separation Logic,
and Concurrent Separation Logic. The commands appended by Separation Logic capture the follow-
ing ideas:

x:=[e] it loads the value on the location e to the variable x.
[e]: =€’ it changes the value on the location e to e'.
x:=cons(€) it allocates n contiguous locations in the memory with the values eq,... e,

and assigns the first location to the variable x.
dispose(e) it deallocates the location e from the memory.

The commands added by Concurrent Separation Logic express the following ideas:

C1 || Cy it computes in parallel the commands C; and C5, with weakly fairness
(i.e. every enable command is eventually considered in the execution).
with » when B do C' if B is satisfied and the resource is not locked, it acquires the resource
r and execute C, after the execution it releases the resource r.
resource 7 in C it executes the command C' with the local resource r.

Next, we give some examples of program in Com.
Example 4.

o With our granularity of commands, we can increment a variable in parallel using the following
program
x:=x+1|| x:=x+1

o Let st denotes a stack. To pop an element from st, we use
with st when —(z = null) do y:=z; x1:=y; z:=[y+1]; dispose(y+1),
and to push the element x to the stack

with st do y:=cons(x,z) ; z:=y.

o Let X be a matricn Xk, Y a matric k xm, i =1,...,nand j =1,...,m. The i-line of X,
lin;, multiplied by the j-column of Y, col;, is obtained by
with lin,; do with col; do x:=0; [:=0; while | < k do a:=[X+(i-1)k + IJ; b:=[Y+(j-1) + k [; x:=x+ a b; :=I+1.
e The resource se represents a binary semaphore for the threads p and q. In the thread p, the
semaphore is acquired using the command above
with se when wantq = 0 do wantp:=1,

and the semaphore is released by

with se do wantp:=0.

We use analogous commands, for the thread q.
Next, we define the set of variables that occur free in a command.

Definition 11. Let C € Com. The set of free variables in C is denoted by FV(C) and it is given
by:

o FV(skip) =10,
o FV(x:=e) = FV(x:=[e]) = {x} U FVg(e),
o FV(x:=cons((e1,...,e,))) = {x} UFVg(e1,...,en),



FV([e]:=€) = FVg(e e,
FV(dispose(e)) = FVi(e),
o FV(Cy;Cy) =FV(Cy | Ca) = FV(C1) UFV(Ca),
FV(
FV(

V (if B then C else CQ) FVBE(B)UFV(01> UFV(CQ),
e FV(while B do C') = FV(with r when B do C') = FVpg(B)U FV(C),
e FV (resourcer inC) = FV(C),

Let {C1,C4,...,Cy} C Com, we denote FV(C1)UFV (C3)U...UFV(Cy,) by FV(C1,Ca,...,Ch).
In the following definition, we define the set of variables that can be modified by a command.

Definition 12. Let C € Com. The set of variables modified by C is named mod(C) and it is given
by:

e mod(x:=e) = mod(x:=[e]) = mod(x:=cons(e)) = {x},
e mod(if B then C; else Cs) = mod(C ; Cy) = mod(C} || Ca) = mod(C1) Umod(Cy),
e mod(while B do C') = mod(with r when B do C') = mod(resource r in C) = mod(C),

e mod(a) =0, otherwise.

The set of auxiliary variables have been useful to deduce more specific post conditions for a
program’s specification, see e.g. [10]. Next, we give the definition of auxiliary variables for a command.

Definition 13. Let C € Com. We say that X is a set of auxiliary variables for C if every occurrence
of x € X in C is inside a assignment to a variable in X.

After we have used the auxiliary variables to deduce a specification, we want to remove them
from the program. We replace the assignments to auxiliary variables by the command skip. This is
formalized in the next definition.

Definition 14. Let C € Com and X a set of auziliary variables for C. We denote by C \ X the
substitution of every assignments to auziliary variables in C by skip. It is inductively defined by:

o Ifxe X, then (x:=e) \ X = skip, else (x:=e) \ X = x:=e,
o (if B then C else C3) \ X = if B then Cy \ X else C5 \ X,
e (while B do C') \ X = while B do (C'\ X),
[ ]

Cil|C)\ X = (Cr\ X) || (C2\ X),

(
(
o (C1;C)\ X =(C1\ X);(C2\ X),
(
(with r when B do C) \ X = withr when B do (C \ X),

°
e (resourcer in C)\ X = resourcer in (C'\ X),

e C\ X =C, otherwise.

Below, we define the set of resources that appear in a command.

Definition 15. Let C € C. The set of resources that occur in a command C is denoted by Res(C)
and it is defined by:

e Res(withr when B do C') = Res(resource r in C) = Res(C) U {r},
e Res(Cy ; Cq) = Res(if B then Cy else Cy) = Res(C1 || C1) = Res(C1) U Res(Cs),

10



e Res(while B do C') = Res(C),
e Res(C) =0, otherwise.
To change the name of resources inside a command, we use the next definition.

Definition 16. Let C € Com and r,r" € Res such that v’ ¢ Res(C). We denote the substitution of
r for v’ on C by C[r'/r] and it is defined by:
e (if B then C else Cs)[r'/r] = if B then Cy[r’' [r] else Ca[r’ /7],
e (while B do C)[r' /r] = while B do (Cr' /7)),
o (Cr;C)[r'/r] = (Culr'/r]) ; (Calr'/7]),
o (C[| Co)[r'/r] = (Culr'/r]) || (Calr' /7)),
o (with # when B do C)[r' /r] = with #[r' /r] when B do (C[r'/r]),
e (resource i in C)[r' /r] = resource #r' /r] in (C[r'/r]),
o C[r'/r] = C, otherwise,

where F[r' /r] =1, if # =r, and #[r'/r] = 7, otherwise.

2.5 Inference rules

In this section, we write the inference rules for Concurrent Separation Logic, proposed in [4]. We
start by defining the specification of programs that will be used in the inference rules.

Definition 17. Let T be a resource context, A C Var, P,Q € Astn and C € Com. The specification
of a program have the form

I'Ea {PIC{Q}
Moreover we say that the specification of the program is well-formed, if T' is a well-formed resource
context, FV(P,Q) C A and FV(C) C AU PV ().

The set A used in the specification of program above is called the rely-set.
In the rules below, we only use well-formed specifications of programs.

(SKIP)
I k4 {P}skip{P}

(ASSIGNMENT)

x¢ PV(I') FV(e) CA

T'Fa {Ple/x|}x:=e{P}
(SEQUENCE)

Tha {P}Ci{P} Tk, {P2}C{Ps}
I'Fa,ua, {P1}Cy; Co{Ps}

(CONDITIONAL)

Lha, {PABICH{Q} T'ha, {PA-BICH{Q}
I |—A1U,42 {P}If B then C else CQ{Q}
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(LOOP)

I'k4 {P AB}C{P}
I' 4 {P}while B do C{P A —-B}

(CONSEQUENCE)

THA{P}C{Q} EP =P EQ=Q ACA
I'ba {P}C{Q"}

(AUXILIARY)

I'Faux {PIC{Q} XNFV(P,Q)=0 XNPV(I) X isauxiliary for C
4 {P}C\ X{Q}

(CONJUNCTION)
I'a, {P}C{Q1} kg, {P}C{Q2}
I Fajua, {P1APO{Q1 A Q2}
(LOOKUP)
x ¢ PV(I')UFV(ee')
Tha{Ple'/x]Ne— e tx=[e]{PAe— e}
(UPDATE)
ks {e— —}el:=e'{e— e}
(ALLOCATION)
x ¢ FV(eq,...,e,) UPV(T)
It 4 {emp}x:=cons((e1,...,ex)){x+—e1,...,e,}
(DISPOSAL)
'k, {e — —}dispose(e){emp}
(FRAME)
I'F4 {P}C{Q} mod(C)NFV(R) =0
I'Favrvr) {P* R}C{Q x R}
(PARALLEL)

I |_A1 {Pl}Cl{Ql} I l_Az {PQ}CQ{QQ} mod(Cl) n A2 = mod(Cg) n Al = @
T'Fa,ua, {PL*xPa}Ch || Co{Q1 x Q2}

(CRITICAL REGION)

I'Faux {(PAB)*R}C{Q * R}
I, 7(X): RF4 {P}with r when B do C{Q}

12



(LOCAL RESOURCE)
I'r(X) : REA{P}C{Q}
I'Faux {P * R}resource r in C{Q * R}

(RENAMING)
Lir'/r]Fa {P}C[r" /r{Q} 1" ¢ Res(C) 1’ ¢ Res(T)
I'a {P}C{Q}
We remind the reader to the difference between the (RENAMING) rule presented above and

the rule presented in [4]. Note that the renaming rule presented here implies the correspondent rule
in [4].

2.6 Examples

In this section, we give some examples of derivable program’s specifications for the rules presented
before.

We start by the operations of pop and push on a stack. And we show that we can perform, in
parallel, both operations on the same stack.

Example 5.

The operation of pop in a stack has the following specification that rely in one variable,

st(z,y) : stack(z) Fay {emp}pop() ; dispose(x1){emp},
where pop() = with st when —(z = null) do y:=z; x1:=y ; zz=[y+1] ; dispose(y+1).
We protect the variable y by the resource st, so we do not need to rely on it. Note that the
specification is well-formed.
Consider the following specification.

Fixtzy}y {emp* 3ap z > a,bx* stack(b)}

y:=z;

{emp * 3, y > a,b* stack(b)}

x1:=y;

{emp * 3, 4 x1 — a * y+1 — b* stack(b))}
(B b=bAy+1sb}
z=[y+1];
{Jpz=bAy+1— b}

{emp x 3, x1 > a * y+1 — z x stack(z))}
{y+1w 2z}
dispose(y+1)
{emp}

{(3a x1 = a) * (stack(z))}

By the (CRITICAL REGION), we have

st(z,y) : stack(z) Fpray {emp}
pop();
{3ax1—a}
dispose(x1)
{emp}
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The push operator in a stack has the following specification,

st(z,y) : stack(z) Fyyoy {emp}push(x2){emp},

where push(x) = with st do y:=cons(x,z) ; z:=y.
As before, we note that the specification is well-formed. And the specification above is obtained,
from the following specification and the (CRITICAL REGION).

Fix2zy} {emp * stack(z)}
{enp)
y:=cons(x2,z)
{y = x2,z}
{y = x2,z * stack(z)}
{emp * 3,4 y > a, b * stack(b)}
z:=y
{emp * 3,4 z — a, b * stack(d)}
{emp * stack(z)}

Noting that mod(push(x2))N{x1} = § and mod(pop) N{x2} = (), we can apply the (PARALLEL)
rule and we have the following specification

st(z,y) : stack(z) F iy 0y {emp}(pop() ; dispose(x1)) || push(x2){emp}.

The next example shows that we can create a simple binary semaphore for two threads. This
example is inspired in the solutions presented for the critical region problem in [1, Section 3].

In contrast to the solution obtained in [1, Section 3], we obtain a simpler solution for the critical
region problem. The program that we obtain is more simple, because we can use the command
with r when B do C. This example is similar to an example proposed in [7, Section 4].

Example 6.

We have the following specifications for the thread p:

se(wantp, wantq) : S ¢y {emp}lockp(){emp},
se(wantp,wantq) : S g {emp}releasep(){emp},

where

e S =wantp + wantq < 1 A (wantp = 0V wantq = 0) A emp,
e [ockp() = with se when wantq = 0 do wantp:=1,

o releasep() = with se do wantp:=0.

Consider the next well-formed specification of programs.

F{wantpwantq} {(emp A wantq = 0) x S}
{wantq = 0 A emp}
wantp:=1
{wantp =1 A wantq = 0 A emp}
{emp x S}
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and

F{Wantp,wantq} {emp * S}
{0 + wantq < 1 A emp}
wantp:=0
{wantp = 0 A wantp + wantq < 1 A emp}
{emp x S}

Applying the (CRITICAL REGION) we obtain the desired specifications. Considering the
analogous programs and derivations for the thread ¢ we obtain:

e se(wantp,wantq) : S ¢ {emp}ockqg(){emp}

e se(wantp,wantq) : S ¢ {emp}releaseq(){emp},

where lockq() = with se when wantp = 0 do wantq:=1 and releaseq() = with se do wantq:=0.
Using the (PARALLEL) rule, we obtain the next specification

se(wantp,wantq) : S ¢ {emp}(lockp() ; releasep()) || (lockq() ; releaseq()){emp}

Now, we give an informal reason to explain why the resource, se, and the operations, lock and
release, are a solution to the critical region problem. In particular, we discuss the properties of
mutual exclusion, free from deadlock, and free from starvation. We do not formalize this discussion,
because Concurrent Separation Logic is not suitable for this questions.

Consider the following program

lockp() lockq()
C.R. C.R.
releasep() || releaseq()

Note that when the thread p (¢) enter the critical region (C.R.), it changes the value of the variable
wantp (wantq, respectively) to 1. The mutual exclusion follows from the invariant wantp 4+ wantq < 1.

The execution of this program is free from deadlock, because the invariant impose that one of the
control variables wantp, wantq have the value 0.

Assuming that the parallel execution is fair, we also have that the program is free from starvation.
Because each thread automatically releases the semaphore after computing the critical region.

In the last example, we view the multiplication of matrices. We illustrate the problem by
multiplying a line from one matrix with a column from the other matrix. Moreover we show that we
can perform the multiplication of two lines with two column in parallel. To compute the multiplication
of two matrix is enough to compute the operation for each line and column in parallel.

Example 7.

Let ¢1,51 € N and lin;,, colj, the resources defined in the example 3. Consider the following
derivation.
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F Xk Yk b} {0, (X k) coly, (Y, k,m)}
r1:=0; [1:=0;
{(in, (X, k) * colj, (Y, k,m)) AT1 =0A 1, =0}

{(ling, (X, k) * coly, (Y, k,m)) Ay = Zah, i AN <k}

while 11 < k do (

15t
{(Z’anl (X, k’) * COlj1 (K k,m)) ATy = Zail,ib¢7j1 N1 <EkENL < k}
1=0
CL1:=[X —+ (21 — l)k + ll] ’ b1:=[Y + (]1 — ].) + kll],
1141
{(ling, (X, k) * coly, (Y, k,m)) Ary 4+ arby = Y a, ibij, Nl < kAl < k}
=0
r1i=r1 + albl;
l1+1
{(lin, (X, k) * coly, (Y, kym)) Ary = Y ag, iy Aln <k Al <k}
=0
l1:=ll +1
Iy
{(ling, (X, k) * coly, (Y, k,m)) Ary = ag, ibij, N —1 < kAL —1<k}
=0

{(ling, (X, k) * coly, (Y, k,m)) Ary = Za“ ibij, ANy <k}
1=0
)
Iy

{(linil (X, k) * colj, (Y, k:,m)) Ary = Zaihibi,j& ANy <EANL > k}
=0

{(lin;, (X, k) * coly, (Y, k,m)) Nry = Za“, i1 )

Denoting by multi;, j, the program

r1:=0; [1:=0; while [; < k do ( (11:=[X + (il — 1)k + l]7
bi:=[Y + (j1 — 1) + kl];
ri=r1 + a1by;
l1:=l1 +1

)

And applying the critical region rule, we have the specification above

ling, (X, k), col;, (Y, k,m) 4, {emp}with lin;, do with col;, do multi;, ;,{r1 = Z a;,,:i j, N emp},

where A1 = {k‘, T1, ll, ay, bl}
On the same way, we obtain the following specification

lin, (X, k), col;, (Y, k,m) Fa, {emp}with lin,, do with col;, do multi;, j,{r, = Z iy,ibij, A emp},
where A2 = {]ﬂ, T2, 12, as, bg}
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Note that mod(multi;, ;,) = {r1,l1,a1,b1} and mod(multi,, ;,) = {rs,l2, az, bz}
Then A; N mod(multi;, j,) = 0, As N mod(multi;, ;,) = 0 and by the (PARALLFEL) rule, we
conclude that

lin,, (X, k), coly, (Y, k,m), lin;, (X, k), colj,(Y,k,m) 4,04, {emp}

with lin;, do with col;, do multi;, j, ||with lin;, do with col;, do multi,, ;,

k k
{7“1 = E ail,ibi,jl A\ ro = E aig,ibi,jg AN emp}.
=0 =0

We finish this analyze by noting that we can use the (LOCAL RESOURCE) rule and obtain
the next specification

F{X,Y,nﬁmk,ﬁ>l17a1,b177‘2,l27a27b2} {mat(X’ n, k) * mat(Ya k, m)}
resource [in;, in resource lin,, in resource col;, in resource col;, in

with lin;, do with col;, do multi;, j, ||with lin;, do with col;, do multi,, ;,

k
{mat(X,n, k) * mat(Y,k,m) Ary = Za“ ibi g, Nro = Zai”bi_ﬁ,}.

3 Operational Semantics

Now, the operational semantics is introduced. The soundness of Concurrent Separation Logic will be
proved using this operational semantics.

The evaluation of expressions, Boolean expressions and assertions are recapped, as it is done
in [17, 13, 14]. Next, the language of programs is augmented with a command that expresses the
execution of the critical region with the resource acquired. This extension follows the propose done
by Vafeiadis [15].

The resource configuration, expressing the ownership of resources, is added to the usual definition
of program’s state. Then the transitions of programs and the notion of validity are presented. In the
following, some results about the transitions of programs are proved, e.g. safety monotonicity, frame
property, and the behave of resource configurations along an execution is specified.

3.1 Expressions and Boolean Expressions evaluation

We represent the value assignment to each variable by the function s : Var — Val, which it is denoted
by storage. The set of all storages is denoted by S.

We write s[x1 : v1 | 22 : v2 | ... | Zp : v,] to represent the modified storage such that s[zy : vy | z2 :
va | o | @n s un)(y) = s(y), Ty & {x1, 20,20} and s[ry cvr |22t va | ol | Xn  vg](2) = g,
where i =1,2,...,n.

Next, we define how the expressions and boolean expressions are evaluated.

Definition 18. Let s € S and e € Exp. Inductively, the evaluation of e is defined by:
o [z]s = s(x),

[n]s =

[er + ea]s = [ex]s + [ez]s,

[

[

€1 — 82]]@ = [[ 1]]8 - [[62]]8)

o [er x eas = [e1]s x [ez2]s-

Definition 19. Let s € S and B € Bool. Inductively, the evaluation of B is defined by:
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[true]s = true,
[[fa.lse]]s = false,
if [er]s = [e2]s, then
if [e1]s < [e2]s, then
[B1 A Bs]s = [Bz]s A [Bi]s
[B1V Ba]s = [Bi]s V [B2]s
[-B]s = ~[B]s.

Usually, we write s(e) for [e]s and s(B) for [B]s.
Next, we see that the evaluation of expressions or Boolean expressions only depends on their free
variables.

e1 = es]s = true, else [e; = es])s = false,

[
[

e1 < ea]s = true, else [e; < es]s = false,

)
)

Proposition 1. Let e € Exp, B € Bool and s,s' € S.
o If s(x) = §'(x), for every x € FV(e), then s(e) = s'(e),
o If s(x) = §'(x), for every x € FV(B), then s(B) = s'(B).

Proof. First, we prove by induction on the structure of the expressions.
Let s,s" € S and e € Exp such that s(z) = §'(x), for every x € FV (e).
Suppose that e = z. Then = € FV(e) and

s(e) = s(x) = §'(x) = §'(e).
Suppose that e = n, n € Val. Then
s(e) =n = s'(e).

Suppose that e = e; + ea. Then FV(e) = FV(e1) U FV (e2).
By induction hypothesis, we know that s(e;) = s'(e1) and s(es) = s'(e2). Hence

s(e) = s(e1) + s(ez) = s'(e1) + s'(ea) = ' (e).

The cases e; — e5 and e; X ey are similar to the previous case. The proof for the expressions is
complete.

Next, we prove by induction on the structure of the Boolean expressions.
Let s,s' € S and B € Bool such that s(xz) = s'(z), for every z € FV(B).
Suppose that B = true or B = false. Then

s(B) = §'(B).

Suppose that B = (e; = e2). Then FV(B) = FV(e1) U FV(ea).
Using the proposition for the expressions, we know that

s(er) = s'(e1) s(ea) = s'(e2).
Note that s(e;) = s(ez) if and only if s'(e;) = s’(e2). Therefore
s(B) = §'(B).

The case B = (e1 < e2) is similar to the previous one.
Suppose that B = By A By. Then FV(B) = FV(By) U FV(By).
By induction hypothesis, we know that

S(Bl) = S/(Bl) S(BQ) = S/(BQ).

Therefore
s(B) = s(B1) A s(Bg) = s'(B1) A s'(Bz) = s'(B).

The cases By V By and B = =B’ are proved in the same way. O
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3.2

Assertions evaluation

The set of locations is denoted by Loc. And each location correspond to a natural number, i.e.
Loc C N.

The partial function / : Loc — Val is used to represent the memory, which it is denoted by heap.
We represent the set of heaps by H.

Next, we define some operations over the set of heaps.

Definition 20. Let h,hy,hy € H.

If dom(hy) Ndom(hy) = 0, we say that hy and he are disjoints heaps and we write that hy Lhs

We say that hy is a sub-heap of he and we write that hy C he, if dom(hy) C dom(hs) and
hi(x) = ha(x), for every x € dom(hy).

If hiLhso, we denote by hy W hy the unique heap such that dom(hy W hy) = dom(hy) U dom(hs)
and hy W he(x) = h;(z), for x € dom(h;) and i = 1,2.

If hy C hy, we write hy \ hy to represent the unique heap such that dom(hy \ ha) = dom(hy) \
dom(hz2) and hy \ ha(z) = hi(z), for x € dom(hq) \ dom(hz).

If A C dom(h), we write h \ A to denote the unique heap obtained by restrict the domain of h
by dom(h) \ A.

As before, we use the notation h[ly : v1 | lo : va | ... | ln : v,] to represent a extension or
modification on the heap.
In the following definition, we see how the assertions are evaluated.

Definition 21. Let s € S, h € H and P € Astn. Inductively, we define the relation s,h |= P as
follows:

s,h = B, if s(B) = true,

s,h|E—P, if s,h £ P,

s,hE Py APy, if s,h =Py and s,h |= P,

s,h =PV Py, if s,h|= P ors,h = P,

s,h =Py = P, if s,h £ Py or s,h = Py,

s,h = VaP, if for every v € Val, s[x :v],h = P,

s,h =3z P, if there exists v € Val such that s[z : v],h = P,

s,h = emp, if dom(h) =0,

s,hi=ew €, if dom(h) = {s(e)} and h(s(e)) = s(¢'),

s,h |= Py x Py, if there exist hy, hy such that h = hy W ha, s,hy = Py and s,hy = Ps,
s,h = Py =Py, if for every h' such that h Lh' and s,h' = P, we have that s, hW L' | P;.

We say that is P is valid and we write |= P, if for every s € S and h € H we have that s,h = P.

For a given heap and storage, the precise assertions uniquely determine the subheap that verify
it. This notion is formalized in the next definition.

Definition 22. Let P € Astn. We say that P is precise if for every h € H and s € S, there is at
mazimum one sub heap h' C h such that s,h' = P.
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In the proposition below, we stated that the evaluation of assertions only depends in their free
variables.

Proposition 2. Let P € Astn, 5,8’ € S and h € H. If s(x) = §'(z), for every x € FV(P), then
s,h =P iff s,h =P

Proof. The prove is done by induction on the structure of the assertions.
Let s,s' € S, h € H and P € Astn such that s(z) = s'(z), for every x € FV(P).
Suppose that P = B. Then FV(P) = FV(B). By the proposition 1, we know that

s(B) = §'(B).

If s,h = P, we have that s(B) = true. Hence s',h = P. The converse is analogous.
Suppose that P = —P’. Then FV(P) = FV(F').
By induction hypothesis, we know that

s,h =P iff s hi=P.

Then
s,h =P iff s,h £ P iff S hiEP iff $ hE-P

Suppose that P = Py A P». Then FV(P) = FV(P1) U FV(P,).
By induction hypothesis, we know, for i = 1,2, that

s,h =P iff §' hl= P
Then
sh= PLAP, iff s,hl= PiAs,h=Py iff & hl=PLAs hi=Py iff s,h=P AP

The cases P; V P, and P; = P, are similar to the previous case.
Suppose that P =VzP’. Then FV(P) = FV(P’)\ {z}.
By the definition

s,h =P iff s[z:v],hE P,

for every v € Val.
Note that s[z : v](y) = s'[z : v](y), for every y € FV(P’). Then, by the induction hypothesis

slz:vl,h =P iff §'[z:v],h E P,

for every v € Val. Therefore
s,hi=EP iff s hi=P,

The case dz P is identical to the previous case.
Suppose that P = emp. Then

s,h = emp iff dom(h) =0 iff s’ h = emp.

Suppose that P = e — ¢’. Then FV(P) = FV(e,¢').
If s,h = e €, then dom(h) = {s(e)} and h(s(e)) = s(e’). By proposition 1, we know that

s(e) =s'(e) s(e)=s'(e)
Hence dom(h) = {s'(e)} and h(s'(e)) = s'(¢’). Therefore
sshiEew €.
The other direction is similar.

Suppose that P = Py x Py. Then FV(P) = FV(P,) U FV(P,).
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If s, h |= Py * P,, then there are hq, hy such that h = hy W hy and
sshiE P s hy =P
By induction hypothesis, we have that s, h; = P; if and only if s', h; = P;, for i = 1,2. Then
s',h = Py % Ps.

Analogous, if s',h = Py * Py, then s,h = Py x Ps.

Suppose that P = P, —P,. Then FV(P) = FV(P1)U FV(P,).

If s,h |= Py —xP,, then for every b/ Lh such that s,h’ = P, we have that s, hWh' |E P,.
By induction hypothesis, we have that

S7h/ ’: Pl iff S/,h/ ': P1

and
s,huh/ =Py iff s',hwh’ = Ps.

Then for every h' Lh such that s',h' = P;, we have that s,h' = P, and s,hwWh’ = P,. Hence, by
induction hypothesis s, AW b/ |= Py
Therefore
s’ h | Py —P;.

The other direction is similar. O
The next proposition is proved in [14, Proposition 3].

Proposition 3. Let P € Astn, ©1,22,...,z, € Var, v1,vs,...,v, € Exp and s € §. Then, for
every h € H

5, = Plon/a1,va/@a, v fo] iff sl s(1) |22 5 s(va) | .o |2 s s(on)], b P.

3.3 Extended Programming Language

We extend the set of commands with the command within r do C, following the propose done in [15].
Intuitively, this command represents the execution of C with the resource r acquired. The set of
extended commands is denoted by C.

We extend the definitions given before for commands in the following way:

e F'V(within r do C) = FV(C);

o mod(within r do C') = mod(C);

e Res(within r do C) = Res(C) U {r};

e (within r do C')\ X = within r do (C'\ X), where X is a set of auxiliary variables for within r do C;
e (within 7 do C)[r’/r] = within #[r’ /r] do (C[r'/r]), where ' ¢ Res(within r do C).

For every command in the extended language, we can associate a set of locked resources. This set
is formed by the resources that have been acquired during the execution, and did not release yet.

Definition 23. Let C € C. The set of resources locked by C is denoted by Locked(C) and it is
inductively defined by:

o Locked(Cy ; C2) = Locked(Ch),
Locked(C1 || C2) = Locked(Cy) U Locked(Cs),
e Locked(within r do C) = Locked(C) U {r},

L]
h
=)
Q
l
)
QU

(
Locked(resource v in C) = Locked(C) \ {r},
(C) =0, otherwise.
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3.4 Transitions of Programs

To express the ownership of resources, we introduce the resource configurations, that will be part of
the state of a program.

Let O,L,D C Res. We say that p = (O, L, D) is a resource configuration if O, L and D are
disjoint pairwise. We represent the set of all resource configurations by O.

In the resource configuration the set O represents the resources owned by the program, the set L
represents the resources locked by the environment and the set D represents the resources available.

We fix the following notation for resource configurations.

Definition 24. Let p = (O,L,D),p’ € O and r € Res.
e Ifr € OULUD, we write that r € p, else r ¢ p.

e Ifp) = (O,L,D') and O = O\ {r}, L'’ = L\ {r} and D' = D\ {r}, then we write that
p'=p\{r}.

Except when remarked, we will represent the set of resources in a resource configuration with the
same superscript, e.g. p' = (O', L, D).

The state of a program is given by (s, h, p), where s € S, h € H and p € O, or by the abort state,
abort.

The transitions in the operational semantic are represented by —,, where —,C (C x & x H X
0) x ((C x 8 x H x O) U{abort}). This relation is defined by the following rules:

s(e)=w
ASSIGN
x:=e, (s, h, p) =, skip, (s[x : v], h, p) (ASSIGN)
B)=t
. s(B) = true (IF1)
if B then C else Cs, (s, h, p) =p C1, (s, h, p)
B) =fal
s(B) alse (1F2)

if B then Cy else Cs, (s, h, p) =, Ca, (s, h, p)
Cy, (s, b, p) =p C1, (s, 1, p")
C1;Cy, (s,h,p) —=p C1; Co, (s, W, p)

(LOOP)

(SEQ1) (SEQ2)

Sklpa C27 (S, ha p) _>p 02» (S, hvp)

while B do C, (s, h, p) — if B then C'; while B do C else skip, (s, h, p)
s(e) € dom(h) h(s(e)) =wv s(e) =1l edom(h) s(e)=v
x:=[e], (s, h, p) —p skip, (s[x : v], h, p) [e]:=€’, (s, h, p) = skip, (s, h[l = V], p)
s(e) =1 € dom(h)
dispose(e), (s, h, p) —p skip, (s, b \ {l}, p)

[ ¢ dom(h) s(e)=w

(READ) (WRI)

(FREE)

ALL
x:=cons(e), (s, h, p) = skip, (s[x : ], [l : v],p) ( )
Ci,(s,h,p) —, C, n,p
1) = O log)
C1 || Ca, (s, h, p) =p C1 || Ca, (s, 1, p')
Co, (s, h,p) =, C5, (s, W, p'
2, (s, h, p) —p 2(8/ /p)/ _ (PAR2) — _ (PAR3)
C1 || Ca, (s, h,p) = C1 || O3, (8", 1, p) skip|[skip, (s, h, p) =, skip, (s, I, p)
rép
RESO
resource 7 in skip, (s, h, p) —, skip, (s, h, p) ( )
1§ 0=(0.L.D) r&Locked(C) C.(sh(OUr}LD)) 5 C(Hp) L

resource 7 in C, (s, h, p) —p resource r in C’, (s, 1/, p' \ {r})
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ré&p=(0,L,D) r¢ Locked(C) C,(s,h, (0, L, DU{r})) =, C', (s, 1, p')

RES2
resource 7 in C, (s, h, p) —, resource rin C’, (s', b/, p' \ {r}) ( )
=(0,L,DU '=(0OuU L.,D B)=t
p=(0.LDU)) f/=(OU{}LD) s(B)=trve (oo
with  when B do C, (s, h, p) —, within  do C, (s, h, p')
eO C,(sh, (O ,L,D)) —, C", (s,h, (0, L', D
' (51 (O\ [P}, 1 D)) 0y O (& WO D)

within » do C, (s, h, (O, L, D)) —, within r do C’, (s', b/, (0" U {r}, L, D")

p=(OU{r},L,D) p' =(0,L,DU{r})
within r do skip, (s, h, p) —, skip, (s, h, p)

(WITH?2)

We use a simple version of the allocation command, because the allocation of multiple spaces do
not add any difficult to our study.

In addition to the transition presented above, there is some execution that abort. Next, we define
the transitions to the abort state.

Cy, (s, h, p) —p abort s(e) ¢ dom(h)

EQA FREEA
Cy; Ca, (s, h, p) = abort (SEQ4) dispose(e), (s, h, p) —,, abort (FR )
dom(h dom(h
e fdom(h) o sE) g dom(h)
x:=[e], (s, h, p) —p abort [e]:=¢€’, (s, h, p) = abort
Cy, (s, h, p) —, abort Cy, (s, h, p) —, abort
PARIA PAR2A
C4 || Cq, (s, h, p) = abort ( ) C4 || Cq, (s, h, p) = abort ( )
r € Locked(C) . C,(s,h,(OU{r},L,D)) —, abort (RESAL)
resource 7 in C, (s, h, (O, L, D)) —, abort
r & Locked(C) . C,(s,h,(O,L,DU{r})) —, abort (RESA2)
resource r in C, (s, h, (O, L, D)) —, abort
ree (RESA) rép (WITHA)

resource 7 in C, (s, h, p) —,, abort with » when B do C, (s, h, p) —, abort

Ca (53 h7 P \ {T}) HP abort
within 7 do C, (s, h, p) —, abort

ré¢ 0
within » do C, (s, h, (O, L, D)) —, abort

(WITH A1)

(WITHA2)

First, we see that all transitions respect the resource configuration, i.e. the set of resources
obtained after a transition are disjoint pairwise. Moreover, we see that every transition of program
do not add or delete resource from the resource context, and the resources locked by the environment
are not altered.

Proposition 4. Let C,C’' €C, s,s' € S, h,h' € H, O,0',L,L',D,D’ C Res. If (O,L,D) € O and
C,(s,h,(0,L,D)) =, C",(s',1', (0", L', D")),
then (O',L',D")e O, L=L" and OUD =0"UD".
Proof. Let C,C" €C, s,s' €S, h,h € H, 0,0’,L,L', D, D’ C Res such that (O, L, D) € O and
C,(s,h,(0,L,D)) =, C",(s',1, (0", L', D")).
We prove by induction on the rules of —,.

The rules (ASSIGN), (IF1), (IF2), (SEQ1), (LOOP), (READ), (WRI), (ALL), (FREE),
(PAR3), (RES0) do not change the resource configuration. Therefore the conclusion is immediate.
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If the transition is given by (SEQ2). We have C = C ; Cs and C’ = C/ ; C such that
C1,(s,h,(O,L,D)) =, C1,(s', 1, (O', L', D")).

By induction hypothesis, (O’,L',D") € O, L=L" and OUD =0 U D’.

The rules (PAR1) and (PAR2) are analogous to the previous rule.

If the transition is given by (RES1). We have C' = resource r in C', C' = resource rin C', r ¢

(O,L,D) and r € Locked(C') such that
C,(s,h,(OU{r},L,D)) =, C",(s' 1, (0", L",D")),

where (O”,L",D")\ {r} = (O', L', D).
By induction hypothesis L = L”, (O”,L",D") € O and OU {r}UD = O" U D".
From r ¢ L, it follows that » ¢ L”. Hence L = L'.
Because r ¢ (O, L, D), we know that
OuD =O"uDY\{r}=Ou{r}uD)\{r} =0UD.

We still need to check that (O, L', D’) € O. We know that O’ = O” \ {r} and D' = D"\ {r}.

Then
o'nD ="\ {r})n(D"\{r}) CO"NnD" =19,
O'NnL =O0"\{r})nL"CO"NnL" =0,
DNl =D \{r)nL' cD'NL" =0.

Hence (O',L',D") € O.

The rule (RES2) is analogous to the previous rule.

If the transition is given by (WITHO0). We have D' = D\ {r}, O’ =0U{r}, L=L" and r € D.
Then

O'nD' =(Ou{rh)n(D\{r}) =(On(D\{r})) COND =,
onLl =0Ou{rhnL=0OnNLuU{r}NnL)={r}NnL=10
L'NnD'=LNn(D\{r})CLND=0.

Therefore (O, L', D") € O. Moreover, L=L"and O'UD' = (OU{r})U(D\ {r}) =0UD.

If the transition is given by (WITH1). We have C' = within r do C, C’ = within r do C’ and
r € O such that ~ }

C,(s,h,(O\{r},L,D)) =, C", (s, n, (0", L",D")),

where O’ = 0" U{r}, L" = L', D" = D'

By induction hypothesis, we know that (O”,L”,D") e O, L=L" and (O\ {r})uUD =0"UD".

Therefore L = L’ and

OUD={r}uO0"uD"=0"uD'.
It remains to check that (O’, L', D") € O, this follows from the next
OnL =0"u{r)nL"=O"NnL"YU{r}nL)=0,
O'nD' =0"u{r})nD"=O"nD" YU ({r}nD") =0,
LI'nD =L"nD"=0.

If the transition is given by (WITH2). We haver € O, L=L", D'=DU{r} and O' = O\ {r}.
Consider the following
ONL CONL=0,
)

O'nD = O\{rh)n(DU{r}) C(OND)U(O\{r})n{r}) =0,
LI'nD' =Ln(Du{r})=(LnD)u(Ln{r})=0.
Then (O',L’,D’) € O. We also see that L = L' and
O'uD' =(O\{rhu(Du{r})=0UD.
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3.5 Validity

Now, we define the validity of a program’s specification in the operational semantic.
For k € Ng. We denote by —F the composition of k transitions.

Definition 25. We write I' = {P}C{Q}, if for every state s € S and h € H such that s,h =
P xinv(T"), we have that

o C,(s,h,(0,0,res(I)) 74]; abort, for every k > 0. And
o [f there exist s',h/ and k > 0 such that
C, (s, h, (0,0,res(I"))) =5 skip, (s', 1, (0,0, res(I))),
then ', h' = @ * inv(T).
Next, we present some examples of specification valid in the operational semantics.
Example 8. The following specifications of programs are valid
e r(x,y) : x=yA emp = {emp}x:=x+1| y:=y+1 {emp}
o = {x=0}xi=x+1| x:=x+1{x= 2}

o buf(z full): R = {emp}(x:=cons(-) ; PUT(x)) || (GET(y) ; dispose(y)){ emp},

where R = (full = 1Az — =)V (full = 0Nemp), PUT (z) = with buf when full = 0 do z:=x, full:=1
and GET(y) = with buf when full =1 do y:=z ; full:=0.

Note that, the first two examples are not derivable in Concurrent Separation Logic, at least
without the use of additional resources and auxiliary variables. And the last specification is proved
in the [4] for Concurrent Separation Logic, so this example will be a consequence of the soundness
prove.

Next, we see that the transitions of commands only depends on their free variables and do not
change other variables.

Proposition 5. Let C €C, X C Var, s,s' €S, h € H and p € O such that FV(C) C X.
o If s(x) = §'(x), for every x € FV(C), and C, (s, h, p) —, abort, then

C,(s', h, p) —, abort.

o If s(x) = §'(z), for every x € X, and C,(s,h,p) =, C’',(s1,1,p"), then there exists s7 € S
such that s1(z) = s (), for every x € X, and

Ca (3/7 h7 P) _>p Cl> (8/1, h/a P/)

Proof. The prove is done by induction on the rule of the transitions. First, the transition to the abort
state.
Let s, € S, h € H, p € O and C € C such that s(z) = s'(x), for every z € FV(C), and

C, (s, h, p) —p abort.
Suppose that the transition is given by (FREEA). Then C = dispose(e), F'V(C) = FV (e) and
s(e) ¢ dom(h).
Because s(z) = s'(x), for every x € FV (e), we have by proposition 1 that

s(e) = s'(e).

25



Therefore s’'(e) ¢ dom(h) and
C,(s', h, p) —p abort.

The transitions (READA) and (WRIA) are similar to the previous case.
Suppose that the transition is given by (SEQA). Then C' = Cy ; Cy, FV(C) = FV(C1)UFV(C3)
and
Cy, (s, h, p) —p abort.

By induction hypothesis, we know that C1, (s, h, p) —, abort. Therefore
C, (', h, p) —p abort.

The cases (PAR1A), (PAR2A), ((RESAL)), (RESA2) and (WITH A1) are identical.
The transitions (RESA), (WITHA) and (WITH A2) are independent from the storage and the
conclusion is trivial

Next, we prove the second part of the proposition.
Let X C Var, s,s1,8' € S, h,h/ € H, p,p’' € O and C,C’ € C such that FV(C) C X, s(z) = §'(z),
for every z € X, and
C,(s,h,p) =, C', (s1,1, p").

We’ll show that there exists s such that s;(z) = s|(z), for every z € X, and
C,(s" h,p) =p O, (s1, 0, ).

The transitions given by the rules (SEQ1), (LOOP), (PAR3), (RESO) and (WITH?2) are
independent from the storage and do not change it. Therefore, taking s§ = s1, the conclusion is
immediate.

Suppose that the transition is given by (ASSIGN). Then C = x:=e, C' = skip, s1 = s[x : v],
W =h and p’ = p, where v = s(e). And FV(C) = {x} UFV(e).

From the proposition 1, we know that s'(e) = s(e) = v. Taking ] = s'[x : v], we have that

C, (S/7 h7 P) _>p Clv (5/1a h/a P/)

Moreover, for every y € X, we have the following

s1(y) = s'x: v](y) = slx: v](y) = s1(y).

The cases (IF1), (IF2), (READ), (WRI), (ALL), (FREFE) and (WITHO) are analogous to the
previous case.
Suppose that the transition is given by (SEQ2). Then C = C; ; Cq, C' = C7 ; Cy and
Cla (Sa h7 P) —p 017 (517 hl, p/)

Because F'V(Cy) C FV(C), we can apply the induction hypothesis and conclude that there is s}
such that s} (z) = s1(z), for every x € X and

Clv (s’, h, P) —p C{’ (5/1’ h/a pl)'
Applying the (SEQ2) rule, we conclude that
C, (S/7 h7 p) _>p 0/7 (5/1a h/a P/)

The cases (RES1), (RES2), (WITH1), (PAR1) and (PAR2) are analogous to the previous
case. O
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3.6 Safety monotonicity and Frame Property

Next, we prove the safety monotonicity and the frame property for the operational semantic presented
here. In the work of Separation Logic, this results were introduced to prove the soundness of the
frame rule.

Proposition 6. Let C € C, s € S, h,hp € H and p € O such that hLhp. If C,(s,h,p) />, abort
then
C,(s,hW hp,p) /p abort.

Proof. Let C €C,s€ S, hyhp € H and p € O such that hLhp and
C,(s,h hg,p) —p abort.

We’ll prove the proposition by induction on the relation, —.
Suppose that the transition to the abort state is given by (RESA), (WITHA) or (WITHA2).
Then the transitions does not depended on the heap and we have that

C, (s, h, p) —p abort.

Suppose that is given by (FREEA), (READA) or (WRIA). Then s(e) ¢ dom(hW hp).
It follows that s(e) ¢ dom(h) and

C, (s, h, p) —p abort.
Suppose that is given by (SEQA) or (PAR1A). Then C =C4 ; Cy or C = || Cy and
C1, (s,hW hg, p) —, abort.
By induction, we know that C1, (s, h, p) —, abort. Hence
C, (s, h, p) —p abort.

The remaining cases (PAR2A), (RESAL), (RESA2) and (WITH Al) are similar to the previous
case. O

The frame property is stated in the following proposition.

Proposition 7. Let C,C' €C, s,8' €S, h,h',hr € H and p,p’ € O such that hLhp.
If C,(s,h,p') #p abort and C,(s,hW hp,p) =, C', (s, b, p"), then hp C k' and

C,(s,h,p) = C' (s, \ hp,p').

Proof. Let C,C" € C, s,s' € S, h,h/,hp € H and p,p’ € O such that hlhp, C, (s, h,p") #, abort
and
C,(s,hWhp,p) =, C', (s, W, p').
We prove the proposition by induction on the rules of —,. Next, we consider the different
transition rules.

Suppose that the transition is given by (ASSIGN).

We have C = x:=e, C' = skip, s(e) = v, s’ = s[x:v], ¥ =hWhp and p' = p.
Then hp Ch' and A’ \ hp = h.

Using the (ASSIGN) rule, we get that

07 (57 ha p) —p Clv (5/7 h/ \ hFa p,)

Suppose that the transition is given by (IF'1).
We have C = if B then C] else Cy, C' = C}, s(B) = true, s’ = s, Y = hWhp and p' = p.
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Then hp C h' and A’ \ hp = h.
The rule (IF1) gives that

C,(s,h,p) = C' (s, \ hp,p').

The case (I F2) is analogous to the previous case.

Suppose that the transition is given by (SEQ1).
We have C =skip; Cy, C' =C5, s' = s, ' = hWhp and p' = p.
Then hp Ch' and A’ \ hp = h.
By (SEQ1), we get that
C,(s,h,p) —=p C', (', 1"\ hp, ).

Suppose that the transition is given by (SEQ2).
We have C = Cy ; Cy and C' = C] ; C5 such that

C1,(s,hWd hp,p) =, C1, (s, 1, p).
If C1, (s, h, p) — abort, then C, (s, h, p) — abort. Hence
C1, (s, h, p) /> abort.
From the induction hypothesis, we conclude that hr C A’ and
C1,(s,h,p) —=p C1, (', W' \ hp, p').

Therefore
C» (57 hv p) —p Olv (5l7 h' \ hFa p,)

Suppose that the transition is given by (READ).

We have C = x:=[e], C" = skip, s(e) € dom(hWhr), (hWhr)(s(e)) =v, s =s[x:v], A =hWhp
and p' = p.

Then hp Ch' and A’ \ hp = h.

If s(e) ¢ dom(h), then C, (s, h, p) — abort. Hence

s(e) € dom(h).

From the previous fact and (h W hr)(s(e)) = v, we know that h(s(e)) = v. Applying the rule
(READ), we conclude that
C: (57 hv p) —>p Cla (3/7 h/ \ hFa pl)

Suppose that the transition is given by (WRI).
We have C' = [e]:=e’, C’ = skip, s(e) =1 € dom(hWhp), s(e') =v, s’ =35, ' = (hWhp)[l : v] and
P =p-
As before, we know that s(e) € dom(h). Hence, we rewrite the heap in the following expression
W = hll:v]Whp.

Then hp C h' and b’ \ hp = h[l : v].
From s(e) =1 € dom(h), s(e') = v and the rule (WRI), we conclude that

07 (57 hv p) —p Clv (5l7 h' \ hFa p,)
Suppose that the transition is given by (FREE).

We have C = dispose(e), C' = skip, s(e) =1 € dom(hWhp), s =s, h' = (hWhgr)\{l} and p' = p.
Like in the previous cases, we know that s(e) € dom(h). Hence

h' = (h\{1}) & hp.

Then hp C h' and b’ \ hp = h\ {l}.
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Moreover, we have that
C,(sshyp) =p C', (8", \ hr, p').

Suppose that the transition is given by (ALL).

We have C' = x:=cons(e), C’ = skip, | ¢ dom(h W hp), s(e) =v, ' = s[x: 1], ¥ = (hWhp)[l : V]
and p’ = p.

We have [ ¢ dom(h), because | ¢ dom(h W hp). Note that, we can rewrite the heap in the
expression

R =h|l:v])Whp.

Then hp C h' and b’ \ hp = Al : v].
From [ ¢ dom(h), we can apply the rule (ALL) and obtain that

C) (87 hvp) _>p Cla (Slv h‘/ \ hFa pl)

The cases (PAR1), (PAR2), (RES1), (RES2) and (WITH1) are similar to the case (SEQ2).

The cases (LOOP), (PAR3), (RES0), (WITHO) and (WITH2) are similar to the case (SEQ1).
O

Next, we prove that adding some of the resources locked by the environment to the resources
owned by the execution do not introduce new transition to abort. This result will be used to prove
the soundness of the parallel rule. This result can be seen as an analogous to the safety monotonicity
with respect to resource configurations.

Proposition 8. Let C €C, s € S, h€ H and (O UO2,L,D),(0O1,LUO3,D) € O.
If C,(s,h,(O1,LUO3,D)) +/, abort, then

C,(s,h,(01UOy, L,D)) 4, abort.

Proof. We'll prove the contra-position by induction on the rules of —,,.
Let CeC,s€8,he€H and (O UOy, L, D), (01, LUOy,D) € O such that

C,(s,h,(01UOq, L, D)) —, abort.

If the transition to the abort state is given by (FREFEA), (READA) or (WRIA).
Note that the transition is independent from the resource configuration. Then

C, (s, h,(01,L U O4,D)) —, abort.

If the transition to the abort state is given by (SEQA). We have
C1,(s,h, (01 U0, L, D)) —, abort.

Using the induction hypotheses, it follows that C1, (s, h, (O1, L U Oz, D)) —, abort. Then
C, (s,h,(01,LUO,D)) —, abort.

The cases (PAR1A) and (PAR2A) are similar to the previous case.

If the transition to the abort state is given by (RESA) or (WITHA).
The conclusion follows from

re (Ol,LUOQ,D) iff re (01 UOQ,L,D).

If the transition to the abort state is given by (RESA1). We have C' = resource rin C, r €

Locked(C) and

C,(s,h, (01 U0z U{r}, L, D)) —, abort.
By induction hypothesis, we have that C, (s, h, (O1 U {r}, L U O, D)) —, abort. Hence

C,(s,h,(01,LUOq, D)) —, abort.
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The case (RESA2) is analogous to the previous case
If the transition to the abort state is given by (WITHA1). We have C' = within r do C' and

C, (S, h, (01 U OQ, L, D) \ {T}) —p abort.
By induction hypothesis, we have that C, (s, h, (O1, LU Og, D)\ {r}) —, abort. Therefore
C, (s,h,(01,LU O, D)) —, abort.

If the transition to the abort state is given by (WITHA2). We have r ¢ O; U Os. Then r ¢ O
and

C, (s, h,(01,L U O4,D)) —, abort.
L]

In the next proposition, we see that passing some resources from the set of owned resources to the
set of locked resources do not affect the execution of program, providing that the execution do not
abort for the smaller set of owned resources. This result can be seen as the analogous to the frame
property for resource configurations.

Proposition 9. Let C,C’ € C, s, € S, h,h/ € H and (O; U Oy,L,D),(01,L U Oy,D) € O.
If C,(s,h,(01,L UOy,D)) 4, abort and C,(s,h,(O1 U Oq,L,D)) =, C',(s',1/,(0O',L,D’)), then
Oy C O and

C, (s, h, (Ol,L @] OQ,D)) —p Cl, (S/, h/, (O/ \ 0,5, LU OQ,DI)>.

Proof. Let C,C",s,s',h,h/,01,L,02,D,0', D’ such that C, (s, h, (0O1,L U Oq, D)) +#, abort and
C,(s,h, (01 U0y, L, D)) —, C',(s',h', (0", L, D")).

The prove is done by induction on the rules of transition above.

If the transition is given by one of the following rules: (ASSIGN), (IF1), (IF2), (SEQ1),
(LOOP), (READ), (WRI), (FREE), (ALL) or (PAR3). Note that the transitions do not depend
on the resource configuration. Then, the conclusion is immediate.

If the transition is given by (WITHO). 5
We have C = with r when Bdo C, ¢/ = withinrdo C, r € D, s(B) = true, s = s, k' = h,
O'=0,U0sU{r}and D' =D\ {r}.
Then Oz C O" and O’ \ O3 = O1 U {r}. Therefore
C, (S, h, (01, Lu 02, D)) —p C/, (S/, h/, (Ol \ 02, LU OQ, D/))

If the transition is given by (WITHT1). )
We have C' = within r do C', ¢! = within r do C’, r € (O; UO3) N O’ and

C,(5,h, (01U 02\ {r}, L, D)) =, C", (', 1, (O"\ {r}, L, D))
From C, (s, h, (O1,L U Oq, D)) /, abort, we know that r € O; and
C,(s,h, (01 \ {r}, LU O, D)) £, abort.
Now, we can apply the induction hypothesis to conclude that O C O"\ {r} and
C, (s, h, (01 \ {r},LUOy,D)) =, C",(s',h, (0" \ {r})\ Oz, LU Oy, D')).

Note that Oy C O\ {r} CO" and (O’ \ {r})\ O2 = (O’ \ O2) \ {r}.
From r € O; N O’ and r ¢ Oq, we know that r € O1 N (O’ \ O3). Therefore

C,(s,h,(01,L U0y, D)) =, C',(s', k', (0" \ Oz, LU Oy, D')).
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If the transition is given by (WITH2).

We have C' = within r do skip, C' = skip, s’ = s, k' = h, r € O1 UO3, O’ = (01 U O2) \ {r} and
D'=Du{r}.

As before, we know that r € O;. Hence we can rewrite the set of owned resources in the following
expression

O/ = (01 \ {’I“}) U Og.
Then Oy C O’ and
C, (S, h, (01, LU 02, D)) —>p Cl, (S/, h/, (O/ \ OQ,L U 02, D/))

If the transition is given by (RESO0).

We have C = resource r in skip, C' = skip, s’ = s, k' = h, r ¢ (01 UO5,L,D), O’ = 01 UOs and
D' = D. Then O, C O'.

From r ¢ (O1 U O, L, D), we know that r ¢ (O1, L U O, D). Therefore

C, (S, h, (01, LU 02, D)) —>p C/, (S/, h/, (O/ \ OQ,L U OQ, D/))

If the transition is given by (REST). . ~
We have C = resource r in C', C' =resource 7 in C’, r ¢ (O; UOs, L, D), rr € Locked(C) and

C,(s,h, (01 U0y U{r},L,D)) =, C",(s',n, (0", L,D")),

such that O” UD" =0’ U D" U{r}.
From C, (s, h, (O1,L U Og, D)) /4, abort, we know that r ¢ (O1,L U O, D) and

C,(5,h, (O1 U{r}, LU Oq, D)) #, abort.

By induction hypothesis, we have that Oy C O” and

C, (8, h, (01 U {7”}, LUO,, D)) —p C, (S, h, (ON \ Os, L U Oy, DN)>.

From O” C O’ U{r} and r ¢ O,, we have that Oy C O'.
Moreover, we get that (O” \ O3) UD"” = (O'\ Oz) U D' U {r}. Therefore

07 (S, h, (Ol, LU 02, D)) —p Cl, (S/, h/, (O/ \ 027 LU 02, Dl))

The case (RES2) is similar to the previous case.

If the transition is given by (SEQ?2).
We have C = C ; Cy, ¢’ = Cf ; Cy and

Ch (57 ha (Ol U 027La D)) 4>;D 017 (Sla h/a (O/a La D/))

We have Cy, (s, h, (O1,L U Oz, D)) 4, abort, because C, (s, h, (01, L U Oy, D)) #, abort.
By the induction hypothesis, we conclude that Oy C O’ and

017 (57}7” (OlaL U OZaD)) _)QU 017 (S/a h/a (O/ \ 027L U OQvD/))-

Therefore

07 (S, h, (Ol, Lu 02, D)) —p C/, (S/, h/, (O/ \ 027 Lu 02, D/))
The cases (PAR1) and (PAR2) are similar to the previous case. O
To study the renaming rule we define the rename of resources inside a resource context.

Definition 26. Let r,1’ € Res and p = (O,L, D) € O such that v’ ¢ p. The substitution of r by r’
on p is denoted by plr'/r], and it is given by

plr’ /r] = (Ol /r], L[’ /r], DIt /7)),
where Alr' /r] = {#[r'[r] : 7 € A}.
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The next proposition ensures that renaming resources do not introduce transitions to abort.
Proposition 10. Let C €C,s€ S, h € H, p€ O and r,v’ € Res such that v’ ¢ Res(C) and r' ¢ p.
If Clr' /7], (s, h, p[r'/7]) #+p abort then

C, (s, h, p) #»p abort.

Proof. Let C €C,s€ S, heH, pe O and r,r’ € Res such that ' ¢ Res(C) and 1’ ¢ p.
We will prove, by induction on —,, that if C, (s, h, p) —, abort, then

C[r'/r], (s, h, p[r’ /r]) —, abort.

Suppose that the transition to the abort state is given by (FREFEA), (READA) or (WRIA).
Note that the transitions is independent from the resource configuration and C[r'/r] = C'. Then

C[r'/r], (s, h, p[r’ /r]) —, abort.

Suppose that the transition is given by (SEQA). Then C = C ; Cy and
Ci, (s, h, p) —p abort.

We know that ' ¢ Res(C1), because 1’ ¢ Res(C). Using the induction hypothesis, we have that

(O [T//T]v (57 h, p[T’//TD —p abort.
Hence

C[r'/r], (s, h, p[r’ /r]) —, abort.
The cases (PAR1), (PAR2) are identical to the previous case.
Suppose that the transition is given by (RESA). We have C = resource 7 in C and 7 € p.
Note that C[r’/r] = resource #[r'/r] in C[r’/r] and

Fep iff #r'/r] € plr’/r].

Therefore

C[r'/r], (s, h, plr' /r]) —, abort.
The cases (WITHA) and (WITH A2) are analogous to the case before.

Suppose that the transition is given by (RESA1). We have C' = resource 7 in C, #* € Locked(C)
7 ¢ p=(0,L,D) and

C, (s, h,(OU{+}, L, D)) —, abort.
We have that 7’ ¢ Res(C') C Res(C). From the induction hypothesis, we conclude that
Clr' Jrl, (s, hy (O[r' /r] U {#[' /7]}, L[#' /r], D[r' /r])) —, abort.
Note that C[r’/r] = resource #[r' /r] in C[r' /7] and
€ Locked(C) iff #[r' /7] € Locked(C[r'/7]).
Therefore
C[r'/r], (s, h, p[r’/r]) —, abort.
The case (RESA2) is analogous to the previous case.
Suppose that the transition is given by (WITH Al). We have C' = within 7 do C' and

C, (s, h,p\ {7}) — abort.

We know that ' ¢ Res(C) and ' ¢ p\ {7}, because ' ¢ Res(C) and r’ ¢ p respectively. By
induction hypothesis, we have the following transition

Clr' /71, (s, b, (p \ {7} /7]) — abort.
Note that (p \ {#})[r'/r] = p[r'/r] \ {F['/7]}. Therefore
C[r'/r], (s, h, p[r’ /r]) —, abort.
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In the next propositions, we see that the auxiliary variables do not influence executions. First,
we define the number of assignment to auxiliary variables inside a command.

Definition 27. Let C € C and X C Var, such that X is a set of auxiliary variables for C. We
denote by 1(C) the number of assignments to auziliary variables, and it is defined inductively by:

o if xe X, then l(x:=e) =1,

e [(Cy;C2) =I(if B then Cy else Cy) = I(Cy || C2) = 1(C1) + 1(Ca),

e [(while B do C) = I(resource r in C') = l(with r when B do C) = I(C),
e [(C) =0, otherwise.

In the proposition below, we see that we can suppress the auxiliary variables from a command
and there is not new transitions to abort.

Proposition 11. Let C € C, s € S, he H, p € O and X C Var such that X is a set of auxiliary
variables for C. If C, (s, h, p) /+p abort, then

C\ X, (s, h, p) /+, abort.

Proof. We prove the proposition by induction on the structure of C.
Let CeC,se8S, heH, pe O, X C Var such that X is a set of auxiliary variables for C' and

C, (s, h, p) #+p abort.
Let C = skip. We have C'\ X = skip and
C\ X, (s, h, p) #p abort.
Let C' = x:=e. Then C'\ X =skip or C'\ X = C. In both cases, we have that
C\ X, (s, h, p) #p abort.
Let C = x:=[e] | x:=cons(e) | dispose(e). We have C'\ X = C and
C\ X, (s, h, p) #p abort.
Let C = if B then Cy else Cy. Then C'\ X = if B then C; \ X else C5 \ X and
C\ X, (s, h, p) #p abort.

Let C =C1;Cy. Wehave C\ X =C1\ X ;Cy\ X and Cy, (s, h, p) # abort.
Note that X is a set of auxiliary variables for C;. By induction hypothesis, we obtain that

C1\ X, (s, h, p) #p abort.

Therefore
C\ X, (s, h, p) #p abort.

Let C' = while B do C. We have C'\ X = while B do C'\ X and
C\ X, (s, h, p) /+ abort.
Let C =C4 || Cy. Wehave C\ X =C1\ X || C2\ X,
C1, (s, h,p) #»pabort and Cs, (s, h, p) /4, abort.
Note that X is a set of auxiliary variables for C; and C3. By induction hypothesis we have that

C1\ X, (s,h,p) #pabort and Cy\ X, (s,h,p) /4, abort.
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Therefore
C\ X, (s, h,p) #p abort.

Let C = with 7 when B do C. We have C'\ X = with 7 when B do C'\ X and r € p. Therefore
C\ X, (s, h, p) #p abort.

Let C' = within 7 do C. We have C'\ X = within rdo C'\ X, 7 € O and

C,(s,h,p\ {r}) #p abort.

Note that X is a set of auxiliary variables for C. Using the induction hypothesis, we conclude
that

C\ X, (s,h,p\ {r}) #, abort.

Therefore
C\ X, (s, h, p) #p abort.

Let C' = resource 7 in C. We have C'\ X = resource rin C'\ X, r ¢ p,
e if € Locked(C), then C, (s, h, (O U{r}, L, D)) /4, abort, and
e if ¢ Locked(C), then C, (s,h, (O, L, D U{r})) /4, abort.
Note that X is a set of auxiliary variables for C. By induction hypothesis, we have that
e if 7 € Locked(C), then C'\ X, (s,h, (O U {r}, L, D)) /, abort, and
o if r ¢ Locked(C), then C'\ X, (s, h, (O, L, DU {r})) /, abort.
It is easy to see that Locked(C \ X) = Locked(C). Therefore
C\ X, (s, h, p) /+ abort.

O

In the next proposition, we reinforce the idea that the suppression of auxiliary variables do not
change the executions. Moreover, we prove that only the set of auxiliary variables is different in an
execution with auxiliary variables and an execution without auxiliary variables.

Proposition 12. Let C,C' €C, s,s' € S, hyh' € H, p,p' € O, 1 € Ny and X C Var such that X is
a set of auziliary variables for C' and | = 1(C). If C\ X, (s,h,p) —p, C',(s', 1/, p), then there exist
C”, ", 1" and k <1+ 1 such that

C,(s,h,p) =k C" (s" .1, p),

where s (y) = s'(y), foreveryy ¢ X, C'=C"\ X, 1" =1(C") and I" <21 — (k —1).

Proof. We prove the proposition by induction on the rules of —,,.
Let C,C" €C, 5,8 € S, h,h € H, p,p’ € O,1 € Ny and X C Var such that X is a set of auxiliary
variables for C, [ = I(C') and
C\ X, (s,h,p) = C',(s', 0, p).

Suppose that the transition is given by (ASSIGN), (WRI), (FREE), (WRI) or (ALL). Then
C=C\X and C’ = skip.
Considering C” = skip, s” = &', I” =0 and k = 1. We have the following transition

Ca (8, ha P) —p C//a (SH, h/, P/)

Moreover, we have s”(y) = §'(y), for every y ¢ X, C' = C"\ X, " =1(C") and I" <2l — (k—1).
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Suppose that the transition is given by (IF1). Then C = if B then C else Cy, ¢! = C; \ X and
=1 +1ls, where I, = [(C;), for i = 1,2.

Considering C” = (4, s” = ¢/, 1" =1; and k = 1. We have the following transition

Ca (Sa hv p) —p C”a (sllv hla p/)
Moreover, we have s”(y) = s'(y), for every y ¢ X, C' = C"\ X, 1" =1; = 1(Cy) = I(C") and
=1 SQ(h-ﬁ-lg)—(k‘—l):21—(k—1).
If the transition is given by (IF'2), the proof is analogous to the previous case.
Suppose that the transition is given by (LOOP). Then C' = while B do C, C' = if Bthen C'\
X ; while B do C'\ X else skip. . .
Considering C” = if B then C'; while B do C else skip, s” = s’, I” = 2l and k = 1. We have the
following transition
C,(s,h,p) =, C", (s" b, p).
Moreover, we have s”(y) = s'(y), for every y ¢ X, C' = C”\ X, 1" = 2l = 2(C) = I(C") and
"=20<2l—(k—1).
Suppose that the transition is given by (SEQ2). Then C = C;; Cy, C' = C1; Co\X and I = l;+1s
such that I; = 1(C;), for i = 1,2, and
Cl \ Xa (Sa h7 p) %P Ci? (5/7 h/a p,)

Note that X is a set of auxiliary variables for C;. By induction hypothesis we know that there
are C7, s, lf and k; <13 + 1 such that

Cy, (Sv h, P) _>];;1 Cilv (slllv hlv pl)a

where s{(y) = §'(y), for every y ¢ X, C1 = CY\ X, I{ =1(CY) and I =213 — (k —1).
Considering C" = CY ; Cy, k =k <1+ 1, s" =s{ and I” =1 + l5. Applying the rule (SEQ2)
to the transitions above, we have the following transitions
C,(s,h,p) =y C" (s", 1, ).
Moreover, we have s”(y) = s{(y) = s'(y), forevery y ¢ X, C' =C];Co\ X =C/\ X ;Cx\ X =
C\X, 1" =1 41y = 1(CY) +1(Ca) = I(C") and 1" =1/ + 1y < 2y + 20y — (k — 1) = 20 — (k — 1).
The cases (PAR1), (PAR2), (RES1), (RES2) and (WITH1) are similar to the previous case.

Suppose that the transition is given by (WITHO0). We have C' = with r when B do C and C' =
within r do C'\ X. )
Considering C” = withinr do C, k =1, s’ = s’ and I” = [. We have the following transition

07 (Sa h7 p) —>p CH) (S/lv hlv P/)
Moreover, we have s”(y) = s'(y), for every y ¢ X, ¢’ = "\ X, I" = I(C) = I(C") and
" <20—(k-1).
Before we finish the proof of the proposition, we prove the following lemma.

Lemma 1. Let C €C,s€ S, heH, pe O and X a set of auziliary variables for C. If C\ X = skip,
then there exists s' such that s'(y) = s(y), for every y ¢ X, and

C, (s, h,p) —>§,(C) skip, (s', h, p).

Proof. From C'\ X = skip, it follows that C' = skip or C = x:=e, for some x € X.
Suppose that C' = skip. Then [(C') = 0. The conclusion is immediate, by taking s’ = s.
Suppose that C' = x:=e, for some x € X. Then I(C) = 1. Consider s’ = s[x : v], where v = s(e).
We have s'(y) = s(y), for every y ¢ X, and

C, (s, h, p) = skip, (s, h, p).
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Suppose that the transition is given by (SEQ1). Then C = Cy ; Cs, C; \ X = skip, C' = Co \ X,
s’ =s, W =hand p =p.

Using the transition of the lemma above together with the rule (SEQ2), and the rule (SEQ1),
we know that there is s” such that s”(y) = s(y), for every y ¢ X, and

Oa (Sa h7 p) —>;)(Cl) Sklp ) 027 (SN’ h? p) —>P 027 (Sﬂv h’a ,0)
Considering C” = Cy, k =1(C1) + 1 and " = (C3). We have
C,(s,h,p) =y C" (s, h, p).

Moreover, we have s”(y) = s(y) = s'(y), for every y ¢ X, C' = C" \ X, I” = [(C") and
I =1(Cq) <I(Cy) +20(Cy) =21 — (k—1).

Suppose that the transition is given by (PAR3). Then C' = Cy || Cy, C1 \ X = Cy \ X = skip,
C" =skip, s’ =s, k' = h and p' = p.

From the lemma above we know that exist transition for the commands Cy and C5. Applying the
rules (PAR1) and (PAR2) to the transitions obtained from the lemma, then the rule (PAR3) we
know that there is s” such that s'(y) = s(y), for every y ¢ X, and

C, (s, h, p) =) skip || skip, (s, h, p) =, skip, (5", h, p).
Considering C” = skip, k = I(C) + 1 and I” = 0. We have the following transitions
C, (s, h,p) —>§ skip, (s”, h, p).

Moreover, we have s”(y) = s(y) = s'(y), for every y ¢ X, C' = C" \ X, I” = [(C") and
"< 20— (k—1).

Using the lemma above, the cases (WIT H2) and (RES0) are analogous to the previous cases. [

3.7 Reachable commands

In the extended programming language, there is some command that can not appear in any execution
of commands considered by Concurrent Separation Logic. We start this section by defining the
reachable commands.

Definition 28. We say that C' € C is reachable, if there exist C' € Com, k >0, s,s' € S, h,h' € H
and p, p’" € O such that
C', (s, 1, p') =} C, (s, h, p),

and C', (s, 1, p') 74% abort, for every j < k.

Next, we give some examples of reachable commands, and we illustrate some difficulties to handle
the definition above. This difficulties motivate the subsequent study done in this section.

Example 9.
e If C' € Com, then it is reachable.

e within r do skip is a reachable command, because
with r do skip, (s, h, (0,0,{r})) —, within r do skip, (s, h, ({r},0,0)),
and with r do skip € Com.

o Intuitively, the command within v do within r do skip should not be reachable. However to prove
this we need to consider all the possible executions. Next, we introduce some notions and results
that will help us to check which commands are not reachable.
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As the example above show the definition of reachable is not very suitable to use. To overcome
this difficulty we introduce, as done in [16], the notion of user commands and well-formed commands.
The set of user commands is represent by the following function.

Definition 29. The function usr_cmd : C — {true, false} is defined by:

o usr_cmd(Cy ; Cy) = usr_cemd(Ch) Ausr_emd(Cy),

(C1
o usr_cmd(if B then Cy else Cy) = usr_cmd(C1) Ausr_cmd(Cs),
e usr_cmd(while B do C') = usr_cmd(C),
e usr_cmd(resource r in C) = usr_cmd(C),
o usr_cmd(with r when B do C') = usr_cmd(C)
e usr_cmd(Cy || C2) = usr_cemd(Ch) Ausr_emd(Cs),
(
(a

o usr_cmd(withinr do C') = false,

e usr_cmd(a) = true, otherwise.

It is easy to check that usr_cmd(C) = true if and only if C € Com.
The set of well formed commands is represent by the following function.

Definition 30. The function wf cmd:C — {true, false} is defined by:

e wf cmd(Cy;Co)=wf_ emd(Cr) Ausr_emd(Cs),

o wf_cmd(if B then Cy else C3) = usr_cmd(Ch) A usr_cmd(Cs),
e wf cmd(withr when B do C) =wf_cmd(while B do C) = usr_emd(C),

e wf_cmd(Cy || C2) =wf_cmd(Cr) ANwf_cemd(Cy)A(Locked(Cy) N Locked(Ca) = 0),

(€
(
(

o wf_cmd(resourcer in C) = wf_cmd(C),
(

o wf_cmd(withinr doC) = wf_cmd(C) Ar ¢ Locked(C),
(

e wf cmd(C) = true, otherwise.

We write C € wf_cmd, if wf_emd(C) = true.
In the following result we will see that a reachable command is a well-formed command. First,
we see that the user commands are well-formed.

Proposition 13. Let C € C. If usr_cmd(C) = true, then C € wf_cmd and Locked(C) = 0.

Proof. Prove by induction on the structure of C.
Let C € C such that usr_cmd(C) = true.
Let C = skip | x:=e | x:=[e] | [e]:=€’ | x:=cons(e) | dispose(e).
We have that C' € wf_cmd and Locked(C') = .
Let C = if B then C; else Cy. Then usr_cmd(Cy) = true and usr_cmd(Cy) = true.
By the definition C' € wf_emd and Locked(C) = 0.
Let C' = Cy ; Cy. Then usr_cmd(Ch) = true and usr_cmd(Csy) = true.
Applying the induction hypothesis, we get that C; € wf cmd and Locked(C1) = 0.
Therefore C € wf cmd and Locked(C) = .
Let C' = while B do C' | with ~ when B do C. Then usr_cmd(C) = true.
By the definition C' € wf_emd and Locked(C) = 0.
Let C = resource  in C. Then usr_cmd(C) = true. B
Applying the induction hypothesis, we get that C' € wf _c¢md and Locked(C) = (.
Therefore C' € wf_cmd and Locked(C') = 0.
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Let C' = within 7 do C. Then usr_cmd(C) = false.

Let C' = C4 || Cy. Then usr_emd(Ch) = true and usr_emd(Csy) = true.
By the induction hypothesis Cy € wf _cmd, Co € wf _cmd, Locked(Cy) = 0 and Locked(Cs) = 0.
Therefore C' € wf_cmd and Locked(C') = 0. O

Next, we see that the transitions on the operational semantics preserve the well-form of commands.

Proposition 14. Let C,C" €C, s,s' € S, b,k € H and p,p' € O. If C € wf_cmd, C, (s, h,p) #p
abort and C, (s, h,p) =, C',(s', 1, p), then C' € wf_cmd.

Proof. Prove by induction on the rules of —:
Let C,C" €C, s,8' € S, h,h/ € H and p,p’ € O such that C € wf_cmd, C, (s, h, p) #, abort and

Cv (87 ha ,0) _>p C/a (slv hlv p/)
Suppose that the transition is given by (ASSIGN), (READ), (WRI), (ALL), (FREE), (RES0),

(WITH2) or (PAR3). We have C’ = skip. Then C’ € wf _cmd.

Suppose that the transition is given by (IF'1). We have C = if B then C else Co, C' = (4.
From C € wf_emd, we know that user_cmd(C’) = true.
Therefore by proposition 13, we have that C' € wf _cmd.

The cases (IF2) and (SEQ1) are analogous to the previous case.
Suppose that the transition is given by (SEQ2). We have C' = C; ; Cy, ¢’ = C1 ; C5 and

017 (57 h/7 ;0) —p C]/_a (S/a h/a pl)

From C € wf cmd, we know that C1 € wf cmd and user _cmd(Cs) = true.
From C, (s, h, p) #, abort, we also know that

Cy, (s, h, p) /+, abort.

Applying the induction hypothesis, we get that C7 € wf c¢md. Therefore C' € wf cmd.

Suppose that the transition is given by (LOOP). .
We have C' = while B do C and C’ = if B then C'; while B do C else skip.

From C € wf_cmd, we know that user_cmd(C) = true. Therefore

wf _emd(C') = wusr_cmd(C; while B do C') Ausr_cmd(skip)
= usr_emd(C) Ausr_emd(while B do O)
C

= wusr_cmd(C) = true.

Suppose that the transition is given by (RES1). We have r ¢ p, C = resourcer in C,
C' = resource r in C’, r € Locked(C) and

éa (Sa hv (O Y {T}v La D)) _>p éla (S/, h/a pll)a

where p" \ {r} = p'. From C € wf_cmd, we know that Cecwf_cmd.
We also know that C, (s, h, (O U{r}, L, D)) +, abort, because C, (s, h, p) #+, abort.

Applying the induction hypothesis, we obtain that ¢’ € wf _cmd. Therefore C' € wf_emd.
The case (RES2) is analogous to the previous case.

Suppose that the transition is given by (WITHO0). We have C' = with r when B do C' and ¢’ =
within r do C.

From C € wf_cmd, it follows user _cmd(C) = true.

By proposition 13, we know that C' € wf_emd and Locked(C) = (). Therefore C' € wf _cmd.

Suppose that the transition is given by (WITH1). We have » € O N O, C' = within r do C,
C' = within r do C’ and

C, (5,1, (O\{r}, L, D)) =, C',(s', 1, (0" \ {r}, L', D")).
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From C € wf_emd, we know that C € wf _emd and r ¢ Locked(C).

We also know that C, (s, h, (O\ {r}, L, D)) />, abort, because C, (s, h, (O, L, D)) —, abort.

Applying the induction hypothesis, we conclude that ¢’ € wf _cmd.

To conclude that C’ € wf _emd, we need to check that r ¢ Locked(C").

Having in mind that r ¢ (O \ {r}, L, D)), we conclude that the resource r is not acquired by the
transition C, (s, h, (O \ {r}, L, D)) =, C',(s', 1/, (O"\ {r}, L', D).

Hence 7 ¢ Locked(C") and C' € wf _cmd.

Suppose that the transition is given by (PAR1). We have C = C || Co, C' = Cf || C2 and

017 (87 h’a (07 L7 D)) —>I) Ci? (S/a hl) (0/7 Ll7 D/))
From C € wf _cmd, we know that C; € wf cemd, Cy € wf _emd and Locked(Cy)N Locked(Cs) =

Note that C1, (s, h, (O, L, D)) # abort, because C, (s, h, (O, L, D)) —, abort.

Then, by induction hypothesis, we conclude that C] € wf cmd.

To prove that C’ € wf _cmd, we need to check that Locked(C]) N Locked(Cy) = (.

Suppose that there is r such that r € Locked(C7) N Locked(Cs).

We have that r ¢ Locked(C1), because Locked(C1) N Locked(Cy) = (). Then the resource r need
to be acquired by the transition

Clv (37 h’a (07La D)) %P Ci? (S/a hla (0/7L17 D/))

It can only acquire the resource r if » € D. By the rule (WITHA2),if r € D and r € Locked(Cs3),
then Cs, (s, h, (O, L, D)) —, abort.

Hence, if r € Locked(C7) N Locked(C5), then C, (s, h, (O, L, D)) —, abort.

The previous show that Locked(C}) N Locked(Cy) = 0. Therefore C' € wf _cmd.

The case (PAR2) is analogous to the previous case. O

By induction on the number of transitions and the previous propositions, we have the following
corollary. This corollary gives a necessary condition to the reachable commands.

Corollary 1. If C is reachable, then C € wf cmd.

Using the corollary above, we revisit the motivational example presented at the begin of this
section.

Example 10. The command within r do within r do skip is not well-formed. Then, by the corollary
1, it s not reachable.

The next proposition shows how the resource configuration is modified by a transition.

Proposition 15. Let C € wf _cmd, C' € C, s,s € S, hyh' € H and p = (O,L,D),p =
(O,L',D") € O. If C, (s, h, p) #+p abort and C, (s, h,p) =, C',(s', W, p'), then

O’ = (O U (Locked(C") \ Locked(C))) \ (Locked(C) \ Locked(C")).

Proof. Using the proposition 14, we start by noting that C' € wf emd.
Let C,C" € wf _cmd, s,s € S, h,h' € H and p = (O,L,D),p’ = (O',L',D") ¢ O. If
C, (s, h, p) #p abort and
C,(s,h,p) —=p C' (s W, p).

We prove the proposition by induction on the rules for the transition above.

Suppose that the transition is given by (ASSIGN), (LOOP), (READ), (WRI), (ALL), (FREE),
(PAR3) or (RES0). We have Locked(C) = (), Locked(C") = 0 and p’ = p.

Then the conclusion is immediate.

Suppose that the transition is given by (IF'1). We have C' = if B then C; else Co, C' = Cy and
P =p.
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From C € wf cmd, we know that usr _cmd(C;) = true and Locked(C) = Locked(C") = .
Then the conclusion is obvious.

The case (IF2) is analogous to the previous case.

Suppose that the transition is given by (SEQ1). We have C = skip ; Co, C/ = C5 and p’ = p.
From C € wf_emd, we know that usr_cmd(C2) = true and Locked(C') = Locked(C) = 0.
Then the conclusion is trivial.

Suppose that the transition is given by (SEQ2). We have C = C; ; C, C' = C7 ; Cy and
C1, (s8,h,p) —=p C1, (8,0, ).
From C, (s, h, p) #, abort, we know
C4, (s, h, p) #»p abort.
Applying the induction hypothesis, we get that
O" = (O U (Locked(CY) \ Locked(C1))) \ (Locked(C1) \ Locked(CY)).

The conclusion is valid, because Locked(C') = Locked(C4) and Locked(C") = Locked(C1).
Suppose that the transition is given by (PAR1). We have C' = C || Cy, C = Cf || C3 and

Cla (87 ha ,0) 4>ZD C{a (Sla hla p/)

Note that C4, (s, h, p) #, abort, because C, (s, h, p) #p abort. And that C; € wf_cmd, because
C € wf _emd. Using the induction hypothesis, we have that

O" = (O U (Locked(C1) \ Locked(C1))) \ (Locked(C1) \ Locked(CY)).

We know that Locked(Cy) N Locked(C2) = ) and Locked(C}) N Locked(Ca) = ), because the
commands C and C’ are well-formed.

By Locked(C) = Locked(Cy) U Locked(Cs), Locked(C') = Locked(C{) U Locked(C%) and the
equalities above, we have that

O" = (O U (Locked(C") \ Locked(C))) \ (Locked(C) \ Locked(C")).

The case (PAR2) is analogous to the previous case.

Suppose that the transition is given by (RES1). We have r ¢ p, C = resourcer in C,
C’ = resource rin C’, r € Locked(C') and

éa (Sa h7 (O U {7’}, La D)) 4)13 élv (Sla h/a pll)7

where p” \ {r} = p'.
Note that C, (s, h, (O U {r}, L, D)) #, abort. Using the induction hypothesis, we obtain that

0" = (0O U {r} U (Locked(C") \ Locked(C)))\ (Locked(C) \ Locked(C")).
We have the following equalities of sets:
(AUB)\C = (A\C)uU(B\C),
(A\B)\C = (A\C)\(B\C)

Therefore
O =0"\{r} = ((0OU{r} U (Locked(C") \ Locked(C))) \ {r}) \ ((Locked(C) \ Locked(C"))\ {r}).
From r ¢ O, we obtain that

0" = (O U ((Locked(C") \ {r}) \ (Locked(C) \ {r})) \ ((Locked(C) \ {r}) \ (Locked(C") \ {r})).
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Note that Locked(C) = Locked(C) \ {r} and Locked(C") = Locked(C") \ {r}. Hence
O' = (O U (Locked(C") \ Locked(C))) \ (Locked(C) \ Locked(C")).

The case (RES2) is analogous to the previous case.

Suppose that the transition is given by (WITHO).

We have C' = with » when B do C, C’ = within r do C, p = (O, L, DU{r}) and p = (OU{r}, L, D).

From C' € wf_cmd, we know C € usr_cmd. Hence, Locked(C') = {r} and Locked(C) = §. The
conclusion is straightforward.

Suppose that the transition is given by (WITH1). We have r ¢ (O, L, D), p = (O U {r}, L, D),
p = (0" U{r},L',D’), C = within r do C, C'" = within r do C’ and

C, (5,0, (0, L, D)) =, C', (', W', (O, L', D).
Note that C, (s, h, (O, L, D)) #p abort. Using the induction hypothesis, we have that
O’ = (0O U (Locked(C") \ Locked(C))) \ (Locked(C) \ Locked(C")).

Using that Locked(C) = Locked(C) U {r} and Locked(C") = Locked(C") U {r}, we conclude that

O’ U{r} = (0O U{r}U (Locked(C") \ Locked(C))) \ (Locked(C) \ Locked(C")).
Suppose that the transition is given by (WITH2). We have C' = within r do skip, C’ = skip,

p=(0U{r},L,D)and p/ = (O',L',D" U{r}).

The conclusion follows from Locked(C) = {r} and Locked(C") = 0. O

For any execution that start with every resource available, in the next proposition we give the
explicit formula to the resource configuration at any time of that execution.

Proposition 16. Let k > 0, C,C' € C, 5,8’ € S, h,h' € H, p’ € O such that C € Com and C' is
reachable from C. If C, (s, h, (0,0, Res(T)) —>’; C' (s, 0, p'), then

p' = (Locked(C"), 0, Res(T") \ Locked(C")).

Proof. Let k> 0,C,C" €C, s,s" €S, h, ' € H, p’' € O such that C € Com, C’ is reachable from C
and
C, (s, h, (0,0, Res(T)) —>’; C' (s, p).

The prove is done by induction on k.
Let k=0, it is immediately from usr _cmd(C) = true and Locked(C) = §.
Let k =n + 1. Then there exist C”, s”, h”, p’ such that

C, (s,h, (0,0, Res(T")) =5 C",(s", 0", p") =, C", (s', 1, p).
Note that C” is reachable from C. By the induction hypothesis, we have that
p" = (Locked(C"),0, Res(T') \ Locked(C")).
Using the proposition 15, we know that
O" = (Locked(C") U (Locked(C") \ Locked(C"))) \ (Locked(C") \ Locked(C")).

Next we see that O’ = Locked(C"). Let r € Locked(C").
Suppose that r € Locked(C"). Then

r € Locked(C") \ (Locked(C") \ Locked(C")) C O'.
Suppose that r ¢ Locked(C"). Then

r € (Locked(C") \ Locked(C")) \ (Locked(C")\ Locked(C")) C O'.
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Therefore
Locked(C") C O'.

Let r € O'.
If r € Locked(C"), then r € Locked(C").
If r ¢ Locked(C"), then r € Locked(C").
Hence
Locked(C") = O'.

By proposition 4, we conclude that

o' = (Locked(C"),0, Res(T") \ Locked(C")).

4 Extended operational semantics

In this section, the operational semantics is extended with the environment transition. The envi-
ronment transition allows the environment to change the heap associated to global properties and
to change the value assignment to variables not protected by the rely-set and/or resources acquired.
The notion of validity for the extended operational semantic is introduced, the notion of safety for
the next n transition.

Finally the soundness of Concurrent Separation Logic with respect the operational semantics is
proved.

4.1 Environment Transition

The transformation on the environment is defined by the following relation.

Definition 31. Let s,s' € S, h,h' € H, (O,L,D),(O',L',D") € O and A C Var.

We say that (s, h, (O, L, D)) is transformed by the environment to (s',h', (O, L', D")) and we write
(5:h, (0, L, D)) & (s', 1/, (O, L, D)) i

o s(x) =s'(x) for every x € A, and

e O'=0and L’ UD' = LUD, and

o i/ =h.

The transformation on the environment defined above naturally defines the relation g (S x

H x O) x (S x H x O). The next proposition is immediate from the definition.

Proposition 17. Let A, A C Var. The relation &5 s an equivalence relation.
If A’ C A and (s,h,p) < (s, 1/, 0f), then (s,h, p) < (s, 1, o).

Let T be a well-formed resource context and A C Var.

The environment transition denoted by the relation 225,C (C x S x H x O) x (C x S x H x O),
it is defined by the following rule.
Let hg,hy; € H, C €C, 5,8 € S, h,h € H, p,p/ € O and A’ = AU Urerockeaccy PV (). I

(s, h,p) A, (s' h,p'), s,hg = ® I'(r) and s, h; = ® I'(r), then
reD reD’

(ENV)
C, (5,h W ha, p) s C, (s, h W by, pl)

Using the rule of the environment we can:
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e change the storage, except inside the rely-set A and the variables protected by the resources
acquired at the moment;

e interchange the resources locked by the environment and available; and
e modified the subheap that it is uniquely determined by the resources available.

We extend the transitions on the operational semantic with the environment transition, and we

define the following relation Al e (CxSEXHXxO)x((CxSxHxO)U{abort}). This new relation
is given by

AT Al
o=, U e

4.2 Safety

We start by defining the set of variables that the next transition can change.

Definition 32. Let C € C. The set of variables possible to change by C in the next transition is
denoted by chng and it is given by:

o chng(x:=E) = chng(x:=[E]) = chng(x:=cons(E)) = {x},

e chng(Ch ; C2) = chng(C1),

o chng(within r do C) = chng(resource r in C') = chng(C),

e chng(Cy || C2) = chng(Ch) U chng(Cy),

e chng(C) =0, otherwise.

Now, we introduce the notion of safety in the next n transitions.

Definition 33. Let C € C, s € S, h € H, p € O, I' a well-formed resource context , A C Var and
Q € Astn. We say that:

e Safeq(C,s,h,p,T,Q,A) is always valid.
e Safen,t1(Cys,h,p,T,Q,A) is valid if:

(i) If C = skip, then s,h = Q.
(i) The next transition of C' does not abort for (s, h,p), i.e.

C, (s, h, p) #p abort.
(i4i) The next transition of C' does not change variables protected by resources not owned, i.e.

chng(C) N U PV (r)=0.

reLUD

(iv) For every hg, C', s', h and p' such that s,hg = ® T'(r) and
reD

C, (s,h & hg,p) 25 C', (s b, o),
then there exist h' and hy, such that h=Hy he, Safe,(C',s', W, p',T',Q, A) is valid and

s he B ® T(r).

reD’

The next theorem is proved by induction on the number of program’s transitions.
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Theorem 1. Let C € Com, P,Q € Astn, I' a well-formed resource context and A C Var. If for
every s,h and n > 0 such that s,h = P, we have that Safe,(C, s, h, (0,0, Res(T)),T,Q, A) is valid,

then
I' ={P}C{Q}.

If a specification is safe for n transitions, then it is also valid for less transitions. This is stated in
the proposition below.

Proposition 18. Let C € C, s € S, h € H, p € O, ' a well-formed resource context, Q € Astn,
AC Var,n € Ny and k < n. If Safe,(C,s,h,p,T',Q,A) is valid, then Safer(C,s,h,p,T',Q,A) is
valid.

Proof. Let C € C, s € S, h € H, p € O, T a well-formed resource context, ) € Astn, A C Var,
n € Ny and k < n such that Safe,(C,s, h,p,T,Q, A) is valid.
If £ =0, it is trivial.
If k£ > 0, the first three conditions are immediate because n > 0.
Let h¢g such that s, hg = ®DF(r).
re

Consider the reflexive environment transition, we conclude that Safe,_1(C,s,h,p,T',Q,A) is
valid.
Repeating the argument before, we obtain that Safer(C,s, h,p,T',Q, A) is valid. O

4.3 Safety’s properties

In this section, we give technical results that will be used in the last section, when we prove the
soundness of Concurrent Separation Logic.
For the skip rule, we have the following result.

Proposition 19. Let s € S, h € H, p € O, I' a well-formed resource context, QQ € Astn and
A C Var such that FV(Q) C A. If s,h = Q, then Safe,(skip,s,h,p,T,Q,A) is valid for every
n > 0.

Proof. Let s € S, h € H, p € O, T’ a well-formed resource context, () € Astn and A C Var such that
FV(Q) C Aand s,h EQ.

We prove the proposition by induction on n.

Let n = 0. It is trivially valid.

Let n =Fk+ 1.

From s, h = @, we obtain the condition (i) of Safe,(skip, s, h,p,T',Q, A).

The command skip never aborts, then the property (i) of Safe,(skip, s, h, p,T', Q, A) is immediate.

From chng(skip) = (), we have the property (:ii) of Safe,(skip, s, h, p,T',Q, A).

It remains to prove the condition (iv) of Safe,(skip, s, h,p,T,Q, A).

Let h¢g, C', s', ' and p’ such that s, hg E ®DF(T) and

re

skip, (s, h W hg, p) Ar, C', (s, p).

The only possible transitions to the command skip are given by environments transitions. Then
C" = skip,
(s, p) & (s, B, )
and there is hy; such that b’ = h W hy, and

s hg E ® T(r).
reD’

It is enough to check that Safey(skip,s’, h,p',T", @, A) is valid.
Note that s(x) = s'(z), for every z € FV(Q) C A. By proposition 2, we have that

s hEQ.
Therefore by induction hypothesis, Safeg(skip, s, h, p', T, Q, A) is valid. O
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The result below will be used to prove the soundness of the sequence rule.

Proposition 20. Let Cy ;Cy € wf _cemd, s€ S,heH,pe O, R,Q € Astn, A1, A C Var,n e Ny

and I’ a well-formed resource context such that p = (Locked(C1), L, D), LUD = Res(I")\ Locked(C1),
If, for every s',h' = R and L' U D' = Res(T"), Safe,(Cy, s, 1/, (0,L',D"),T,Q, As) is valid and

Safen(Cy,s,h,p, T, R, Ay) is valid, then Safe,(Cy;Ca,s,h,p,T,Q, A1 U Ay) is valid.

Proof. Let C1;,Cy € wf _emd, s€ S,heH,pe O, R,Q € Astn, A;, As C Var, n € Ny and T is
a well-formed resource context such that p = (Locked(C4),L,D), L UD = Res(T') \ Locked(Cy),
FV(R) C Ay, FV(Q) C As, Safe,(Ci,s,h,p,I',R, Ay) is valid and, for every s',h’ = R and
L'UD = Res(T"), Safe,(Ca,s',h',(0,L',D"),T',Q, Ag) is valid.

We start by noting that Locked(C) = Locked(Cy). From C;;Cs € wf cmd, we know that
Cy € wf_cmd and Cy € Com. Then Locked(Cs) = 0.

We prove the proposition by induction on n.

For n =0, it is trivial. Let k = n + 1.

The first property of Safe,(Ci;Ca,s,h,p,I',Q, A1 U As) is immediate, because C7 ; Co # skip.

From Safe,(C1,s,h,p,I', R, A1), we know that

Ci, (s, h, p) #+p abort.

Then
Cy; Ca, (s, h, p) #+p abort.
So the property (ii) of Safe,(Cy; Ca,s,h,p,T,Q, A1 U As) is verified.
We have chng(Cy ; C3) = chng(Cy).
It follows from Safe, (C1,s,h,p, T, R, A1), that

chng(Cy; C3) N U PV (r) = chng(C1) N U PV (r)=190.
reLUD reLUD

The previous establish the property (ii:) of Safe,(Cy; Ca,s,h,p,T,Q, A1 U As).
Let hg, C', s', b and p’ such that hgLh, s,hg = ® I'(r) and
reD

Cl ; 027 (87 hy hGap) M 0/7 (Sl7 hl,P/)~

Below we consider the possible transitions.

Suppose that the transition is given by (SEQ1). We have C' = Cy, C; = skip, s’ = s, ' = hWhg
and p' =p=(0,L,D), where LU D = Res(T).

Taking hy, = hg. We have that

s, ha ': ® F(r).
reD

From Safe,(skip, s, h, p, T, R, A1), we know
s,h = R.

By the hypothesis, we have that Safe,(Ca,s,h, (0, L, D),T,Q, As) is valid.

£25M542 and proposition 18, we conclude that Safex(Cs, s, h, (0, L, D),T,Q, A1 U Ay) is

From
valid.

Suppose that the transition is given by (SEQ2). We have C' = C] ; C5 and
Ch, (s, hWhg, p) =p C1, (s, 1, p').

From Safe,(Ci,s,h, (Locked(C),L,D),T', R, A1) be valid and the previous transition, we know
that there is hy, C b/ such that Safe,(Cl,s',h' \ h, p',T', R, A1) is valid and

s hg E ® T(r).
reD’
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By the proposition 15, we obtain that
p' = (Locked(C}), L', D),

where L' U D" = Res(T') \ Locked(C1).
From proposition 18, we have that Safer(Ca,s',h',(0,L',D"),T,Q, As) is valid, for every
s b E Rand L'UD' = res(T).
Hence, by induction, we conclude that Safex(C]; Ca,s',h' \ hy, o/, T, Q, A1 U Ay) is valid.
Suppose that the transition is given by (ENV). Let A" = A1 U A2 UU, cpockeaic) PV (7)-
We have C' = Cy ; Cy,

(s.hp) & (/.. ),
and there exists hy; C A such that A’ = h W hf, and

s hg B ® I(r).
reD’

It is sufficient to check that Safex(Cy; Co, 8", h,p',T',Q, A1 U Ay) is valid.

From A1UU, ¢ pockeaccr) PV (1) © A1UA2UU, ¢ pocked(cy PV (1), we have the following environment
transformation

A/
(s,h,p) & (s', h, p'),

where A7 = A1 UU, croekeaicy) PV (1)

Considering the same hg and hy,, as before, we have the following environment transition

Cla (Sa hy hG7p) %e Cl> (8/, h h/Gap/)'

Using that Safe,(C1,s,h,p, T, R, Ay) is valid and the environment transition above, we obtain
that Safer(C1,s', h,p',T', R, A7) is valid.

Note that p’ = (Locked(C1),L’,D') and L' U D’ = Res(I") \ Locked(C1).

By the induction hypothesis, we conclude that Safer(Cy; Ca, s, h, p/,T,Q, A1 U Ag) is valid. O

To prove the soundness of the parallelism’s rule, we’ll use the next proposition.

Proposition 21. Letn € Ny, s € S, C1 || C2 € wf_emd, hyhy,ha € H, p,p1,p2 € O, Q1,Q2 € Astn
and A1, As C Var such that FV(Ql) C Ay, FV(QQ) C Ay, p= (OlUOQ,L,D), p1 = (Ol,LUOQ,D),
P2 = (OQ,LU O1,D), and h = h1 Lﬂhg.

Ifsafen(claSahlvplaranyAl) and Safen(02755 h23p27FaQ23A2) are ,Ualid} and AlmmOd(CQ) =
Ay Nmod(Cy) = 0, then Safe,(Cy || Ca,8,h,p, T, Q1 * Qa, Ay U Ay) is valid.

Proof. Let n € Ny, s € S, C1||Ce € wf _emd, hyhi,ha € H, p,p1,p2 € O, Q1,Q2 € Astn
and A;, As C Var such that p = (01 UOQ,L,D), p1 = (OhLU 027D), P2 = (027LU OhD),
FV(Q1) C A1, FV(Q2) C Az, h = hy W hy and the next expression are valid

Sa‘fek+1(cl787h17p17F7Q17A1)7 (1)
Safery1(Cy, s, ha, p2, T, Q2, Az). (2)
We prove the proposition by induction on n. For n = 0, it is trivial.

Let n =k + 1.

From C} || Cy # skip, the condition (7) of Safe,(Cy || Ca, s, h, p,T', Q1 xQ2, A1 U As) is immediate.

Applying the safety monotonicity (proposition 6) to the assumptions (1) and (2), we see that
01, (S, hi W hg, ,01) 7L>p abort and 02, (8, hi W h2, pg) 7L>p abort.

By the proposition 8,

Ci,(s,h,p) #pabort and Cs, (s, h,p) /4 abort.
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Therefore
Ch H 027 (57 hap) 7L>p abort.

The previous prove that the condition (i7) of Safe,(C; || Ca, s, h, p, T, Q1%Q2, A]UAs) is respected.
By the assumptions (1) and (2), we have that

chng(Cy) N U PV(r)=0 and chng(Ce)N U PV (r) =0.
reLUO2UD re LUO1UD

Then
(chng(Cy1) U chng(Cs)) N U PV (r)=0.
reLuUD
The condition (zit) of Safe,(Cy || Ca, s, h, p,T', Q1 *x Q2, A1 U Ag) follows from the previous state-
ments and chng(C) = chng(C1) U chng(Cs).
Next, we prove the condition (iv) of Safe,(C1 || Ca,s,h, p,T', Q1 * Q2,41 U As). Let hg, C’, &,
h' and p’ such that s,hg E E@DF(T) and

A1UAL T
R N

C1 || 027(57h1 H'JhQL_Hh'Gap) O/,(Sl7h/,p/).

Below, we consider the four possible transitions.

Suppose that the transition is given by (PAR1). We have that C' = C] || C2 and
017 (8; hl Y h2 W hG7p) —p Cia (8/7 h/7p/)'

From the assumption (1), we know that C1, (s, h1, p1) #p abort.

By the safety monotonicity (proposition 6), for every hp_Lh, we have that C1, (s, h1 Whr, p1) #p
abort.

Using the proposition 9, we get that Oy C O’ and

Cl, (S, hi W hy W hGypl) —p C{, (S/, h/, (O/ \ 02,L U 027D/)).
By the frame property (proposition 7), we have that ho C b’ and
Cla (57 hl W hGa Pl) %p Cia (5/7 h/ \ hQ? (O/ \ 023 LU OQa D/))

Consider pj = (O'\ Oz, LUO,, D"). By (1) be valid, we know that there are k) and h{, such that
W =k Whe Why, Safer(Cl, s, kY, p1, T, Q1, Ar) is valid and

s he = @ T(r).
reD’
It is sufficient to check that Safer(C1 || Ca, ', by Wha, p/, T, Q1 * Q2, A1 U As) is valid.
First, we see that we have the following environment transformation

’

A
(57 h27p2) o (S/) h?a p/2)?

where py = (02, LU (0"\ O2),D') and Ay = A> UU, crockea(cy) PV (7)-

We have that s(x) = s'(z), for every x € Ag, because mod(Cy) N As = ().

Note that Locked(C2) C O, otherwise we obtain by the rule (WITHA2) that Cy, (s, h, p2) —p
abort.

From property (¢ii) of (1) and Locked(C2) C Oz, we have that s(x) = s'(z) for every x € Aj.

It is straightforward that Oy = O3 and hy = hs.

From the proposition 4, we know that O; U D = (O’ \ O2) U D’. Then

LUOUD=LU(0O'\O)uD".
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Hence we can consider the following environment transition

AT
Ca, (s, ha Wha, p2) —¢ Ca, (8", ha W hiy, ph),

By (2), we conclude that Safey(Ca, s, ho, ph,T', Q2, As) is valid.

To apply the induction hypothesis, we need to check that o/, p!, p respect the conditions in the
proposition. This is immediate from O’ = (O’ \ O2) U Os.

By the induction hypothesis, we conclude that Safex(Cy || Ca, s, b Wha, p', T, Q1 % Q2, A1 U As).

The case (PAR2) is analogous to the previous case.
Suppose that the transition is given by (PAR3). We have C’ = skip, C; = skip, Co = skip, s’ = s,
W =hWhg and p' = p.
Taking hg, = hg. We know that
s, ha ': @DF(T).
re

Because Safe,(skip, s, hi,p1,T,Q1, A1) and Safe, (skip, s, ha, poT', Q2, Ag) are valid, we have that

s,hi E Q1 and  s,ho = Q.

Then
s, hi W ho ': Ql *Qg.
From the proposition 19, we conclude that Sa fey(skip, s, hy Wha, p, T, Q1 % Q2, A1 U As) is valid.

Suppose that the transition is given by (ENV). Let A’ = A; U Ay U UTGLocked(C1 1Ca) PV (r).
We have that C' = Ch || 02, p/ = (01 U 027L/, D/),

A/
(8,1, p) &~ (8", hy p'),
and there exists hy; such that b’ = hy W ho W hy, and

s\ hly = ® D(r).
reD’

We start by proving that
Aj
(Sv h17 Pl) A (sla hl; PI1)7
where p} = (01, L' U O2,D") and A} = A1 UU,.cpocked(cy) PV (7)-
We know that s(z) = §'(z), for every x € A} C A’. Tt is straightforward that O; = O; and
hi = hy.
From LUD = L' U D’, we infer that LUO; U D = L' UO5 U D’. Then we have the environment
transformation above.
From the environment transformation above, s,hg = ® I'(r), s, hy; = ® I'(r) and (1), we
reD

reD’
conclude that Safey(Cy,s' hy, p],T,Q1, A1) is valid.
Analogous, we obtain that Safer(Cs, ', ha, ph, ', Q2, Az) is valid, where p), = (Oz, L' U O, D’).
Note that the new resources configurations p’, p} and p} respect the condition in the proposition.
Therefore, by the induction hypothesis, Safer(Cy || Ca,s’, h1 Wha, p', T, Q1 % Q2, A1 U As) is valid.
O

For the critical region, we have the following auxiliary result.

Proposition 22. Let C € wf _cmd, s € S, h € H, p € O, I' a well-formed resource context,
Q,Re€ Astn, A, X C Var, r € Res and n € Ny such that T' =T, r(X) : R is a well-formed resource
contezt, p=(0,L,D), r € O and FV(Q) C A.

If Safe,(C,s,h,p\ {r},T,Q « R, AU X) is valid, then Safe,(withinr do C,s,h,p,T',Q,A) is
valid.
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Proof. Let C € wf _cmd, s € S, h € H, p € O, I a well-formed resource context, ), R € Astn,
A, X C Var and r € Res such that IV =T, 7(X) : R is a well-formed resource context, p = (O, L, D),
re€ O, FV(Q) C Aand Safe,(C,s,h,p\ {r},T',Q « R, AU X) is valid.

We prove by induction on n that Safe,(within r do C,s, h, p, IV, Q, A) is valid.

For n = 0, it is trivial.

Let n =k + 1.

Because within r do C' # skip, we have the property (i) of Safe, (withinr do C, s, h,p, I, Q, A).

From Safe,(C,s,h,p\ {r},I,Q * R, AU X) be valid, we get that

C,(s,h,p\ {r}) 4, abort.

From the previous and r € O, we obtain that
within r do C, (s, h, p) #, abort.

Hence, the property (i7) of Safe,(within r do C, s, h, p, T, Q, A) is respected.
From Safe,(C,s,h,p\ {r},T,Q* R, AU X) be valid and r € O, we know that

chng(withinrdo C) N | ] PV () = chng(C)n | ) PV(#) =0.
reLUD reLUD

Then, we have the condition (ii7) of Safe, (within r do C,s,h,p,T',Q, A).
Let h¢g, C', s', ' and p’ such that s,hg E ® T'(#) and
#€D

within r do C, (s, h & h¢, p) ALl C', (s, p).

Next, we consider the possible transitions.
Suppose that the transition is given by (WITH1). We have ¢’ = within r do C, r € O N O’ and

C, (s, h & ha,p\{r}) = C,(s', 1, p'\ {r}).

Taking in account that Safe,(C,s,h, p\{r},T',Q* R, AU X) is valid, we know that there are h,
and A’ such that b/ = b} Why, Safer(C,s', by, o' \ {r},T,Q * R, AU X) is valid and

S b @ T(F).
reD’

From r € O', we conclude that
s he = @ T'(7).
reD’

Applying the induction hypothesis to Safer(C,s' by, o'\ {r},T,Q* R, AU X), we obtain that
Safer(within r do C, s', b}, p', TV, Q, A) is valid.

Suppose that the transition is given by (WITH?2).

We have that C’ = skip, C =skip, s = s', ¥ = hWhg, O =0\ {r}, L' = Land D' = DU {r}.
From Safe,(skip, s, h,p,T',@Q * R, AU X) be valid, we have that

s,h = Q *R.

Then there exists hgr C h such that

s,hg ER and s,h\ hr EQ.

Let A% = hg & hy. Then
s,hg = ® T'(7).
reD’
By the proposition 19, FV(Q) C A and s,h \ hg E @, we conclude that Safeg(skip,s,h \
hr,p',T",Q, A) is valid. The conclusion follows from '\ hiy = h\ hg.
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Suppose that the transition is given by (ENV). Let A= AU PV (r) UU;cpockeacc) PV (7)-
We have C’ = within r do C,
(sh,p) S (', )
and there exists hy, C A/ such that A’ = h W hf, and

s' hg = @ I'(7).
reD’

From r € O N O’, we get that

s hglE ® I(F) and s,hg = ® T'(7).
FeD! €D

Noting that A" = AUXUU¢ pocked(cy PV (7), we can consider the following environment transition

C, (s, h e ha,p\ {r}) =55, C, (s, e hlg, o/ \ {r}).
From Safe,(C,s,h,p\{r},T,Q R, AUX), we have that Safey(C,s', h, o'\ {r},I,Q*R, AUX)
is valid.
Therefore, by the induction hypothesis, Safey(within r do C, ', h, p', T, Q, A) is valid. O

The following auxiliary proposition deals with the local resource rule.

Proposition 23. Let C € wf _cmd, s € S, h € H, I' a well-formed resource context, QQ, R € Astn,
A, X C Var, r € Res, n € Ny and p = (O,L,D) € O such that r ¢ p, FV(Q) C A and T =
I,r(X): R is a well-formed resource context. We have the following statements:

o Ifr € Locked(C) and Safe,(C,s,h,(OU{r},L,D), I, Q,A) is valid, then
Safey(resourcer in C,s,h,p,T',Q x R, AU X) is valid.

o Ifr ¢ Locked(C), Safe,(C,s,h,(O,L,DU{r}),I",Q, A) is valid and there exists hr such that
hrlh and s,hr E R, then Safe,(resourcer inC,s,hW hr,p,T',Q x R, AU X) is valid.

Proof. Let C, s, h, p, T, Q, R, A, X, r, n as stated in the proposition such that r» ¢ p, FV(Q) C A
and I" =T, r(X) : R is a well-formed resource context. Consider the next statements:

P(n) is If r € Locked(C) and Safe,(C,s,h,(OU{r},L,D),I",Q,A) is valid, then
Safep(resource rin C,s,h, p, T, Q *x R, AU X) is valid.

Q(n) is If r ¢ Locked(C), Safe,(C,s,h,(O,L,DU{r}),I',Q,A) is valid and there
exist hrLh such that s,hr = R, then Safe,(resource rin C,s,hthg, p, T, Q *
R, AU X) is valid.
This prove has three parts. First, we note that P(O) A Q(0) is true. Next, we prove that
P(n) AQ(n) = Q(n + 1), for every n > 0. Last, we show that P(n) A Q(n) = P(n + 1), for every
n > 0. This three steps prove the proposition.

It is trivial that P(0) and Q(0) are true.

Next, we prove that P(n) A Q(n) implies Q(n + 1).
Suppose that r ¢ Locked(C), hgLh, s,hg E R and Safe,1(C,s,h,(O,L,DU{r}),I",Q,A) is
valid.
The property (i) of Safe,i1(resource rin Cys,h W hg,p,T,Q * R, AU X) is immediate, because
resource 7 in C' # skip.
Suppose that
resource 7 in C, (s, h W hg, p) — abort.

Then, we have one of the following:

e 7 Ep,or,
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e r € Locked(C) and C, (s,h W hg,(OU{r}, L, D)) —, abort, or,
e r ¢ Locked(C) and C, (s,h W hg, (O,L,DU{r})) —, abort.

The first two cases are contradictory with the hypothesis r ¢ p and r ¢ Locked(C).
Hence, it must be the third case. So, we have that

C,(s,hdhg,(O,L,DU{r})) — abort.
However, from Safe,1(C,s,h, (O,L,DU{r}),I",Q, A) be valid and proposition 6, we have that
C,(s,hWhg,(O,L,DU{r})) /4, abort.

We reached an absurd, so the property (ii) of Safe,+1(resource r in C, s, hhg, p,I,Q+R, AUX)
is valid.
Observe that
chng(C) = chng(resource r in C).

From Safe,11(C,s,h,(O,L,DU{r}),I",Q,A), we know that

chng(resource  in C) N U PV (#) C chng(C) N U PV (#) =0.
FeLUD FELUDU{r}

Hence, we obtain the property (iii) of Safe,41(resource rin C,s,hW hg,p,T',Q * R, AU X).
Let hg, C', s', ' and p’ such that s,hg E ® T'(7) and
#€D

. AUX,
resource r in C, (s, h W hg W hg, p) AUXT, (s, W, ).
Next, we study the possible transitions.

Suppose that the transition is given by (RES0). We have that C = C’ = skip, ' = s, b’ =
hWhgrWhg and p' = p.
Taking h; = he. We know that hy; C A’ and

s,hig = ® T(7).
reD

From Safe,11(skip, s, h,(O,L,DU{r}),T',Q, A) be valid, we have that

s, h = Q.

Moreover, we have
s,hWhg = Qx*R.
By the proposition 19, we conclude that Safe,(skip,s,hWhg, ', Q * R, AU X) is valid.
The transition (RES1) is not possible, because r ¢ Locked(C).
Suppose that the transition is given by (RES2). We have that C’ = resource  in C and

Ca (S, hw hR W hGa (Oa La Du {T})) %p Ca (Slv hlvp”)a

where p' = p"" \ {r}.
Note that
S,hRH'JhG ): ® F/(’f)
FreDU{r}
From Safe,+1(C,s,h,(O,L,DU{r}),I",Q, A) and the transition above, we know that there is
o such that hy, C A/, Safen,(C,s' h'\ he, p”, T7,Q, A) is valid and

s hip = ® T/(7).
reD"
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To complete the analysis of this transition, we need to study two different cases: r € O” or r € D"
(note that r ¢ L”, because the proposition 4).
First, we suppose that » € O”. We have that D" = D’ and

s' hg = @ L(7).
reD’

From the proposition 15, we also have that r € Locked(C).

From r € O”, we can apply the hypothesis P(n) to Safe,(C,s',h' \ hiy, p”, T",Q, A) and obtain
that Safe, (resource rin C,s',h' \ hiy, p/,T,Q * R, AU X) is valid.

To the other case, we suppose that r € D”. Note that

® I'(F) = R« (ﬁ@ F(f)).

f.eD//
Then there exists by C hy; such that ', h; = R and

s hg \ g B ® D(F).
reD’

From the proposition 15, it follows that r ¢ Locked(C). Note that
h' =h'\ h W h'y Whg \ Wy.
Therefore Safe, (resource rin C,s',h' \ hiy W h', o/, T, Q * R, AU X) is valid, by Q(n).
Hence there exists hy, C b’ such that Safey(resource rin C,s', K \ hig, p/, T, Q « R, AU X) is valid
and
s’ hg E ® T(7).
FeD!

Suppose that the transition is given by (ENV). Let A" = AU X UUse pocked(resource r in ¢y PV ().
We have C’ = resource r in C,

(87 hy hRa p) éé; (8/3 hw hRa p/)
and there exists hy; C h’ such that b’ = hW hg W hy, and

S hiy = ® T().
reD’

Let A" = AUUzcrockeacy PV (7).
From r ¢ Locked(C'), we have that Locked(C) = Locked(resource r in C') and A” C A’. Therefore

(s,h,(0,L, DU {r})) %= (s, h, (O', L', D' U {r})).
From FV(R) C X C A’ and the proposition 2, we have that
s’ hr = R.
Moreover, we know that

s,hgWhplE @ T'(F), shpWhrlE ® T/(7).
FeDU{r} reD'U{r}

Then, we have the following environment transition

C,(5,h Whg Whe, (0,1, DU {r)) 25, € (', hw hrw by, (O', L', D' U {r})),

and (O, L', D'U{rH)\ {r}=p"
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From Safe,11(C,s,h,(O,L,DU{r}),I",Q, A) and the environment transition above, it follows
that Safe,(C,s' h, (O, L', D' U{r}),IV,Q, A) is valid.

By Q(n), we see that Safe,(resource rin C, s’ hWdhg,p,T,Q* R, AU X) is valid.

To finish, we prove that P(n) A Q(n) implies P(n + 1).

Suppose that r € Locked(C') and Safe,1(C,s,h,(OU{r}, L,D),I",Q, A) is valid.

The properties (i), (i) and (ii) of Safe,y1(resource rin C,s,h, (O,L,D),T',Q * R, AU X) are
obtained in a similar way that before.

Let hg, C’, s', b’ and p’ such that s,hg = ® I'(#) and
#€D

resource 7 in C, (s, h W hga, p) AUXL, (s W, ).
Next, we study the possible transitions.
The transition (RES0) can not occur because r € Locked(C).
Suppose that the transition is given by (RES1). We have €’ = resource r in C' and

C, (s,hwhg,(OU{r},L,D)) =, C,(s', W, p"),

where p' = p" \ {r}.
Because r ¢ D, we know that

s,hg B ® TV(7).
FE€D
Considering the transition above, it follows from Safe,,1(C,s,h, (O U {r}, L, D),I",Q, A) that
there is hf, such that hy, C K/, Safe,(C,s', ' \ hiy, p’,TV,Q, A) is valid and

s hg = @ T'(7).
reD"

Like in the previous step, we have to study two cases r € O” or r € D",
First, we suppose that r € O”. We have D" = D’ and

s hg = ® L(7).
reD’

By the proposition 15, we know that r € Locked(C').
Using P(n), we obtain that Safe, (resource rin C,s',h' \ i, p',T',Q * R, AU X)) is valid.
For the other case, we suppose that r € D”. Note that

® I'(7) =R+ @ I(r).
reD’ reD’

Hence, we know that there exists h’y C hy, such that ', h; = R and
s’ hg\hr E ® T(7).
reD’

From the proposition 15, it follows r ¢ Locked(C'). And note that
h' =W\ hgWhg Whe \ Rg.

So by Q(n), we have Safe,(resource r in C,s' W\ hig & h'g, p',T,Q * R, AU X) is valid.
Therefore there exists hy, such that Safe,(resource rin C,s',h' \ hiy, p',T,Q * R, AU X) is valid,
hy; € R and

S b @ T(F).
reD’

The transition (RES2) can not happen because r € Locked(C).
Suppose that the transition is given by (ENV). Let A" = AU X UUie pocked(resource rin 0y PV ().
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We have that C’ = resource r in C,

’

(5,h & hi, p) < (s', W W g, p')
and there exists h; C b’ such that A’ = h hg W hy; and

s by = @ (7).
reD’

Let A” = AU Uscrockedaicy) PV (7). Note that A”
Locked(C) and PV (r) = X.
Therefore

A’, because Locked(resource rin C)U {r} =

(s,h, (OU {r}, L, D)) %= (s, h, (O' U {r}, L', D")).

Moreover, we know that

s,ha = @ T'(F), s by = @ V(7).
reD reD’

Then, we have the following environment transition

C, (s, hWhe, (0'U{r}, L, D)) 255, € (s, hw iy, (OU {r}, L', D)),

and (O'U{r}, L', D\ {r} =p'.

From Safe,1(C,s,h,(OU{r}, L,D), ", Q, A) be valid and the environment transition above, it
follows that Safe,(C,s h,(O'U{r},L',D"),T",Q, A) is valid.

By P(n), we see that Safe,(resource rin C, s, h,p',T,Q x R, AU X) is valid. O

The soundness of the frame rule follows from the next proposition.

Proposition 24. Let C € wf emd, s € S, hyhr € H, p € O, Q,R € Astn, I' a well-formed
resource context, A C Var such that hLhgr and s,hg = R. If Safe,(C,s,h,p,T,Q,A) is valid and
mod(C) N FV(R) =0, then Safe,(C,s,h 8 hr,p,T,Q* R, AU FV(R)) is valid.

Proof. We prove the proposition by induction on n.
Let C € wf emd, s € S, hy,hg € H, p € O, Q,R € Astn, I' a well-formed resource context,
A C Var such that hlhg, s,hr E R, mod(C)N FV(R) =0 and Safe,(C,s,h,p,T,Q, A) is valid.
For n = 0, it is straightforward. Let n = k + 1.

Suppose that C' = skip, otherwise it is immediate. From Safe,(C,s,h,p,T,Q, A), we have that
s,h |E Q. Hence

s,hWhg = Q x R.
By Safe,(C,s,h,p,T',Q, A) and proposition 6, we have that

C,(s,h W hg,p) / abort.

Again by Safe,(C,s,h,p,T',Q, A), we know the following

chng(C) N U PV(r)=0.

reLuD

Until now, we proved the properties (i), (i7) and (ii7) of Safe,(C, s, hWhg, p,T,Q*R, AUFV (R)).
Next, we prove the property (iv). Let hg, C', §', b’ and p’ such that hg L(hWhR), s, he E @DF(T)
re
and

AUFV(R),T
e

C,(s,h hg W hg,p) C', (s, p).

Next, we consider two cases for the transition.

., . ... . AUFV(R),T
Suppose that it is a program transition, i.e. ——————=—,.
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By the frame property, we have that there is A’ such that h' = h” W hg and
Ca (Sa hy hG7 p) —p Clv (S/, h//v p/)
From Safe,(C,s, h,p,T,Q,A) be valid and the transition above, we know that there exists hy, C
h", such that Safer(C’,s',h" \ hiy, p',T,Q, A) is valid and

s he = ® T(r).
reD’

From mod(C) N FV(R) = ), we have that mod(C’) N FV(R) = § and
S/, hR ': R.

Applying the induction hypothesis, we obtain that Safey(C’,s',h' \ hi, p/,T',Q * R, AU FV(R))
is valid.

e . ... . AUFV(R),l  AUFV(R),T
Suppose that the transition is an environment transition, i.e. = e

Let A= AUFV(R)UU,crockeacy PV (r). We have

(87 h¥hg, P) *é; (8/, hy hRa p/)v
and there exists hy; C A’/ such that b’ = h W hg WAy, and

s he = ® T(r).
reD’

Let A" = AUU, crockeacy PV (7). Note that A” C A’. Then

(5,1, p) & (s', 1, ).

From Safe,(C,s,h,p,T,Q,A) and the corresponded transition of the environment to the trans-
formation above, we have that Safey(C, s, h,p,T,Q, A) is valid.
From FV(R) C A, we know that
8/, hR ': R.

By the induction hypothesis, we conclude that Safer(C,s’,h W hg,p',T,Q * R, AU FV(R)) is
valid. O

Before, we give the auxiliary result for the renaming rule, we complete the analysis started in the
proposition 10. In the next proposition, we state that the executions are independent of the resources
names.

Proposition 25. Let C,C' € wf _emd, s,8' € S, h,h € H, p,p' € O, A C Var, T',T" well-formed
resource contexts and v, € Res such that ' ¢ Res(C), ' ¢ p, ' ¢ T and T’ =T[r'/r].

If C, (s, h, p) AL, C’ (s', W, p'), then
Clr'/r], (s, h, p[r' /7)) A’—F,> C'[r'/r], (s, b, p'[r' /7).

Proof. The prove is done by induction on the rule of AL
Let C,C" € wf _cmd, s, s’ € S, h,h' € H, p,p' € O, A C Var, I, T" well-formed resource contexts
and r,7" € Res such that IV =T'[r'/r], 7’ ¢ Res(C), ' ¢ p, v’ ¢ T and

C, (s, h,p) Al C' (s, p).

Suppose that the transition is given by (ASSIGN), (IF1), (IF2), (SEQ1), (LOOP), (READ),
(WRI), (ALL), (FREE) or (PAR3). Then the transition neither depend in the resources names
nor in the resource context. So, it is trivial that

C [r], (s, by ol 1) 255 O frd, (s, B, §' o ).
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Suppose that the transition is given by (SEQ2), (PAR1) or (PAR2). Using the induction
hypothesis, it is straightforward that

Ol fr), (s, plr” ) 255 C'1 1), (', W, /).
Suppose that the transition is given by (RES0). Then C = resource 7 in skip, C’ = skip and 7 ¢ p.
We note that C[r’/r] = resource #[r’/r] in skip, C'[r' /r] = skip and #[r’/r] ¢ p[r'/r]. Therefore
Ol fr), (s, plr” fr]) 25 C'1 1), (/, W, /).

Suppose that the transition is given by (RES1). Then C = resource 7 in C, C’ = resource 7 in C",
7 ¢ p, 7 € Locked(C) and

C, (s,h, (OU{#},L,D)) —, C', (s, 1, p"),

where p” \ {#} = p’.
From 7/ ¢ Res(C), we know that # is different from ' and ' ¢ Res(C).
As before, we note that C[r’/r] = resource #[r’/r] in C[r’ /7], C'[' /7] = resource #[r' /7] in C'[1' 7]
and #[r'/r] & p[r'/r].
From r ¢ p and 7 be different from r’, we have that

' ¢ (0U{#}, L, D).

We also know that C' e wf emd, because C' € wf emd. By the induction hypothesis, we have
the following transition

Clr' /v, (5,1, (O U{F}, L D)’ [r]) —p C'l" /7], (8", 1 [ ).
As noted in the proposition 10, we know that (p” \ {7})[r’/r] = p"[r" /7] \ {#[r’/r]} and
# € Locked(C) iff #[r'/r] € Locked(C[r'/r]).

Then #[r'/r] € Locked(C[r'/r]) and p"[r' /r] \ {#[r'/r]} = p[r’/r]. Therefore,

Cl Jr), (s, b pli” /7)) 25 €'l 1], (' 1, ' /1),

The cases (RES2) and (WITH1) are analogous to the previous case.

Suppose that the transition is given by (WITHO). Then s(B) = true, C' = with # when B do C,
¢’ = within # do C, p = (O, L, DU {#}) and p/ = (O U{#}, L, D).
If # is different from r, the conclusion is immediate. Then, we suppose that # = r.
We have C[r'/r] = with ' when B do C[r'/r], C'[' /7] = within ' do C[’ /7], p[r’/r] = (O, L, D U
{r'}) and p'[r'/r] = (OU{+'}, L, D).
It follows that ,
Ol /11, (s, by ol /1) 25 €11, (5 B ).

The case (WITH2) is analogous to the previous case.
Suppose that the transition is given by (ENV). Let A" = AU Uscpockeqcy PV (7). We have
C’ = C and there exists h such that h = hWhg, k' = hW he,

sho ®T(),  s\hgk ® ()

and



Let A" = AUU;crockeaccp ) PV (7). Note that A” = A’. It is obvious that C'[r'/r] = C[r' /7],

s,ha = @ TV(7), shg = ® T'(7)
FED[r' /7] FED[r /7]

and B
(5, b, plr" /7)) & (5", B [ 1)),
Therefore ,
Ol /7, (s, by plir' fr]) 25 ' 1), (', 1, ' [ /7).

The soundness of the rename rule follows from the next proposition.

Proposition 26. Let C € wf _cmd, s€ S, he H, p=(0,L,D) € O, AC Var, I a well-formed
resource context and v, € Res such that v’ ¢ Res(C), ' ¢ Res(I') and O UL U D = Res(T).
If Safe,(C[r'/r],s, h,p[r'/r],T[r' /7], Q, A) is valid, then Safe,(C,s,h,p,T,Q,A) is valid.

Proof. We prove the proposition by induction on n. Let C € wf emd, s € S,h e H,p=(0,L,D) €
0O, A C Var, T a well-formed resource context and 7,7’ € Res such that ' ¢ Res(C), v’ ¢ Res(T'),
OULUD = Res(T") and Safe,(C[r'/r], s, h, plr’'/r],T[r' /r],Q, A) is valid.

First, note that r ¢ p, because v’ ¢ Res(I") and O UL U D = Res(T").

For n =0, it is trivially true. Let n =k + 1.

If C' = skip, then C[r'/r] = skip. By Safe,(C[r'/r],s, h,p[r'/r],T[r'/r],Q, A), we have that

s, h = Q.

So the property (i) of Safe,(C,s,h,p,T",Q, A) is verified.
From Safe,(Clr'/r],s, h, p[r’/r],T[r' /7], Q, A) be valid and the proposition 10, we have that

C[’/’//T], (Sa h7 p[T//T]) 7L>P abort'
Hence, we have the property (ii) of Safe,(C,s,h,p,T',Q, A).
From Safe,(Clr'/r],s, h,p[r’/r],T[r' /7], Q, A) be valid, we have

chng(C) N U PV (#) = chng(C[r'/r]) N U PV () =0.
#€LUD #e(LUD)[r’ /7]

Then the property (iii) of Safe,(C,s,h,p,T',Q, A) is respected.
Let hg, C’, ¢, b’ and p’ such that hgLh, s,hg = ® I'(#) and
#€D

C,(s,h W ha,p) =5 O (s, 1Y, o).
Note that C’ € wf _cmd, because the proposition 14. By the proposition 25, we have that

Cl /7, (5, h & he, plr fr]) 220 00 ] (7 1 o /7).

Moreover, we know that

s,ha 2 @  T[r'/r)(7).
FeD[r’ /7]

By Safe,(Clr'/r], s, h, p[r’ /7], T[r' /7], Q, A) and the previous transition, we have that there exists
o such that hy, CH', Safep(C'[r'/r],s', W \ h, p'[r' /7], T[r' /7], Q, A) is valid and

s hg = @ T /r](7).
FED’[r" /7]

It is easy to see that
s’ hg E ® T(F).
reD!
By induction hypothesis, we have that Safer(C’,s’,h' \ hy, p/,T',Q, A) is valid. O
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To prove the soundness of the rule for auxiliary variables, we have the following result.

Proposition 27. Let C € wf _cmd, s,s' € S, h € H, p,p' € O, Q € Astn, A, X C Var, T a
well-formed resource context and | € Ny such that p' = (Locked(C), Res(T') \ Locked(C),0), X is a
set of auziliary variables for C, 1 =1(C), FV(Q)NX =0, FV(Q) C A and X N PV (") = 0.

If Safesnioni(Cys,h, p', T, Q, AU X) is valid and s(x) = §'(x), for every x ¢ X, then Safe,(C\
X, s h,p,T,Q, A) is valid, where p = (Locked(C\X), L, D) such that LUD = Res(T")\ Locked(C\ X).

Proof. Let C € wf cmd, s,8' € S, h € H, p,p € O, Q € Astn, A, X C Var, I a well-formed
resource context and [ € Ny such that p’ = (Locked(C), Res(T")\ Locked(C), D), X is a set of auxiliary
variables for C, 1 = 1(C), FV(Q)NX =0, FV(Q) C A, XNPV(T) = 0, Safeszni2an(C, s, h,p,T,Q, AU
X) is valid and s'(x) = s(z), for every = ¢ X.

We remind that Locked(C') = Locked(C' \ X).

We will prove the proposition by induction on n.

For n =0, it is trivial. Let n = k + 1.

Suppose that C'\ X = skip. Then C = skip or C' = x:=e, where x € X.

If C = skip, then [ = 0. From Safeg,12n(C,s,h,p, T, Q, AU X), it is immediate that

s, hE Q.
Because s(y) = s'(y), for every y € FV(Q), we have that
s hEQ.
If C =x=e, x € X, then [ = 1. Consider the transition given by (ASSIGN)
C, (s, h, p) —p skip, (s[x : v], h, p),

where v = s(e).
Then, we know that Safeg,yon;—1(skip, s[x : v], h, p, T, Q, AU X) is valid. Therefore

sx:v],h E Q.
Note that s[x : v](y) = s'(y), for every y € FV(Q). Then we have that
s hEQ.

The analysis above show that the property (i) of Safe,(C\ X,s',h,p,T,Q, A) is true.
From Safesn12n(C,s,h,p',T,Q, AU X), we know that

C, (s, h, p) #+p abort.
By proposition 11, we have that
C\ X, (s, h,p) #p abort.

Having in account that s(x) = s'(x), for every x € FV(C\ X) = FV(C)\ X and the proposition
5, we know that
C\ X, (s', h,p) #, abort.

Hence the property (ii) of Safe,(C\ X,s',h,p,T,Q, A) is verified.
Note that
chng(C\ X) = chng(C) \ X.

Again by Safesni2n(C,s,h,p',T,Q, AU X), we have that

chng(C'\ X)N U PV (r) Cchng(C)N U PV (r)=190.
r€Res(I")\ Locked(C\X) reLUD
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The property (7ii) of Safe,(C\X,s',h,p,T,Q, A) is establish by the previous inequalities of sets.
Let hg, C, 8, h and p such that hgLh, s',hg E @® T'(r) and
reD

AT A /a5 o
C\ X, (s, hWhe, p) = O, (3,h, ).
First, we note that we have the following environment transition

AUX,T

C,(s,h,p) ——. C,(s,hW hg,p).

Now, we suppose that the transition in the execution of C'\ X is a program transition, i.e.
A
an_

From X N FV(C\ X) = 0 and the proposition 5, we know that there is § such that §'(z) = §(x),
for every x ¢ X, and

C\ X, (s,h W ha, p) 25 &, (8, b, p).
Using the proposition 12, we know that there exist C”” and j < [ + 1 such that C' = C" \ X
C,(s,hWha,p) =) C", (8", h, p),

where §'(z) = §'(x), for every x ¢ X, and 1" <2l — (j — 1), where I"” =[(C").
Considering the following (j + 1)-transitions

j+1 “
C, (s, h, pl) 22557 07 (&b, ).

From Safesntoni(C,s,h,p', T, Q, AUX) be valid, we conclude that there exists hy, C h such that
Safentoni—j—1(C", 8" b\ hy, p,T,Q, AU X) is valid and

§ b= @ T(r).
reD

From §"(z) = §(x), for every « ¢ X, X N PV(T') = () and the proposition 2, we obtain that

5,hg = ® I'(r).
reD

By the proposition 4, we have that p = (Locked(C"), L, D), where LU D = Res(T")\ Locked(C").
Let ¢/ = (Locked(C"), Res(T') \ Locked(C"), ) and consider the environment transition below

AUX,T

C", (8", (h\ hg) W hig, p) ¢ C", (8", 1\ hig, p).

Hence, Safes, oni(j12)(C", 8", h\ hig, ',T,Q, AU X) is valid.
From !"” <20 — (j — 1), we know that

ok < onl — 2k (5 —1).
Because (j — 1) < 2(j — 1), for every k > 0 and j > 1, we obtain that
2k < om — (j —1).
Note that 2" — (j — 1) > 2*1" is equivalent to
3n 42" — (5 +2) > 3k + 28",
Using the proposition 18, we see that Safezy or; (C”, 8", h\ he, p',T,Q, AU X) is valid.

By the induction hypothesis, we conclude that Safer(C”\ X, 3,k \ hg, p,T,Q, A) is valid.
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. ce . ... . AT AT
To finish, we suppose that the transition is an environment transition,i.e. ——=-—"—.

Let A/ =AU UreLocked(C\X) PV (r). We have C' = C\ X,

’

(s, h. p) & (3, h, ),
and there exists hy, C h such that h = h W hg, and

5,hg = ® I'(r).
reD

Note that p = (Locked(C \ X), L, D), such thatL U D = Res(I") \ Locked(C \ X).
Let §’ € S, such that §(x) = §(x), if x ¢ X, and §'(x) = s(x), if z € X.
We have the following environment transformation

(5,7, p) &5 (3, h, ),

where A” = AU X UU, croereaic) PV (7).
Then, we can consider the environment transition

C.(s.h.p) 2255 CL(5 by ).
By the proposition 18 and the previous transition, we obtain that Safesy ox;(C, 8", h, p/,T,Q, AU
X) is valid.
Note that §'(z) = §(z), for every x ¢ X. Therefore by the induction hypothesis, we have that
Safer(C\ X,8,h,p,T,Q,A) is valid. O

4.4 Soundness

In this section, we finally prove the soundness of Concurrent Separation Logic with respect to the
operational semantics.

Theorem 2. IfT' 4 {P}C{Q} is a derivable well-formed specification, then I' = {P}C{Q}.
The proof of this result is a immediate consequence of the next theorem and the theorem 1.

Theorem 3. Let C € Com, P,Q € Astn, I' a well-formed resource context and A C Var.
IfT 4 {P}C{Q} is a derivable well-formed specification, then for every s € S, h € H and n > 0
such that s, h |= P, we have that Safe,(C,s, h,(0,L,D),T,Q,A) is valid, where L UD = Res(T).

Proof. Let C € Com, P,Q € Astn, I' a well-formed resource context, A C Var, s € S and h € H
such that I' F4 {P}C{Q} is a derivable well-formed specification and s,h = P. We will prove the
proposition by induction on the inference rules.

(SKIP)

We have that C' = skip, @ = P and FV(P) C A. By the proposition 19 and s, h = P, we know
that Safe,(skip, s, h, (0, L, D), T, P, A) is valid, for every n € Ny, where L U D = Res(T).

(ASSIGNMENT)

We have C' = xi=e, x ¢ PV(I"), {x} UFV(Q)UFV(e) C A and P = Qle/x]. We will prove by
induction on n that, if s, h = Qe/x] and x ¢ PV (T'), then Safe,(x:=e, s, h, (0, L, D),T,Q, A) is valid,
where L U D = Res(T).

For n = 0, it is trivial. Let n = k + 1.

The property (i) of Safe,(x:=e,s, h, (0, L, D),T,Q, A) is immediate, because x:=e # skip.

The property (ii) of Safe,(x:=e, s, h,(0,L,D),T',Q, A) is valid, because the command does not
abort.
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We have that chng(x:=e) = {x}. From x ¢ PV (T'), it follows that

chng(x U PV(r)=0.
reLUD

Hence the property (ii:) of Safe,(x:=e,s, h, (0, L, D),T,Q, A) is valid.
Let hg, C', s', ' and p’ such that hg Lh, s,hg E @DF(r) and
re

xi=e, (s, h & ha, (0, L, D)) 25 ¢ (', 1, o).

Next we consider the possible transitions.
If the transition is given by (ASSIGN).
We have that C" = skip, s’ = s[x : v], ¥’ = hW hg and p’ = (0, L, D), where v = s(e). From
x ¢ PV (T'), we have that
s[x ), ha @DF(T).
re

We just need to check that Safey(skip, s[x : v], h, (0, L, D),T,Q, A) is valid.
By the proposition 3 and s, h = Q[e/x], we know that

s[x:v),h E Q.
From FV(Q) C A and the proposition 19, we have that Safe(skip, s[x : v], h, (0, L, D),T,Q, A)
is valid.
If the transition is given by (ENV).
We have C' = x:=e,
(5,1, (0, L, D)) < (s', b, o)
and there exists h; C A’ such that b’ = h & hy;, and

s he = ® T(r).

reD’

From {x} U FV(Q)UFV(e) C A, we know that
s’ h = Qle/x].

Moreover p' = (0, L', D’), where L' UD’ = LU D = res(I).
Therefore, by induction hypothesis we have that Safey(x:=e, s, h,p',T,Q, A) is valid.

(LOOKUP)

We have that C = x:=[e], @ = RAe— e, P=R[e'/x|ANer— e, x¢& FV(e,e'), x ¢ PV(T') and
{x}UFV(R)UFV(ee)C A.

We prove by induction on n that, if s,h = Rle'/x| Ae— €', x ¢ FV(e,e') and x ¢ PV(T'), then
Safen(x:=[e],s, h, (0,L,D),T',Q, A) is valid, where L U D = Res(T).

For n =0, it is trivial. Let n =k + 1.

The property (i) of Safe,(x:=[e], s, h, (0, L, D), T, Q, A) is immediate, because x:=[e] # skip.

From s,h |= e~ €', it follows the property (u) of Safe,(x:=[e], s, h, (@ L,D),T,Q,A).

We have that chng(x:=[e]) = {x}. Because x ¢ PV (T'), we have that

chng(x:=[e]) N U PV (r)=0.
reLuD

The previous establish the property (ii7) of Safe,(x:=[e], s, h,(},L,D),T,Q, A).
Let hg, C', s', ' and p’ such that hg Lh, s,hg E @DF(r) and
re
— AVF ! / !/ /
x:=[e], (s, hW hg, (0, L, D)) —— C',(s', 1, p').
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Next we consider the possible transitions.

If the transition is given by (READ).

We have C" = skip, s’ = s[x: V], A = hW hg and p' = (0, L, D), where v/ = s(e").
From x ¢ PV (T"), we know that

sx: v he E T?DF(T).

We just need to check that Safey(skip,sx: v'],h, (0, L, D),T,Q, A).
By proposition 3 and s, h = R[e'/x] A e — €', we have that

sx:v',hERANers €.

Therefore by the proposition 19, Safeg(skip, s[x : v'], h, (0, L, D), T, Q, A) is valid.
If the transition is given by (ENV). We have ¢’ = x:=[e],

(5.5, (0, L, D)) & (s, B, p)
and there exists hy; C A/ such that A’ = h W h{, and

s he = ® T(r).
reD’

From FV(R) U {e,e',x} C A, we have that
s'h = R[e'/x] Ners e

Note that p' = (0, L', D’), where L' U D’ = LU D = Res(I).
Therefore by induction hypothesis, we have that Safer(x:=[e],s’,h,p/,T', RAe s e', A) is valid.

(UPDATE)

We have that C' = [e]:=e’, Q = e+ e', P=e+— — and FV(e,e') C A.

We prove by induction on n that, if s,h = e — —, then Safe,([e]:=€',s,h, (0,L,D),T,Q, A) is
valid, where L U D = Res(T").

For n =0, it is trivial. Let n = k + 1.

The property (i) of Safe,([e]:=€’,s,h, (0,L,D),T',Q, A) is immediate, because [e]:=e" # skip.

From s, h |= e — —, it follows the property (ii) of Safe,([e]:=¢’, s, h, (0, L, D),T,Q, A).

We have that chng([e]:=e') = (). Then, the property (iii) of Safe,([e]:=e, s, h, (0, L, D),T,Q, A)
is immediate.

Let hg, C', ', b’ and p’ such that hgLh, s,hg E ® I'(r) and
reD

[e]:=e’, (s,h W hg, (0, L, D)) 25 ¢, (s', 1, ).

Above, we consider the possible transitions.

If the transition is given by (WRI). We have C’ = skip, s’ = s, b’ = (hW hg)[s(e) : s(e")] and
P =(0,L,D).

Because s, h = e — —, we know that s(e) € dom(h) and we can rewrite

= hs(e) : s(e)] W hg.

Taking hiy = hg. Then
s,hag E @ T(r).
reD
We just need to check that Safey(skip, s, h[s(e) : s(e)], (0, L, D),T, Q, A).

We have that
s,h[s(e) : s(e')] Eere.
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Therefore, by the proposition 19, Sa fey(skip, s, h[s(e) : s(e")], (0, L, D), T, Q, A) is valid.
If the transition is given by (ENV'). We have C’ = [e]:=¢’,

(5,1, (0, L, D)) <% (s', b, o)
and there exists h; C A’ such that b’ = h & hi;, and

s he = @ T(r).

reD’
It is sufficient to check that Safer([e]:=e', s, h,p',T,Q, A) is valid.
From FV(e) C A, we get that s’ h e —.
And note that p' = (0, L', D), where L'’ UD’ = LU D = Res(T')
Then, it follows from the induction hypothesis that Safey([e]:=e', s, h,p', T, @, A) is valid.

(ALLOCATION)

We have C' = x:=cons(e), P = emp, Q =x—¢e,x ¢ PV(I'),x ¢ FV(e) and FV(e) U{x} C A.
We prove by induction on n that, if s, h |= emp, then Safe,(x:=cons(e), s, h, (0, L, D), T, Q, A) is
valid, where L U D = Res(T").
For n =0, it is trivial. Let n = k + 1.
The property( ) of Safe,(x:=cons(e), s, h, (B, L, D),T',Q, A) is verified, because x:=cons(e) # skip.
L

The property (ii) of Safe,(x:=cons(e ) ,h, (0, L,D),T,Q, A) is trivial, because the command
does not abort.

We have that chng(x:=cons(e)) = {x}. Because x ¢ PV (I'), we know that

chng(x:=cons(e)) N U PV (r)=10.

reLUD

The previous establish the property (ii7) of Safe,(x:=cons(e), s, h, (0, L, D),T,Q, A).
Let hg, C’, ', b’ and p’ such that hgLh, s,h¢ E ® I'(r) and
reD

xi=cons(e), (s, h W he, (0, L, D)) 25 ¢, (s', 1, p).

Next, we consider the possible transitions.

If the transition is given by (ALL). We have C’ = skip, s’ = s[x : l], ' = (h W hg)[l : s(e)] and
p' = (0,L, D), such that | ¢ dom(h W hg).
Rewriting the heap, we see that
h' = h[l : s(e)] ¥ hg.

Taking hl; = hg. Because x ¢ PV(T"), we have that

S/7hG ): ® F(T).

reD

We need to check that Safeg(skip,s’, ', (0, L, D),T,Q, A) is valid.
It is easy to see that

s h[l:s(e)] Ex—e.
Therefore by proposition 19, we obtain that Safeg(skip,s’,h’, (0, L, D),T,Q, A) is valid.
If the transition is given by (ENV'). We have C’ = x:=cons(e),

(5,1, (0, L, D)) < (s', b, )
and there exists hy, C h’ such that b’ = h W hy, and

s he = ® T(r).

reD’

It is enough to check that Safep(x:=cons(e),s’,h,p’,T',Q, A) is valid. This follows from the
induction hypothesis, because s’,h = emp and p’ = (0, L', D’), where L' U D’ = LU D = Res(I').
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(DISPOSAL)

We have C = dispose(e), P =e— —, Q@ = emp and FV(e) C A.

We prove by induction on n that, if s,h &= P, then Safe,(dispose(e), s, h, (0, L, D),T,Q, A) is
valid, where L U D = Res(T").

For n =0, it is trivial. Let n = k + 1.

The property (i) of Safe,(dispose(e), s, h, (0, L, D), T, Q, A) is verified, because dispose(e) # skip.

From s, h = e~ —, it follows the property (i¢) of Safe,(dispose(e), s, h, (0, L, D),T',Q, A).

By chng(dispose(e)) = 0, we have the property (ii7) of Safe,(dispose(e), s, h, (0, L, D),T,Q, A).

Let h¢g, C', s', ' and p’ such that hg Lh, s,hg E ®DF(r) and

re

dispose(e), (s, h W ha, (0, L, D)) 25 ¢ (s, 1, o).

Next, we consider the possible transitions.

If the transition is given by (FREFE). We have C’ = skip, s’ = s, b’ = (hW hg) \ {s(e)} and
p'=(,L,D).

From s, h = e — —, we know that {s(e)} = dom(h) and we can rewrite the heap in the following
expression

h' =h\ {s(e)} ¥hg.
Consider h’~ = hg. Then

s, ha ': ® F(r).
reD

We need to check that Safeg(skip, s, h\ {s(e)}, (0, L, D), T, Q, A) is valid.
From s, h |= e — —, we have that

s,h\ {s(e)} = emp.
Therefore by proposition 19, we conclude that Safex(skip, s, h\ {s(e)}, (0, L, D),T,Q, A) is valid.
If the transition is given by (ENV'). We have C’ = dispose(e),
(s,h, (0. L, D)) < (s', B, )
and there exists hy; C A’ such that b’ = h & hy, and

"ha = ® T(r).
s, he | =y (r)

We just need to check that Safe(dispose(e),s’,h,p,T',@Q, A) is valid. This follows from the
induction hypothesis, because s',h =e+— — and p' = (0, L', D’), where L’ U D' = LU D = Res(T).

(SEQUENCE)

We have C' = C ; Cy and A = A; U A,. By induction on the inference rules, there is R € Astn
such that

e if ', i’ = P, then Safe,(C1,s',h',(0,L,D),T, R, Ay) is valid, where LUD = res(T") and n > 0.
e if s, A’ = R, then Safe,(Cq,s', 1, (0, L,D),T,Q, As) is valid, where LUD = res(T") and n > 0.
The conclusion is immediate from proposition 20, observing that Locked(Cy) = 0.

(CONDITIONAL)

We have that C' = if B then Cy else Cy, FV(P,Q) C A1 NAs and A = A; U As. And by induction
on the inference rules,

e if &,/ = P A B, then Safe,(C1,s',h',(0,L,D),T,Q, Ay) is valid, where L U D = res(T") and
n > 0; and
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o if s, A = PA—B, then Safe,(Cs,s', 1/, (0,L,D),T,Q, As) is valid, where LU D = res(T") and
n > 0.

We prove by induction on n that, if s, h = P, then Safe,(if B then C; else Ca, s, h, (0, L, D), T, Q, A)
is valid, where LU D = res(T).

For n =0, it is trivial. Let n = k + 1.

The property (i) of Safe,(if B then Cy else Cy,s,h, (0, L, D),T,Q, A) is valid, because C # skip.

The property (ii) of Safe,(if B then Cy else Cs, s, h, (0, L, D),T',Q, A) is respected, because the
command does not abort.

We have that chng(if B then C; else C3) = 0.

Then the property (ii1) of Safe,(if B then C; else Cs, s, h, (0, L, D),T,Q, A) is immediate.

Let h¢g, C', s', ' and p’ such that hgLh, s,hg E ®DF(7') and

re

if B then C, else C, (s, h W he, (0, L, D)) 25 ¢ (s, W, ).

Next, we consider the possible transitions.

If the tramsition is given by (IF1). We have C' = C4, s,h = B, s = s, ' = hWJ hg and
p'=(0,L,D).

Take hi, = hg. We know that

s,hag E ® I'(r).
reD

We just need to check that Safex(Cy,s,h, (0, L,D),T,Q, A) is valid.
We know that s,h = P A B. Hence Safe,(Cy,s,h,(0,L,D),T,Q, Ay) is valid. From A; C A, we
know that

A A

Therefore Safer(C1,s,h,(0,L,D),T,Q, A) is valid.

For the transition (I F'2) we use an identical argument.
If the transition is given by (ENV'). We have C’ = if B then C} else Cy,

(5,h, (0, L, D)) < (s, b, o)
and there exists h; C A’ such that b’ = h & hy, and

"hr = ® I'(r).
s, he | =y (r)

From FV(P) C A, s,h = P and the proposition 2, we know that
s’ hE P.
Then by the induction hypothesis, we obtain that Safey(C, s’ h,p',T',Q, A) is valid.
(LOOP)

We have C' = while B do C and FV(P)U FV(B) C A.

By induction on inference rules, if s’, ' = P A B, then Safen(é', s’ K, (0,L,D),T, P, A) is valid,
where LU D = res(I") and n > 0.

We will prove by induction on n that, if s,k = P, then Safe,(while B do C, s, h,(d,L,D),T,P A
—B, A) is valid, where LU D = res(I).

For n =0, it is trivial. Let n = k + 1.

From while B do C' # skip, we get the property (i) of Safe,(while Bdo C,s,h,(0,L,D),T,P A
-B,A).

The property (ii) of Safe,(while B do C,s,h,(0,L,D),T,P A =B, A) is verified, because the
command does not abort.

The property (iii) of Safe,(while Bdo C,s,h, (0, L,D),T,P A -B,A) is inmediate, because we
know that chng(while B do C) = (.
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Let hg, C', s', ' and p’ such that hg Lh, s,hg E @DF(T) and
re

while B do €, (s, h & he, (0, L, D)) 255 €7, (', 1, p').

Next, we consider the possible transitions.

If the transition is given by (LOOP). We have ¢’ = if B then C ; while B do C else skip, s’ = s,
K =hWhg and p' = (0,L, D).
Considering hy, = hg, we know that

s, hag E €®DI‘(7').

We just need to check that Safey(if B then C'; while B do C else skip, s, h, (0, L, D),T’, P A—B, A)
is valid.

By induction on the inference rules, if s,h = P A B, then Safey(C, s, h, (0, L, D),T, P, A) is valid.

By induction on n, we know that if s, h |= P, then Safey(while B do C,s,h, (0, L, D), T, PA-B, A)
is valid.

Noting that Locked(C) = (), we can apply the proposition 20 to conclude that if s,k = P A B,
then Safey(C ;while Bdo C,s,h,(0,L,D),T,PA—-B,A).

From proposition 19, we obtain that if s, h = PA—=B, then Safey(skip, s, i, (0, L, D), T, PA-B, A)
is valid.

Repeating the argument used in the (CONDITION AL) rule, we obtain that if s,h = P, then
Safey(if B then C'; while B do C else skip, s, h, (0, L, D),T', P A =B, A) is valid.

If the transition is given by (ENV). We have C’ = while B do C,
(5,h, (0, L, D)) < (', b, o)
and there exists h; C A’ such that b’ = h & hy, and

s he = @ T(r).
reD’

From FV(P) C A, s,h |E P and the proposition 2, it follows that
s hE P
Therefore by induction on n we have that Safey(while B do C, ', h, 0,L',D"),T,Q, A) is valid.

(PARALLEL)

We have O = 01 H CQ, P = Pl*PQ, Q = Ql*QQ; A = A1UA2, FV(Pl,Ql) Q Al, FV(PQ,QQ) Q A2
and A; Nmod(C2) = Az N mod(Cy) = .
By induction on the inference rules,

e if s, 1 |E Py, then Safe,(Cy,s', 0/, (0,L,D),T,Q1,A;), where LU D = res(T') and n > 0.
o if ',/ |= Pa, then Safe,(Ca,s', 1, (0, L, D),T,Q2, As), where LU D = res(T") and n > 0.
From s,h = P, we know that there are hy, hy such that h = hy W ha,

sshiE P s,hy = P

Hence Sa‘fen(cla S, h17 ((Z)ﬂ L7 D)7 Pa Qla Al) and Sa‘fen(027 S, h27 ((Z)a
Applying the proposition 21, we get that Safe,(Cy || Cs, s, h, (0,
valid.

L,D),T,Q, As) are valid.
L,D),T,Q1 * Q2, A1 U Ag) is

(CRITICAL REGION)
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We have C' = with 7 when Bdo C, FV(P,Q) C Aand T =I",7(X) : R is a well-formed resource
context.

By induction on the inference rules, if s’,h' = (P A B)* R, L’ UD’' = res(I') and n > 0 then
Safen(C,s' b, (0, L', D'),T',Q « R, AU X) is valid.

We will prove by induction on n that, if s,h = P and LU D = res(T') = res(I”) U {r}, then
Safey,(with r when B do C, s, h, (0, L,D),T,Q, A) is valid.

For n =0, it is trivial. Let n = k + 1.

The property (i) of Safe,(with r when B do C,s,h, (0, L,D),T,Q, A) is verified, because C' #
skip.

We have the property (ii) of Sa.fe,, (with r when B do C, s, h, (0, L, D),T,Q, A), because r € LUD.

We know that chng(with r when B do C) = §.

Then the property (iii) of Safe, (with  when B do C, s, h, (0, L, D),T,Q, A) is immediate.

Let h¢g, C', s', ' and p’ such that hg Lh, s,hg E A®DF(7A’) and

TE

with 7 when B do C, (s, h & he, (0, L, D)) BNyl (s, 10, p).

Next, we consider the possible transitions.

If the transition is given by (WITHO0). We have C’ = within r do C,reD,s =s, W =hWhg,
p={r},L,D\{r}) and s,hW h¢g = B.

From r € D and s,hg E fEBDF(f), we know that there exist hr and hy, such that hg = hr W h

and

s,hg = R, s,he = @ I(r).
reD\{r}

We just need to check that Safe(within 7 do C, s, h & hg, ({r},L,D\ {r}),T,Q, A) is valid.
We have that
s,hWhg = (PAB)x*R.
Hence Safek(é', 8,h,(0,L,D\ {r}),T',Q* R, AU X) is valid, because LU D \ {r} = Res(I").
By the proposition 22, we conclude that Safey(within r do C,s,hWhg, ({r},L,D\ {r}),T,Q, A)
is valid.

If the transition is given by (ENV). We have ¢’ = with 7 when B do C,

(s,h, (0, L, D)) <% (s',h, (0, L', D))
and there exists hy; C A/ such that A’ = h W hf, and

s’ hg B ® T(r).
reD’
Note that L'’ UD’ = LU D = Res(I") U {r}. 3
It is sufficient to prove that Safer(with r when B do C,s',h, (0, L', D"),T,Q, A) is valid.
From FV(P) C A, s,h |= P and the proposition 2, it follows that

s’ hE P

Therefore by induction hypothesis on n, Safey(with r when B do C,s', h, (0, L', D'),T,Q, A) is
valid.

(LOCAL RESOURCE)

We have C' = resource 7 in C' and IV = I', #(X) : R is a well-formed resource context.

By induction on the inference rules, if s’, i’ = P, then Safen(C,s', 1, (0,L',D"),T",Q, A) is valid,
where n > 0 and LU D = res(I") U {r}.

We prove by induction on n that, if s, h = PxR, then Safe, (resource r in C, s, h, p,T', Q+R, AUX)
is valid, where p = (0, L, D) and LU D = res(T).
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From s, h = P % R, there exists hg C h such that
S,hR‘:R, S,h\hR):P.

Hence Safe,(C, s, h\ hr, (0, L, DU{r}),T",Q, A) is valid.

Note that 7 ¢ Locked(C), because Locked(C) = (). )

By the proposition 23, we conclude that Safe,(resource rin C,s,h,(0,L,D),T,Q * R, AU X) is
valid.

(RENAMING)

We have ' ¢ Res(C) and r’ ¢ Res(I'). And by induction hypothesis on the inference rules, if
s',h' = P, then Safe,(C[r'/r],s',h,(0,L,D),T[r'/7],Q, A) is valid, where LUD = res(L'[r'/r]) and
n > 0.

From s, h = P, we know that Safe,(C[r'/r],s',h', (0, L, D)['/r],T[r'/7],Q, A) is valid for every
n > 0and LUDI[/r] = res(D)[r'/r].

Note that

LUD['/r] =res(T)[r'/r] if LUD =res(T).

By the proposition 26, we conclude that Safe,(C,s,h, (0, L, D),T,Q, A) is valid, for every n >0
and LU D = res(T).

(FRAME)

By induction on the inference rules, if s’,h’ = P, then Safe,(C,s', ', (0, L, D),T,Q, A) is valid,
where LU D = res(I") and n > 0.

Let s,h, R such that s,h = P x R and mod(C) N FV(R) = 0. There is a hg C h such that
s,hr = R and s,h\ hg = P.

By induction on the inference rules, we have that Safe,(C,s,h\ hg,(0,L,D),T,Q, A) is valid.

By proposition 24, we conclude that Safe,(C,s,hWhg, (0, L,D),T',Q* R, AU FV(R)) is valid.

(CONSEQUENCE)

We have A’ C A, =P = P and Q' = Q.

By induction on the inference rules, if s', i/ |= P’, then Safe,(C,s', ', (0, L, D),T,Q’, A’) is valid,
where LU D = res(I") and n > 0.

From s,h = P and = P = P’, we know that s, h = P’.

Hence Safe,(C,s,h,(®,L,D),T',Q,A") is valid.

First, we note that Safe,(C, s, h, (0, L, D),T,Q, A) is valid, because

’
Sl

From = Q' = Q, it follows that Safe,(C,s,h, (0, L, D),T,Q’, A) is valid.
(AUXILIARY)

We have X is a auxiliary set for C, X N FV(P,Q) =0 and X N PV (') = 0.

By induction on the inference rules, if ', k' = P, then Safe,(C,s',h, (0, L', D), T,Q,AU X) is
valid, where L' UD’" = res(I") and n > 0.

From s,h = P, we know that Safes,i2n(C,s,h, (0,7es(T),0),T,Q,A U X) is valid, for every
n > 0, where | = [(C).

Applying the proposition 27, we get that Safe,(C \ X,s,h,(0,L,D),T,Q, A), for every n > 0,
where LU D = res(T").

(CONJUNCTION)
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By induction on the inference rules, if s’,h’ = P;, then Safe,(C,s',h', (0,L’,D"),T,Q;, A;) is
valid, where L' U D’ = res(I") and n > 0, for i = 1, 2.

From s, h = P; A Py, we know that s,h = P, and s, h = Ps.

Hence Safe,(C,s,h,(0,L',D"),T,Q;, A;) is valid, where L' U D’ = res("), n > 0 and i = 1, 2.

Next, we prove by induction on the n that if Safe,(C, s, h, (0, L, D),T,Q;, A;) is valid, for i = 1,2,
then Safe, (C,s,h,(0,L,D),T,Q1 A Q2, A1 U As) is valid.

For n =0, it is trivial. Let n = k + 1.

If C = skip, then s, h = Q;, for i = 1,2. Hence s,h = Q1 A Q2.

The property (i) of Safe,(C,s,h,(0,L,D),T,Q1 A Qa, A1 U Ag) is verified.

From Safe,(C,s,h,(0,L,D),T,Q;, A;), i = 1,2, we know that

C,(s,h,(0,L,D)) +, abort.

Hence we have the property (i7) of Safe,(C,s,h,(0,L,D),T,Q1 A Q2, A1 U As).
From Safe,(C,s,h,(0,L,D),T,Q;, A;), i = 1,2, we know that

chng(with 7 when B do C) N U PV(r)=0.
reLUD

Then we have the property (ii7) of Safe,(C,s,h,(0,L,D),T',Q1 A Qa, A1 U As).
Let hg, C', s', b and p’ such that hg Lh, s,hg = ® IV(#) and
#€D

Ca (SahLﬂhG7(®aL7D)) M

Olv (3/7 hly p/)
Next we consider the possible transitions.

- . L. . AjUAL,T
If the transition is a transition of the program, i.e. %:—)p.

For i = 1,2. By Safe,(C,s,h, (0, L,D),T',Q;, A;), we know that there is hy;, € h' such that
Safer(C',s',h' \ hg,, p', T, Qi, A;) is valid and

s' hg, = @ D(r).
reD’

Using that re®D'F(T) is precise, we have that h; = hg,. Consider hyy = hi; . We have that

"hin = ® I(r).
s, he | =y (r)

From the induction hypothesis on n, we also have that Safe,(C’,s’, '\ h, p/, T, Q1 ANQ2, A1 UA3)
is valid.
If the transition is given by (ENV). Let A’ = A; U Ay U U7,6Locked(c) PV(r), A} = A1 U

UTELocked(C) PV(T’) and AIQ = A2 U UreLocked(C) PV(T)
We have that C' = C,

(5,h, (0, L, D)) &5 (s, 1, (0, L', D))
and there exists hy, C A/ such that A’ = h W h{, and

s he = ® T(r).
reD’
It is sufficient to prove that Safex(C’, s, h,p', T, Q1 A Q2, A1 U Ag) is valid.
/ A’_

Having in mind that éwCéas, for i = 1,2, We have that Safey(C, ', b \ hiz,,p/,T, Q;, A;) is
valid, for ¢ = 1, 2.

Therefore by induction hypothesis on n, we have that Safer(C’,s',h,p',T, Q1 A Q2, A1 U Ag) is
valid. O
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5 Conclusion

In this work, we presented a structural operational semantics, which is widely understood, and
we prove the soundness of Concurrent Separation Logic with respect to this operational semantics.
Moreover, we showed that if a program is partially correct in Concurrent Separation Logic, then this
program can be safely integrated in any environment, which respects the variables protected by the
rely-set and resources.

We believe that the present text can be useful to prove the soundness of new extensions to
Concurrent Separation Logic. We predict that the comparison between the environment transition
used by Vafeiadis [16] and the environment transition introduced here can be relevant to understand
the differences between RGSep and Concurrent Separation Logic.

Brookes proved the equivalence between Concurrent Separation Logic and Syntactic Control
Interference Separation Logic [5]. The operational semantics presented here can be adapted to express
fractional permissions of variables. Furthermore, the soundness of Syntactic Control Interference
Separation Logic with respect to a structural operational semantics should follows by adapting the
environment transition and the results presented here.
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