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Resumo

Neste trabalho estudamos a estabilidade estatistica, no sentido da variacao continua de
medidas fisicas, de certos sistemas dinamicos cadticos. A nossa atencao centra-se em dois
tipos de sistemas.

O primeiro tipo diz respeito a familia quadratica definida no intervalo I = [—1, 1], dada
pela expressao f,(z) = 1 —ax?, para os parametros Benedicks-Carleson. Neste conjunto de
medida de Lebesgue positiva de parametros situado perto de a = 2, f, exibe crescimento
exponencial da derivada ao longo da drbita critica e possui uma tinica medida invariante
absolutamente continua relativamente a Lebesgue, comummente designada por medida de
Sinai-Ruelle-Bowen (SRB). Mostramos que o volume dos pontos de I que, até um dado
instante, ainda nao apresentam crescimento exponencial da derivada ao longo da sua orbita
decai exponencialmente com a passagem do tempo. Provamos ainda que o mesmo ¢ valido
para o volume dos pontos que resistem a apresentar recorréncia lenta ao conjunto critico
até um dado instante. Como consequéncia obtemos a variagao continua das medidas SRB
na norma L', e das suas entropias métricas, com o parametro no conjunto de Benedicks-
Carleson.

O segundo tipo de sistemas que consideramos é a familia de aplicacoes de Hénon no
plano dada por f,4(x,y) = (1 — az® + y,bx). Para um conjunto de medida de Lebesgue
positiva de parametros — parametros de Benedicks-Carleson — estas aplicacoes de Hénon
apresentam um atractor nao-hiperbdlico que suporta uma tnica medida SRB que se desin-
tegra em medidas condicionais absolutamente continuas com respeito a medida de Lebesgue
1-dimensional em cada folha instavel. Provamos que a medida SRB varia continuamente
na topologia fraca com o parametro dentro do conjunto de Benedicks-Carleson.

vii






Abstract

In this work we address the problem of proving statistical stability, in the sense of
continuous variation of physical measures, for certain chaotic dynamical systems. We
consider two types of systems.

The first one is the quadratic family given by f,(z) = 1 —az? on I = [—1,1], for the
Benedicks-Carleson parameters. On this positive Lebesgue measure set of parameters, close
to a = 2, f, presents exponential growth of the derivative along the orbit of the critical
point and has an absolutely continuous Sinai-Ruelle-Bowen (SRB) invariant measure. We
show that the volume of the set of points of I that at a given time fail to present exponential
growth of the derivative decays exponentially as time passes. We also prove that the same
holds for the volume of the set of points of I that are not slowly recurrent to the critical set.
As a consequence we obtain continuous variation of the SRB measures, in the L' norm,
and associated metric entropies with the parameter on the referred set. For this purpose
we elaborate on the Benedicks-Carleson techniques in the phase space setting.

The second type is the family of Hénon maps in the plane given by f,,(z,y) = (1 —
ax?® +y,bx). For a positive Lebesgue measure set of parameters — the Benedicks-Carleson
parameter set — these Hénon maps exhibit a non-hyperbolic strange attractor supporting
a unique SRB measure that disintegrates into absolutely continuous conditional measures
with respect to the 1-dimensional Lebesgue measure on each unstable leaf. We prove that
the SRB measures vary continuously in the weak™ topology within the set of Benedicks-
Carleson parameters.






Résumé

Dans ce travail nous étudions la stabilité statistique, en termes de la continuité de
la variation des mesures physiques, pour certains systemes dynamiques chaotiques. Nous
considérons deux types de systemes.

Le premier c’est la famille des applications f,(z) = 1 — ax® avec x € [—1,1] pour
les parametres de Benedicks-Carleson. Pour chaqun de ces parametres il y a une unique
mesure de Sinai-Ruelle-Bowen (SRB) qui est absolument continue par rapport a la mesure
de Lebesgue. Nous montrons que ces mesures SRB et ses entropies métriques varient
continiment avec le parametre dans I’ensemble de Benedicks-Carleson.

Le deuxiéme c’est la famille des applications de Hénon sur R?, c’est-a-dire f,,(z,y) =
(1 — ax® 4+ y,bx). Pour un ensemble de parametres avec mesure de Lebesgue positive - les
parametres de Benedicks-Carleson — ces applications ont un attracteur étrange qui supporte
une unique mesure SRB. Nous montrons que ces mesures SRB varient continiiment avec
le parametre dans I'ensemble de Benedicks-Carleson.
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Introduction

In general terms, the study of dynamics focuses on the long term behavior of evolving
systems. As a theory it has grown to touch several branches of Mathematics and other
sciences which interact, motivate and provide examples and applications. Among a wide
list we mention the connections with Physics, Chemistry, Ecology, Economics, Computer
Science, Communications, Meteorology. The main ingredients of a dynamical system are
the phase space, the time and the evolution law governing the time progress of the system.
The phase space is a set, say M, usually with some additional structure like topological,
measurable or differentiable. The elements of M represent the possible states of the system
which are commonly described by observable quantities, like position, velocity, acceleration,
temperature, pressure, population density, concentration and many others. The time may
be discrete or continuous. For discrete systems, time is parametrized by the group Z or the
semigroup N, depending on whether it is reversible or not; while for continuous systems
the time is usually parametrized by R or R{. The evolution law is the rule that represents
the action of time in the phase space. In the case of discrete systems the action is given
by a map f: M — M and the time progress corresponds to successive iterations by f of
each initial state x € M. For continuous time, the action is given by a flow that usually
appears as a solution of a differential equation determining the infinitesimal evolution of
the system at each state x € M. The evolution law in most applications preserves the
additional structure of the phase space. There are natural constructions to pass from a
flow to a map or vice versa; most of the main dynamical phenomena is already present in
the discrete case. In the present exposition we restrict ourselves to discrete time dynamical
systems.

At the end of the 19th century, Poincaré addressed the problem of evolution and sta-
bility of the solar system, which arose many surprising questions and his techniques gave
birth to the Modern Theory of Dynamical Systems as a qualitative study of the asymptotic
evolution of systems. By analogy to Celestial Mechanics, the time evolution of a particular
state x € M is called the orbit of z. Hence, the main goal of this Theory is to study the
typical behavior of orbits for a given dynamical system. The next natural aim is to under-
stand how this behavior changes when we perturb the system and the extent to which it
is robust. In the present work we are specially concerned with this problem of stability of
the systems.

The first fundamental concept of robustness, structural stability, was formulated in the
late 1930’s by Andronov and Pontryagin. It requires the persistence of the orbit topological
structure under small perturbations, expressed in terms of a homeomorphism sending orbits
of the initial system onto orbits of the perturbed one. This concept is tied with the
notion of uniform hyperbolicity introduced by Smale in the mid 1960’s. In fact, structural
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stability had been proved for Anosov and Morse-Smale systems. A complete connection
was conjectured by Palis and Smale in 1970: a diffeomorphism is structurally stable if and
only if it is uniformly hyperbolic and satisfies the so-called transversality condition. During
the 1970’s the “if” part of the conjecture was solved due to the contributions of Robbin,
de Melo and Robinson. It was only at the mid 1980’s that Mané settled the C'-stability
conjecture (perturbations are taken to be small in the C! topology). The flow case was
solved by Aoki and Hayashi, independently, in the early 1990’s (also in the C'-category).

In spite of these astonishing successes, structural stability proved to be somewhat re-
strictive. Several important models, such as Lorenz flows, Hénon maps and other non-
uniformly hyperbolic systems fail to present structural stability, although some key aspects
of a statistical nature persist after small perturbations. After the 1960’s, the contributions
of Kolmogorov, Sinai, Ruelle, Bowen, Oseledets, Pesin, Katok, Mané and many others
turned the attention of the study of dynamical systems from a topological perspective to a
more statistical essence and Ergodic Theory experienced an unprecedent development. A
notion of stability with a statistical flavor was introduced by Kolmogorov and Sinai in the
1970’s. It is known as stochastic stability and in broad terms asserts that time-averages
of continuous functions are only slightly affected when iteration by f is perturbed by a
small random noise. In trying to capture this statistical persistence of phenomena, Alves
and Viana [AV02] proposed another notion, called statistical stability, which expresses the
persistence of statistical properties in terms of continuous variation of physical measures as
a function of the evolution law governing the systems. More precisely, consider a manifold
M and a smooth map f : M — M. A physical measure is a Borel probability measure p
on M for which there is a positive Lebesgue measure set of points © € M called typical
such that

1 n—1 .
711130105290 (fi(z)) = /sodu, (1)
5=0
for any continuous function ¢ : M — R. The set of typical points forms the basin of
p. Physical measures provide a fairly description of the statistical behavior of orbits in
the sense that, for the large set of points that constitute their basins, computing the time
average of any specific function along their orbits is accomplished simply by integrating
that function with respect to p (spatial average). Now, suppose that f admits a forward
invariant region U C M, meaning that f(U) C U, and there exists a (unique) physical
measure [ty supported on U such that (1) holds for Lebesgue almost every point z € U.
Following Alves and Viana [AVO02], we say that f is statistically stable (restricted to
U) if similar facts are true for any C* nearby map g, for some k > 1, and the map
g — g, associating to each g its physical measure p,, is continuous at f in the weak™*
topology (two measures are close to each other if they assign close-by integrals to each
continuous function). Observe that with this definition we are guaranteeing that if a
system is statistically stable then time averages of continuous functions are only slightly
affected when the system is perturbed.

Physical measures are intimately connected with Sinai-Ruelle-Bowen measures (SRB
for short). An f-invariant Borel probability measure p is said to be SRB if it has a positive
Lyapunov exponent and the conditional measures of ;1 on unstable leaves are absolutely
continuous with respect to the Riemannian measure induced on these leaves (see Chapter 2,
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Section 3.8 for a more precise definition). The existence of SRB measures for general
dynamical systems is usually a difficult problem. Starting with the work of Sinai, Ruelle
and Bowen, in the case of Axiom A attractors, we know that SRB measures exist and
qualify as physical measures. Moreover, Axiom A diffeomorphisms are statistically stable.

In the case of uniformly expanding or non-uniformly expanding systems, proving the
existence of SRB measures can be reduced, by Birkhoff’s Ergodic Theorem, to the problem
of finding ergodic, absolutely continuous invariant measures. Clearly, these SRB measures
are also physical measures. In 1969, Krzyzewski and Szlenk [KS69] have proved the
existence of such measures for uniformly expanding maps which are also well known to
be statistically stable. The existence of SRB measures for a considerably large set of
one-dimensional quadratic maps exhibiting non-uniformly expanding behavior has been
established in the pioneer work of Jakobson [Ja81]; see also [CE80a, BC85] for different
approaches of the same result. Viana introduced in [Vi97] an open class of maps in higher
dimensions with non-uniformly expanding behavior. Alves in [A100] proved the existence
of SRB measures for the Viana maps. Motivated by these results, Alves, Bonatti and Viana
[ABVO00] obtained general conclusions on the existence of SRB measures for non-uniformly
expanding dynamical systems.

With the Viana maps in mind, Alves and Viana [AV02] built an abstract model to
derive strong statistical stability for these transformations. By strong statistical stability
we mean convergence of the SRB measures in the L'-norm (recall that these SRB mea-
sures are absolutely continuous with respect to Lebesgue measure). Soon after, Alves in
[A103] showed that, under some general conditions, non-uniformly expanding maps with
slow recurrence to the critical region fit the abstract model in [AV02]. Hence, they are
statistically stable in the strong sense. The conditions at stake have to do with the volume
decay of the tail set, which is the set of points that resist satisfying either the non-uniformly
expanding requirement or the slow recurrence, up to a given time.

Recently, Freitas [Fr05] has proved that the Benedicks-Carleson quadratic maps are
non-uniformly expanding, slowly recurrent to the critical set and the volume of their tail
sets decays sufficiently fast so that the results in [Al03] apply. Thus, these maps are
statistically stable in the strong sense. Similar results had already been obtained by Rychlik
and Sorets [RS97] for Misiurewicz quadratic maps; and by Tsujii [Ts96] for convergence
in the weak™ topology. Chapter 1 of this dissertation is essentially the content of [Fr05]
with the following improvement: while in [Fr05] it was obtained that the volume of the
tail set of Benedicks-Carleson quadratic maps decays sub-exponentially, in this work we
conclude the exponential decay.

In the remarkable paper [BC91], Benedicks and Carleson showed that for a positive
Lebesgue measure set of parameters the Hénon map exhibits a non-hyperbolic attractor.
Afterwards, Benedicks and Young in [BY93| proved that each of these non-hyperbolic
attractors supports a unique SRB measure which is also a physical measure. Thus, a
natural question is: are the Hénon maps of the Benedicks-Carleson type statistically stable?
The main result of Chapter 2 is the positive answer to this question.

Let us add that stochastic stability may imply statistical stability if we are allowed to
have a deterministic noise. Although we have stochastic stability for Benedicks-Carleson
quadratic maps (see for example [BY92, BV96)), it does not follow from this that these
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maps are statistically stable. The same is true for the Hénon maps of Benedicks-Carleson
type. In fact, Benedicks and Viana [BV06| showed that these maps are stochastically
stable but statistical stability is not a direct consequence of it.

Before ending, let us mention that one can study the stability of the statistical behavior
of a system in a broader perspective, namely, also investigate the variation of entropy.
Entropy is related to the unpredictability of the system. Topological entropy measures the
complexity of a dynamical system in terms of the exponential growth rate of the number
of orbits distinguishable over long time intervals, within a fixed small precision. Metric
entropy with respect to a physical measure quantifies the average level of uncertainty every
time we iterate, in terms of exponential growth rate of the number of statistically significant
paths an orbit can follow. In [Fr05] it was also shown that the metric entropy with respect
to the SRB measure varies continuously with the parameter within the Benedicks-Carleson
quadratic maps. This was achieved through the use of the results in [AOT] for non-
uniformly expanding maps with slow recurrence to the critical set. The same problem
within Hénon maps is, up to our knowledge, still open.



CHAPTER 1

Statistical stability for Benedicks-Carleson quadratic maps

1. Motivation and statement of results

Our object of study is the logistic family. As regards the asymptotic behavior of orbits
of points x € I = [—1, 1] we know that:

(1) The set of parameters H for which f, has an attracting periodic orbit, is open and
dense in [0, 2].

(2) There is a positive Lebesgue measure set of parameters, close to the parameter
value 2, for which f, has no attracting periodic orbit and exhibits a chaotic be-
havior, in the sense of existence of an ergodic, f,-invariant measure absolutely
continuous with respect to the Lebesgue measure on I = [—1,1].

(3) There is also a well studied set of parameters where f, is infinitely renormalizable.

The first result is a conjecture with long history, which was finally proved by Graczyk,
Swiatek [GS97] and Lyubich [Ly97, Ly00]. The second one was studied in Jakobson’s
pioneer work [Ja81], in the work of P. Collet and J.P. Eckmann [CE80a, CE80b| and
latter by Benedicks and Carleson in their celebrated papers [BC85, BC91], just to mention
a few. For the third type of parameters we refer to [MS93| where an extensive treatment
of the subject can be found.

The crucial role played by the orbit of the unique critical point £ = 0 on the deter-
mination of the dynamical behavior of f, is remarkable. It is well known that if f, has
an attracting periodic orbit then & = 0 belongs to its basin of attraction, which is the
set of points x € I whose w-limit set is the attracting periodic orbit. Also, the basin of
attraction of the periodic orbit is an open and dense full Lebesgue measure subset of I.
See [MS93], for instance. Benedicks and Carleson [BC85, BC91] show the existence of
a positive Lebesgue measure set of parameters BC, for which there is exponential growth
of the derivative of the orbit of the critical point . This implies the non-existence of
attracting periodic orbits and leads to a new proof of Jakobson’s theorem.

In this work, we study the regularity in the variation of invariant measures and their
metric entropy for small perturbations in the parameters. We are interested in investigating
statistical stability of the system, that is, the persistence of its statistical properties for
small modifications of the parameters. Alves and Viana [AV02] formalized the concept of
statistical stability in terms of continuous variation of physical measures as a function of
the governing law of the dynamical system. It is not difficult to conclude that if a € H,
and {p, fo(p), ..., f¥1(p)} is the attracting periodic orbit then
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where ¢, is the Dirac probability measure at « € I, is a physical measure whose basin
coincides with the basin of attraction of the periodic orbit. Moreover, the quadratic family
is statistically stable for a € H, i.e. the physical measure 7, varies continuously with a € H,
in a weak sense (convergence of measures in the weak™ topology).

The infinitely renormalizable quadratic maps also admit a physical measure with the
whole interval I for basin. In fact, any absolutely continuous f,-invariant measure is SRB
and describes (statistically speaking) the asymptotic behavior of almost all points, which
is to say that its basin is I(see pp 348-352 [MIS93]).

Benedicks and Young [BY92] proved that for each Benedicks-Carleson parameter a €
BCY, there is a unique, ergodic, f,-invariant, absolutely continuous measure (with respect
to Lebesgue measure on 1) pu,. These SRB measures qualify as physical measures by
Birkhoft’s ergodic theorem and their basin is the whole interval I. Hence, it is a natural
question to wonder if the Benedicks-Carleson quadratic maps are statistically stable.

In the subsequent sections it will be shown that the answer is in the affirmative. In fact,
we will prove that the quadratic family is statistically stable, in strong sense, for a € BC}.
To be more precise, we will show that the densities of the SRB measures vary continuously,
in L'-norm, with the parameter a € BC,. This result relates to those of Tsujii, Rychlik
and Sorets. In [Ts96], Tsujii showed the continuity of SRB measures, in weak topology, on
a positive Lebesgue measure set of parameters. Rychlik and Sorets [RS97], on the other
hand, obtained the continuous variation of the SRB measures, in terms of convergence in
L'- norm, for Misiurewicz parameters, which form a subset of zero Lebesgue measure. We
also would like to refer the work of Thunberg [Th01] who proved that on any full Lebesgue
measure set of parameters there is no continuous variation of the physical measures with
the parameter.

With a view to studying the stability of the statistical behavior of the system in a
broader perspective, we are also specially interested in the variation of entropy. It is
known that topological entropy varies continuously with a € [0,2] (see [MS93]). This is
not the case with the metric entropy of physical measures. We note that the metric entropy
associated to 7,, with a € H, is zero. H is an open and dense set which means we can find
a sequence of parameters (a,)nen, such that a, € H and thus with zero metric entropy
with respect to the physical measure 7,,, accumulating on a € BC}, whose metric entropy
associated with the SRB measure, p,, is strictly positive.

However, we will show that the metric entropy of the SRB measure p, varies contin-
uously on the Benedicks-Carleson parameters, a € BC;. We would like to stress that the
continuous variation of the metric entropy is not a direct consequence of the continuous
variation of the SRB measures and the entropy formula, because log(f!) is not continuous
on the interval I.

1.1. Brief description of the strategy. The work developed by Alves and Viana on
[AV02] led Alves [Al03] to obtain sufficient conditions for the strong statistical stability
of certain classes of non-uniformly expanding maps with slow recurrence to the critical
set. By mon-uniformly erpanding, we mean that for Lebesgue almost all points we have
exponential growth of the derivative along their orbits. Slow recurrence to the critical set
means, roughly speaking, that almost none of the points can have its orbit making frequent
visits to very small vicinities of the critical set.
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Alves, Oliveira and Tahzibi [AOT]| determined abstract conditions for continuous vari-
ation of metric entropy with respect to SRB measures. They also obtained conditions
for non-uniformly expanding maps with slow recurrence to the critical set to satisfy their
initial abstract conditions.

In both cases, the conditions obtained for continuous variation of SRB measures and
their metric entropy are tied with the volume decay of the tail set, which is the set of
points that resist to satisfy either the non-uniformly expanding or the slow recurrence to
the critical set conditions, up to a given time.

Consequently, our main objective is to show that on the Benedicks-Carleson set of
parameter values, where we have exponential growth of the derivative along the orbit of
the critical point & = 0, the maps f, are non-uniformly expanding, have slow recurrence
to the critical set, and the volume of the tail set decays sufficiently fast. In fact, we will
show that the volume of the tail set decays exponentially fast. Finally we apply the results
on [A103, AOT)] to obtain the continuous variation of the SRB measures and their metric
entropy inside the set of Benedicks-Carleson parameters BCY.

We also refer to the recent work [ACPO06| from which we conclude, by the non-
uniformly expanding character of these maps, that for almost every x € [ and any y
on a pre-orbit of x, one has an exponential growth of the derivative of y.

1.2. Statement of results. In what follows, we will only consider parameter values
a € BC} that are Benedicks-Carleson parameters, in the sense that for those a € BC; we
have exponential growth of the derivative of f, (&),

[(7) (fuléo))| = e, Vi e N, (EG)
where ¢ € [%, log 2) is fixed, and the basic assumption is valid, namely
/2 (§0)| = ™, Vj €N, (BA)

where « is a small constant. Note that BC' is a set of parameter values of positive Lebesgue
measure, very close to a = 2. (See Theorem 1 of [BC91] or [M092] for a detailed version
of its proof).

We say that f, is non-uniformly expanding if there is a d > 0 such that for Lebesgue
almost every point in I = [—1,1]

‘ . 1 n—1 i
hglogf - Z’Z:(;log ‘f(’z (fa(x))‘ > d, (1.1)

while having slow recurrence to the critical set means that for every e¢ > 0, there exists
~v > 0 such that for Lebesgue almost every x € I

n—1
1 .
li — E — log dist., ( f? 0) < 1.2
12&8;}13 n ~ 0og dis ol (fa <I)7 ) €, ( )

where

: T — if |x—yl <
dist, (z,y) = { l) Yl " ’]:c B z” ;:; : (1.3)
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Observe that by (EG) it is obvious that & satisfies (1.1) for all a € BC). However,
with reference to condition (1.2) the matter is far more complicated and one has that &,
satisfies it for Lebesgue almost all parameters a € BC;. We provide a heuristic argument
for the validity of the last statement on remark 8.2.

It is well known that the validity of (1.1) Lebesgue almost everywhere (a.e.) derives
from the existence of an ergodic absolutely continuous invariant measure. Nevertheless we
are also interested in knowing how fast does the volume of the points that resist to satisfy
(1.1) up to n, decays to 0 as n goes to co. With this in mind, we define the ezpansion time
function, first introduced on [ALP05]

£%(x) :min{N >1: %Z_:log‘f; (f;(x)){ >d, Vn > N}, (1.4)

which is defined and finite almost everywhere on I if (1.1) holds a.e.
Similarly, we define the recurrence time function, also introduced on [ALPO5]

n—1
R%(z) = min {N >1: 1 E —logdist,, (fI(x),0) <€, Vn > N} , (1.5)
n

J=0

which is defined and finite almost everywhere in I, as long as (1.2) holds a.e.
We are now able to define the tail set, at time n € N,

I'i={xel: &x)>norR*z)>n}, (1.6)

which can be seen as the set of points that at time n have not reached a satisfactory
exponential growth of the derivative or could not be sufficiently kept away from &, = 0.

First we study the volume contribution to the tail set, I'?, of the points where f, fails
to present non-uniformly expanding behavior. We claim that in fact, (1.1) a.e. holds to be
true and the volume of the set of points whose derivative has not achieved a satisfactory
exponential growth at time n, decays exponentially as n goes to co. In what follows A
denotes Lebesgue measure on R.

THEOREM A. Assume that a € BCy. Then f, is non-uniformly expanding, which is to
say that (1.1) holds for Lebesque almost all points © € I. Moreover, there are positive real
numbers C1 and 71 such that for all n € N:

Mzel: &%x) >n} <Cre ™.

Second, we study the volume contribution to I'?, of the points that fail to be slowly

recurrent to §. We claim that (1.2) a.e. also holds true and the volume of the set of points
that at time n, have been too close to the critical point, in mean, decays exponentially
with n.

THEOREM B. Assume that a € BC,. Then f, has slow recurrence to the critical set,
or in other words, (1.2) holds for Lebesque almost all points x € 1. Moreover, there are
positive real numbers Cy and 1o such that for all n € N:

Mz el: RYz) >n} < Cye ™.
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REMARK 1.1. The constants d in (1.1), €,7v in (1.2), ¢, from (EG) and (BA) can
be chosen uniformly on BCY. Moreover, the constants C}, 1 given by theorem A and the
constants Cy, 79 given by theorem B depend on the previous ones but are independent of
the parameter a € BC;. Thus, we may say that {f.},cpc, is a uniform family in the sense
considered in [Al03]. For a further discussion on this subject see section 9.

REMARK 1.2. Both theorems easily imply that the volume of the tail set decays to 0 at
least exponentially as n goes to oo, i.e. for all n € N, A (I'?) < conste™™", for some 7 > 0
and const > 0.

The exponential volume decay of the tail set allows us to apply theorem A from [A103]
to obtain, in a strong sense, continuous variation of the ergodic invariant measures under
small perturbations on the set of parameters. By strong sense we mean convergence of the
densities of the ergodic invariant measures in the L! norm.

COROLLARY C. Let u, be the SRB measure invariant for f,. Then BCy 3 a — dé‘—; is
continuous.

Theorems A and B also make it possible to apply corollary C from [AOT] to get the
continuous variation of metric entropy with the parameter.

COROLLARY D. The entropy of the SRB measure invariant of f, varies continuously
with a € BCY.

Theorem A alone, also allows us to apply corollary 1.2 from [ACPO06] to obtain back-
ward contraction on every pre-orbit of Lebesgue almost every point.

COROLLARY E. For Lebesgue almost every x € I, there exists C,, > 0 and b > 0 such
that |(f§)/ (y)} > Cpe™, for every y € f~™(x) and for all n € N.

2. Benedicks-Carleson techniques on phase space and notation

The first thing we need to establish is the meaning of “close to the critical set” and
“distant from the critical set”, for which we introduce the following neighborhoods of
§o = 0:

Up=(—e"™e"), Ul =Uy,, formeN
and consider a large positive integer A that will indicate when closeness to the critical
region is relevant. In fact, here and henceforth, we define § = e=2.

We will use A to refer to Lebesgue measure on R, although, sometimes we will write
|w| as an abbreviation of A\(w), for w C R.

We follow [BC85, BC91]| and proceed for each point x € I as was done in &, by
splitting the orbit of z into free periods, returns, bound periods, which occur in this order.
Before we explain these concepts we introduce the following notation for the orbit of the
critical point, &, = f(0), for all n € Nj.

The free periods correspond to periods of time in which we are certain that the orbit
never visits the vicinity Ux = (=6, ) of &. During these periods the orbit of x experiences
an exponential growth of its derivative |(f)'(x)|, provided we are close enough to the
parameter value 2. In fact, the following lemma gives a first approach to the set BC by
stating that we may have an exponential growth rate 0 < ¢y < log2 of the derivative of
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the orbit of x during free periods, for all a € [ay, 2], where ag is chosen sufficiently close to
2.

LEMMA 2.1. For every 0 < ¢y < log2 and A sufficiently large there exists 1 <
ao(co, A) < 2 such that for every x € I and a € [ag, 2] one has:

(1) If z, fa(@), .., fE71 (@) & Unsa then |(fF)'(x)] > e (BT eok;
(2) If ., fa(@),.... fo~ (@) & Usrr and fi(z) € UX, then |(f5)'( fﬂ)l
(3) If , fa(@), -, fa (@) & Unir and f3(z) € Un then |(fy)' («)]

The proof relies on the fact that fo(x) =1 — 22?% is conjugate to 1 — 2|x|. So it is only
a question of choosing a sufficiently close to 2 for f, to inherit the expansive behavior of
fa. See [BC85] or [A192, Mo092] for detailed versions. In what follows, we assume that
ap is sufficiently close to 2 so that ¢y > %

Due to this exponential expansion outside the critical region one can prove that, for
almost every point x € I, it is impossible to keep its orbit away from Ux. We have a return
of the orbit of a point to the neighborhood of & = 0 if for some j € N, f/(x) € Ua = (-9, ).
So a free period ends with what we call a free return. There are two types of free returns:
the essential and inessential ones. In order to distinguish each type we need a sequence
Po, Py, ... of partitions of I into intervals. We begin by partitioning U in the following
way:

cok

cok

> e
4
= 5¢

Ly=[em e, It =[e ™ e " D) for m > A,
I, = (—e_m, —e_(m“)] It = (—e_(m_l), —e_(m“)], for m < —A.
We say that the return had a depth of u € N if y = [—logdists (f7(x),0)], which is

equivalent to saying that f7(z) € I,.
Next we subdivide each I,,, m > A into m? pieces of the same length in order to
obtain bounded distortion on each member of the partition. For each m > A — 1 and

k=1,...,m? we introduce the following notation
e AUm) A(Lim)
Lnp=|e"—k s e —(k—=1) o~
I—m,k‘ = _Im,k‘ 3 ]:;,k = ]ml,k‘l U Im,k: U Imz,k‘gy

where I,,,, r, and I, , are the adjacent intervals of I,,, .

The sequence of partitions will be built in full detail on section 4 but we note the
following:

For Lebesgue almost every x € I, {z} = Np>owy, (), where wy,(x) is the element of P,
containing x. For such x there is a sequence %1, 5, ... corresponding to the instants when
the orbit of x experiences an essential return, which means I, C fii(wy,(z)) C I}, for
some [m| > A and 1 < k < m? In contrast we say that v is a free return time for z of
inessential type if fY(w,(z)) C I+k, for some |m| > A and 1 < k < m?, but f“(wv(x)) is
not large enough to contain an interval I, ; for some |m| > A and 1 < k < m?.

Now let us see some consequences of the returns. Since

(@) =] Pasi(
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the returns introduce some small factors in the derivative of the orbit of z. Also if we
define for a point x € I and n € N,

n—1

1 _ i

To(x) =~ ; log dist,, (f/(x),0), (2.1)
where 7 = ¢~© is the same of condition (1.2) and dist., is given by (1.3). We note that the
only points of the orbit of z that contribute to the sum in (2.1) are those considered to be
deep returns with depth above the threshold ©® > A which is to be determined later. To
compensate for the loss in the expansion of the derivative, we will show that a property
very similar to (BA) holds for the orbit of x € I which can be seen as follows: we allow
the orbit of x to get close to & but we put some restraints on the velocity of possible
accumulation on &y. This will be the basis of the proof of theorem A. As for the proof of
theorem B the strategy will be of different kind, it will be based on a statistical analysis
of the depth of the returns, specially of the essential returns, which, fortunately, are very
unlikely to reach large depths.

Finally, we are lead to the notion of bound period that follows a return during which
the orbit of z is bounded to the orbit of &y, or in other words: if at a return the orbit of x
falls in a tight vicinity of the critical point we expect it to shadow the early iterates of &,
at least for some period of time.

Let 8 > 0 be a small number such that 3 > «; for example, take 1072 > 3 = 2a.

DEFINITION 2.2. Suppose x € U;l. Let p(z) be the largest p such that the following
binding condition holds:
|fl(x) = &la)| <, foralli=1,...,p—1 (BC)

The time interval 1,... p(z) — 1 is called the bound period for x.
If p(m) is the largest p such that (BC) holds for all € I}, which is the same to define

p(m) = min p(m, z),
e ;;

then the time interval 1,...,p(m) — 1 is called the bound period for I}.

One expects that the deeper is the return, the longer is its associated bound period.
Next lemma confirms this, in particular.

LEMMA 2.3. If A is sufficiently large, then for each |m| > A, p(m) has the following
properties:
(1) There is a constant By = By(3 — ) such that Yy € fo (Ujm)-1)
1|
B~ 1(fa) (&)
(2) 3lm| < p(m) < 3|m|;
3) [(f2) ()| = =0l for x € I} and p = p(m).
The proof of this lemma depends heavily on the conditions (EG) and (BA). It can

be found in [A192, Mo092]. (See [BC85] for a similar version of the lemma but with
sub-exponential estimates).

< By, forj=0,1...,p(m)—1,
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We call the attention to the fact that after the bound period not only have we recovered
from the loss on the growth of the derivative caused by the return that originated the bound
period, but we even have some exponential gain.

Also note that nothing prevents the orbit of a point x from entering in Ux during a
bound period. These instants are called the bound return times.

Hence, we may speak of three types of returns: essential, inessential and bound. The
essential returns are the ones that will play a prominent role in the reasoning. Let, as
before, the sequence t1,ts, ... denote the instants corresponding to essential returns of the
orbit of x. When n € N is given, we can define s, to be the number of essential returns
of the orbit of x, occurring up to n. We denote by sd,(z) the number of those essential
returns occurring up to n that correspond to deep essential returns of the orbit of x with
return depths above the threshold ©® > A. Let 7; denote the depth of the i-th essential
return. Each ¢; may be followed by bounded returns at times w;;, j = 1,...,u and these
can be followed by inessential returns at times v;;, j = 1,...,v. We will write n,; to
denote the depth of the inessential return correspondent to v; ;. Note that each v;; has
a bound evolution where new bound returns may occur and, although we refer to these
returns later, it is not necessary to introduce here a notation for them. Sometimes, for
the sake of simplicity, it is convenient not to distinguish between essential and inessential
returns, so we introduce the notation z; < 2z, < ... for the instants of occurrence of free
returns of the orbit of x.

We call attention to the fact that ¢;, for example, depends on the point x € I considered-
ti(x) corresponds to the i-th instant of essential return of the orbit of z. So, t;, s,, 7i, i ;,
v; ;, Mi; and z;, should be regarded as functions of the point = € I.

The sequence of partitions P,, of the set I will be such that all x € w € P, have the
same return times and return depths up to n. In fact, if, for example, t;(x) < n for some
xr € w € P,, then t; and 7; are constant on w. The same applies to the other above
mentioned functions of . The construction of the partition will also guarantee that f, has
bounded distortion on each component which will be shown to be of extreme importance.

3. Insight into the reasoning

We are now in condition to sketch the proofs of theorems A and B. The following two
basic ideas are determinant for both the proofs.

(I) Not only the depth of the inessential and bound returns is smaller than the depth
of the essential return preceding them (as we will show in lemmas 5.1 and 5.2) but
also the total sum of the depths of bounded and inessential returns is less than a
quantity proportional to the depth of the essential return preceding them, as we
will show in propositions 5.4 and 5.5.

(IT) The chances of occurring a very deep essential return are very small, in fact, they
are less than e™”, where 7 > 0 is constant and p is the depth in question. See
proposition 6.2 and corollary 6.3.

The first one derives from (BA), (EG) and other properties of the critical orbit, while
the main ingredient of the proof of the second is the bounded distortion on each element
of the partition.
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In order to prove theorem A, we define the following sets for a sufficiently large n.
Ei(n {Jc cl: Fiec{l,. . . n},|fiz)] < e_o‘"} . (3.1)

Next, we will see that if € I — Ey(n) then ’ I (x)| > e, for some d = d(a, 8) > 0.

Let us fix a large n. Assume that z;, ¢ = 1,...,v are the instants of return of the orbit
of x, either essential or inessential. Let p; denote the length of the bound period associated
with the return z;. We set zp = 0, whether x € Ux or not; pg = 0 if z ¢ Ux and as usual
if not. We define ¢; = z;11 — (2 + pi), for : =0,1,...,v— 1 and

/0 if n<z,+p,
h = n—(zy+py) if n>z,+p,

Finally, let

— 2. (3.2)

) 1—4p 1—4p
fry —2 fry
d mm{c, 5 } o 3

If n > 2z, 4+ p, then

= LTIy Gz @) |17 (fa (@))]-

=0
Using lemmas 2.1 and 2.3, we have
|(fg)/($>| > efA+1 co 7 0ig 35 Z:'/:opi > efAJrlednerm > edn, (33)
for n large enough.
If n < 2, + p, then

v—1

() @) = [ fa(f2 @D S (St @) T Gz @] 12 (e ()]

1=0

Now, by lemmas 2.1 and 2.3 together with the assumption that = € I — Ey(n), for n large
enough we have

U2 @) 2 17 @) 3 | ey (1)) e Sl e 52 Dl

1-4
> e—omBLeco(n—(zfy—H)) 0021 0 %iga 3621 o Pi
- 1

> e—om—log B e(d+2a)(n—1) (34)

—2anedne2cm

vV
@

dn

v

e
Using (I) and (II) we will show that
A(Eq(n)) <e ™™, (3.5)

for a constant 7 (o, ) > 0 and for all n > NJ(A, 7). We consider Ny (A, a, By, d, NY) such
that for all n > N; estimates (3.3), (3.4) and (3.5) hold. Hence for every n > N; we have
that [(f*) (z)| > e, except for a set Ey(n) of points x € I satisfying (3.5).
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We take By = (5 n, Upsp £1(n). Since VE > Ny
Z A(Ey(n)) < conste ™",

n>k

we have by the Borel Cantelli lemma that A\(£;) = 0. Thus on the full Lebesgue measure
set I — Fy we have that (1.1) holds. We note that {z € I: £%(x) >k} C U,5; E1(n),
where £ is defined in (1.4). So for k > N;

AN{zel: &%x) > k}) < conste ™.
At this point we just have to compute an adequate C; = C1(N7) > 0 such that

A{xel: &%x)>n}) <Cre ™", (3.6)
forallm e N.
For the proof of theorem B, we define for n € N the sets:
Es(n)={xel: T,(x)>¢€}. (3.7)

Note that it is the depth of the deep returns that counts for the sum on 7,,(x). Taking
note of the basic idea (I), in order to obtain a bound for 7}, one only needs to take into

consideration the deep essential returns.
Thus if we define

sdn,
Fo(z) = Zm, (3.8)

where sd,, is the number of essential returns with depths above © that occur up to n and
n; their respective depths, we have T,(z) < <2 F,(z), from which we conclude that

A(Ea(n)) < A {x L Fo(z) > ﬂ} .
Cs
Fact (II) and a large deviation argument allow us to obtain for n > N(©)
A {x s B (x) > ﬂ} < conste™ ™"
Cs
where 7, = 75(€,©) > 0 is constant, which implies for & > N,
Z A (Ey(n)) < const e ™",
n>k
Consequently, applying Borel Cantelli’s lemma, we get A(E2) = 0, where Fy = Ng>1 Ui
Es(n) and finally conclude that (1.2) holds on the full Lebesgue measure set I — Ey. Observe
that {z € I : R*(x) >k} C,»;, Fa(n), and thus, for all n € N,
A{rxel: RYz) >n}) < Che ™,

where Cy = Cy(Ny, 73) > 0 is constant. Recall that R* is defined in (1.5).

At this point we would like to bring the reader’s attention to the fact that most proofs
and lemmas that follow are standard, in the sense that they are very resemblant to the
ones on [Al192, BC85, BC91, BY92, M092] (just to cite a few), that deal with the same
subject. Nevertheless, we could not find the right version for our needs, either because in
some cases they refer to sub-exponential estimates when we want exponential estimates or
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because the partition is built on the space of parameters instead of the set I, as we wish.
Hence, we decided for the sake of completeness to include them in this work.

4. Construction of the partition and bounded distortion

We are going to build inductively a sequence of partitions Py, P1,... of I (modulo a
zero Lebesgue measure set) into intervals. We will also define inductively the sets R, (w) =
{zl, . 727(71)} which is the set of the return times of w € P, up to n and a set Q,(w) =
{(m1, k1), ..., (M), ky(my) }, Which records the indices of the intervals such that f(w) C
Lok

Along with the construction of the partition, we will show, inductively, that for all
n € Ny

iZl,...,ZV(n).

VYw € P, fI, is a diffeomorphism, (4.1)

which is vital for the construction itself.
For n = 0 we define

Po={[-1,-6), [0, 1]} U {Lpy : Im| = A, 1 <k <m?}.
It is obvious that Py satisfies (4.1). We set Ry ([—1,—0]) = Ro ([0,1]) = 0 and Ro(Ln k) =
{0}.
Assume that P,_; is defined, satisfies (4.1), and R,_1, @,—1 are also defined on each
element of P,_;. We fix an interval w € P,_;. We have three possible situations:
(1) If R,—1(w) # 0 and n < zy(,—1) + p(Myn—1)) then we say that n is a bound time
for w, put w € P, and set R,(w) = R,—1(w), Qn(w) = Qn_1(w).
(2) If Ry_q(w) = 0 or n > zy4—1) + D(Myn-1)), and [P (w) N Ua C Ing Ul _aq,
then we say that n is a free time for w, put w € P, and set R,(w) = R,_1(w),

Qu(w) = Qu1(w).

(3) If the above two conditions do not hold we say that w has a free return situation
at time n. We have to consider two cases:

(a) f(w) does not cover completely an interval Iy, with |m| > A and k =
1,...,m% Because f" is continuous and w is an interval, f"(w) is also an
interval and thus is contained in some I;;,k, for a certain |m| > A and k =
1,...,m?, which is called the host interval of the return. We say that n is an
inessential return time for w, put w € P, and set R,(w) = R,,—1(w) U {n},
Qn(w) = Qn71<w) U {(m> k)}

(b) f™(w) contains at least an interval I,,, j, with |m| > A and k =1,...,m? in
which case we say that w has an essential return situation at time n. Then
we consider the sets

w;mk, = [ Umy) Nw  for |m| > A
Wi = f([01]) Nw
W= f (=1L =) Nw
and if we denote by A the set of indices (m, k) such that w;, , # ) we have

R A U R (42)

(m,k)eA
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By the induction hypothesis f'|. is a diffeomorphism and then each wy, ; is
an interval. Moreover f'(w;, ;) covers the whole I,,, , except eventually for the
two end intervals. When f7*(w, ;) does not cover I, ;, entirely, we join it with
its adjacent interval in (4.2). We also proceed likewise when f7'(w’ ) does not
cover In_ja-1y2 or fI'(w’”) does not contain the whole interval I;_a a—1).
In this way we get a new decomposition of w — {f,;™(0)} into intervals wy, x
such that

[m,k) C f;(wm,k) c It

m,k>’

when |m| > A.

We define P,,, by putting wy, x € P, for all indices (m, k) such that wy, # 0,
with |m| > A, which results in a refinement of P,_; at w. We set R,,(wi k) =
R,_1(w)U{n} and n is called an essential return time for w, . The interval
I} is called the host interval of Wy, and Qp(wmk) = Qu(w) U {(m, k)}.

In the case when the set w, is not empty we say that n is an escape time
or escape situation for wy and R,(wy) = Ry-1(w), Qn(wy) = Qpn-1(w). We
proceed likewise for w_. We also refer to w, or w_ as escaping components.
Note that the points in escaping components are in free period.

To end the construction we need to verify that (4.1) holds for P,,. Since for any interval
JcCl1

s is a diffeomorphism
0¢ fa(J)
all we are left to prove is that 0 ¢ f7(w) for all w € P,,. So take w € P,. If n is a free time
for w then we have nothing to prove. If n is a return for w, either essential or inessential,
we have by construction that fi'(w) C I, for some [m| > A, k = 1,...,m* and thus
0 ¢ fMw). If nis a bound time for w then by definition of bound period and (BA) we
have for all z € w

} = f™1; is a diffeomorphism,

@) = |f7 0 = [fr@) — f7 o)

> e_a(n_z'y(n—l)) — e_ﬁ(n_Z’Y(n—l))

> e a(n=2y(n-1)) (1 _ e*(ﬁ*a)(n*%(nq)))
> (0 since f—a > 0.
Now we will obtain estimates of the length of | f(w)].

LEMMA 4.1. Suppose that z is a return time for w € P,_1, with host interval [;;’k. Let
p = p(m) denote the length of its bound period. Then

(1) Assuming that z* < n — 1 is the next return time for w (either essential or
inessential) and defining ¢ = z* — (z + p) we have, for a sufficiently large A,
o (W)] = eere =DM | f2(w)] > 2| f7 (w)]-

(2) If z is the last return time of w up to n — 1 and n is either a free time for w or
a return situation for w, then putting g = n — (z + p) we have, for a sufficiently
large A,

(a) |fa(w)l
(b) [£7(w)

Coq—(A+1) 6(1_4ﬁ)|m| ‘f; (w) ‘

> e
> e0d— (A1) o=58Iml if o s an essential return.
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2 is the last return time of w up to n — 1, n is a return situation for w an
3) If » is the last return time of t 1, ni t tuation f d
fMw) C Uy, then putting ¢ = n — (z + p) we have, for a sufficiently large A,

() 1f7(w)] = enel=59m | ()| > 2] ()]
(b) |f™(w)] > ewte=2Pml if 2 is an essential return.

PROOF. By the mean value theorem, for some ( € w,
@) > | () S| 1)
Using lemma 2.1 part 2 and lemma 2.3 part 3 we get
£ @) = [ (PO EO) 17 )]
> 4ot | £
%eﬂlmler:oqe(l—w)\m\ |7 (w)]

> 2091 =50)ImI | £2(0)| |

Y

if A is sufficiently large in order to have %eﬁ\m\ > 2.
Note that part 3a is proved. To demonstrate part 1 it is only a matter of using lemma
2.1 part 2 instead of 3, while for proving part 2a one has to use lemma 2.1 part 1 instead.
To obtain 3b observe that because z is an essential return time I, C fZ(w) which

implies A(fZ(w)) > 62;:;‘ and so
[fa(w)] > gemlevtelt=sDml| f2())

_ — Blm|
> 0i(1=50)lm g lm| 26717
- m

> ecoqe—5ﬁ|m|’

if A is large enough.
The same argument can easily be applied to obtain part 2b. O

The next lemma asserts that an escaping component returns considerably large in the
return situation immediately after the escaping time, which means in particular that it will
be an essential return situation.

LEMMA 4.2. Suppose that w € Py is an escape component. Then in the next return
situation t; for w we have that

| i (w)] > e 72,
PROOF. Since w is an escaping component at time ¢ it follows that

and so there exists z, € w such that |f!(z,)| = e ®. Therefore f!*1(z*) = 1 — ae 22 >
1 —2e 22, Thus, if t; =t + 1 the result would follow easily.
Now suppose that t; >t + 2. Writing

fo (@) = f2 (fa (@) + fo (fa" (@) = fo (fa ()

and taking into account that fo (fi71(x,)) < fo(1 —2e722), fo(y) — fo(y) <2 —a, Vy € I,
it follows that
fi2(2,) < =14 4.2¢722,
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if we choose ag sufficiently close to 2 such that
(2 — ag) < 8e 2. (4.3)

By induction, using the same argument we can state that for £ > 2, providing that
—1 + 4%=22¢722 < 1 (this is to ensure that we are inside the domain I), we have

fik(r,) < =1+ 487120724,

Therefore if —1 + 47712722 < —1 then f!'(z,) < —1 and so | (w)| > e™#2, providing
A is large enough.

In order to complete the proof it remains to consider the case when —1+441—t"12¢724 >
—%. Under this condition we have that

A (4.4)

First we note that we can assume f!(w) C U; otherwise we have the conclusion immediately.
Now, we know that there is x € w such that

@) = | () @] £iw)
(A1) (fi(2))] ’ ety (-1 e ®
> 9.7 ) (W (fa(@)) | i3
(=) (fa! ()] (6™ (A—1)2
where h : [—1,1] — [—1,1] is the homeomorphism that conjugates fo(z) to the tent map
1—2|x| and g, =h"'o f,o0h.
Using lemma 3.1 from [Mo92] it follows that
11 3T t1—t e_A
[l W)= L[2—3%(2-a)] A1

with

_ = (@)’

L= (fi(=))*
Since f!*(w) C Uy,
-A
W) > Vi—e 22— 322 —a)]" T
(A-1)
- ti—t €
25 2-F2-al" oy
Now, we remark that our choice of ay can provide that
2-F@-a] 2e (45)

and then since |f!*(w)| < 2, it follows that
eCO(tlft) S %GA(A o 1)27

which implies, for A large that t; — ¢t < 2A.
Again restraining a( in such a way that

2- %@ 224 (46)
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we have
-A
)] 2 220 e,
“ =0 (A—1)2
Taking into account 4.4 we have
bw)| > 2 > e P8
|1 (W)‘_m_e ,
for A large enough. OJ

LEMMA 4.3 (Bounded Distortion). For some n € N let w € P,,—1 be such that f'(w) C
Uy. Then there is a constant C(3 — «) such that for every x,y € w

|(f2) (@)]

n
n

() (v)]

PROOF. Let R,_1(w) = {#1,..., 2} and Qn_1(w) = {(my,k1),...,(m, k,)}, be, re-
spectively, the sets of return times and host indices of w, defined on the construction of
the partition. Note that for i = 1,...,v, fZ(w) C I} . Let o; = fZ(w), pi = p(mi),
z; = fo(z) and y; = fo(y).

Observe that

TALGIIE = IV ACHI R = SEZTPR » H A A
’(fc?)’(y) _jl;[O Faly;) _jgo Ui SE(H Ui >

Hence the result is proved if we manage to bound uniformly

n—1

-5

i —Yj
Jj=0 '

Yj

For the moment assume that n < z, +p, — 1.
We first estimate the contribution of the free period between z,_; and z, for the sum S

zq—1 zqg—1
q g > E
. Yj 1)
J=2q—1+Pk—1

J=2q—1+Dk—1

For j = z4—1 + pr—1, -+ , 2 — 1 we have

V

Mog) = [z () — f277 (y;)

|(f279) ()] - |&; — y;], for some ¢ between z; and y;

> eCO(Zq_j)|:L'j — yj|’ by Lemma 2.1
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and so
Fp < f ooz @
J=Zq—1+Pk—1
> ap- %(:;)) for some constant a; = ay(c).

The contribution of the return z, is

Toa 7 Yz < Aloy) < ay - M where ay is a constant.
Yz, e Imal =2 A(Imq)
Finally, let us compute the contribution of bound periods
B — pqz_l Lzg+i — Yzq+i
o = Yzq+i
We have that
Tagri = Youri]l = 1(F2)'(C )| . |qu - yzq| for some ¢ between x. and y.,

= U (fa )] - 1O - 2y — 12,
= (7)) (fa())] - 2aICI |2y — Yz,

< Bl|(f] 1) ( D) - 2007 N (ay).
On the other hand, we have
s — &1 = 1 O] |yz1 — &1
for some 6 € [y, 41,&]. Noting that [y, 1,&] C fa <U|J7;q|), we apply Lemma 2.3 and get
1
=61 2 S IEVE b — &
1 -
= Sl -2,
1 o
> (7 (@) 2ae

Combining what we know about |z, 1; — v.,+;] and |y. 4+; — &;| we obtain

(Cats = Yourril _ |Tatd = Yol [Yagrs = &
|yzq+j| ‘quJrj - f]’ ‘yqur]"
5
S B% . /\(Uq) |yzq+] €]|
e_|mq| |yzq+j|
—06J
< B2.¢5 Alog) ) €

A1) e —e 8
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since
Ysgisl 2 NEG] = [Yzgss — Gl = €7 — e

Clearly,
© —B3j
e

and, therefore,

quafﬂ'

for some constant az = az(a — f3).
From the estimates obtained above, we get

. Aay)
= a4 - ; )\(Imq

, where a4 = a1 + as + as.

Defining ¢(m) = max{q : m, = m} and using the fact that A(o,+1) > 2A(0,) (lemma
4.1 part 1), we can easily see that

Z Aog) < 2X(04(m)),

{g:mq=m}
and so
.
Z )\(O'q) < Z )\ O_q < 2A<O'q(m))
q:0 )\(Imq m>A )\ {q mq_m} mZA A(Im)
Since
A(g(m)) < 10
AI,) — m?
it follows that
2/\ O'q(m 1
2 M) 20 ) m?’
m>A m>A

which proves that S is uniformly bounded .
Now, if n > 2, 4 p, we are left with a last piece of free period to study:

n

Fopg = Z

J=2y+D~

i~ Yj
Yj

We consider two cases. In the first one we suppose that |f"(w)| < e722. Proceeding as
before we have for j =z, +p,,...,n—1,

Mowm) > [ fa 7 (x5) = fa 77 ()]
= ‘(f”_])'(C){ - |z — y;|, for some ¢ between z; and y;
> e (AtDeo(m=9 |5 — g by Lemma 2.1 part 1.
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So,

n eAJrlefco(nfj))\(o.n)
F’y—i—l < 5

J=2y+D~

n
§ 62A+1efco(n7])672A

J=2y+D~
[ee]
<e E e < as,
j=1

where a5 is constant.
In the second case we assume that | f(w)| > e 22. Let ¢, be the first integer such that
Q1 > 2y + Py, | [ (w)] > €722, From the previous argumentation we have that

‘ (f)'(z)
(fa")'(y)
At this point we consider the time-interval [q;, g2 — 1] (eventually empty) defined to be the

largest interval such that i € [¢1,¢2 — 1] = vy; ¢ U;. Then, using lemma 2.1 part 3 (here
we use for the first time the hypothesis fI(w) C Uy),

<C.

q2— 1|$ y g2—1 g2—1
SISl <83 )
1=q1 1=q1 1=q1

(0.0

<B) e <ag,
i=1
where ag is a constant.
If go = n the lemma is proved. Otherwise writing:

(fa)'(@)] _ ‘(fc?(”)’(fcqz) '(f;”)’(év)
(fa)(y) (fa ™) (ygo) | | (fa*) (y)

we observe that in order to obtain the result we need only to bound the first factor. We
do this considering, again, two cases:

1. x4, > i. Then since |y,| < e (by definition of ¢,), we have |z, —
Therefore, by lemma 2.1 part 3

Y

yqz| > 1_10-

dgeoln—m) L < | fr(u)] < 1,

which implies that n — g < %log (2— (remember that by hypothesis ¢q >
©) (g,)| < 4" and [(f57%) (g,

>) (
I(
fa ") (g,

fa~
‘ (
(fa™ ") (4a5)

Taking into account the facts:
we have

S ar,

for some constant as.
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2. 1z, < 3. We can write (see Lemma 2.2 of [A192] or Lemma 3.3 of [M092] for
details)

Y

‘<ﬁ?qw%x@> _
() (92)

P R
I—x 1= () I—e”

h:[—-1,1] — [—1,1] is the homeomorphism that conjugates fa ) to the tent map 1 — 2|z|
and g, = h™! ofaoh.
For the second factor, we have (see Lemma 3.1 of [M092] for details)

e (egea)

Note that |f&(w)| > €722 and fe®®~1)|f0 ()| < |f™(w)| < 1, from which we conclude
that n — qo < n — ¢ <4A. So if a is sufficiently close to 2 in order to have

‘ (9a—")'(h~*(4,))
(fa=®) (h1(yg))

where

mw

4A

(hen) = “

then
‘ (fa~ ") (xg,)

8
— < 3
(fa ") (ya) | — 3

5. Return depths and time between consecutive returns

In this section we justify the preponderance of the depths of essential returns over the
depths of bound and inessential returns, stated in basic idea (I). We also get an upper
bound for the elapsed time between two consecutive essential returns.

As we have already mentioned, there are three types of returns: essential, bounded
and inessential, which we denote by ¢, u and v respectively. Remember that up to time

n, the essential return that occurs at time ¢; has depth n;, for ¢ =1, ..., s,; each t; might
be followed by bounded returns w;;, j = 1,...,u and these can be followed by inessential
returns v; ;, j = 1,...,v.

The following lemma states that the depth of an inessential return is not greater than
the depth of the essential return that precedes it.

LEMMA 5.1. Suppose that t; is an essential return for w € Py, with I, x, C fli(w) C
I;:kl Then the depth of each inessential return occurring on v;;, j = 1,...,v is not greater
than n;.

PrROOF. By lemma 4.1 part 1 we have
M (W)} = 220 fa (W) } = 22X (I, .)
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Thus,

o
I @) 2 MI) = 02

But, since v;; is an inessential return time we must have f;"’(w) C I, for some
m > A; then, out of necessity, m < n;, because f,"’(w) is too large to fit on some I, x
with m > ;. U

In the next lemma, we prove a similar result for bounded returns.

LEMMA 5.2. Let t be a return time (either essential or inessential) for w € Py, with
fa(w) C Iy Let p = p(n) be the bound period length associated to this return. Then, for
all x € w, if the orbit of x returns to Upn between t and t + p, then the depth of this bound
return will not be grater than n, if A is sufficiently large.

PROOF. Consider a point z € w. We will show that if A is large enough then |fI*7(z)| >
e, Vi ef{l,....p—1}.
[f2)] = [faP (@)] < £ (@) = fi(Q)] < e
which implies that

A
FH(@)] 2 [HD)] = e 2 e — e 2 o (1 olo)

> e % (1 — e(a_ﬁ)) , since a — 3 <0
e P (1 — e(a’ﬁ)) , since j < p

e (1 — &) | since p < 3n by lemma 2.3
—4am

AVARR VS

e

v

, if we choose a large A so that 1 —e®*™# > e

Y 1
e ,s1nceoz<1

Y

g

The next lemma gives an upper bound for the time we have to wait between two
essential return situations.

LEMMA 5.3. Suppose t; is an essential return for w € Py, with Iy, y, C fii(w) C I}, .
Then the next essential return situation t;1 satisfies:

PROOF. Let v;; < ... < v;, denote the inessential returns between ¢; and ¢;;;, with
host intervals I, x, .- - Iy, , k., Tespectively. We also consider v;g = t;; vj 41 = tiy1; for
j=0,...,v+1,0; = fs"(w) and for j =0,...,v, ¢j = v;j+1 — (vi; + p;), where p; is the
length of the bound period associated to the return v; ;.

We consider two different cases: v =0 and v > 0.

(1H)v=0
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In this situation ¢;,1 — t; = po + qo- Applying lemma 4.1 part 2b we get that
loy| > e~ 5Bl gcogo—(A+1)
Taking into account the fact that |o;| < 2, we have

coqo < 1+58m| +A+1

3 2
qo < 80|n;| + §A + 3, since ¢y > 3

3
q0 < 908|mi| + QA’ for A large enough so that 3|n;| > 3.

Therefore,
tiv1 —ti = Do + Qo
< 3[n;| + 98|mi| + gA
< 4|n;| + A, since 95 < %
< 5|mi.
(2)v>0

In this case, t;; 1 — t; = Zgzo(pj + gj). We separate this sum into three parts and
control each separately:

v—1 v—1
tiv1 —t; = po + (ij + Z%‘) + (pv + @)
=1 =0

(i) For pg we have by lemma 2.3 that py < 3|n;|.
(ii) By lemma 4.1 we get,

|y | > e0®e%ml and % > o0 o(1-50)mi 51
> e

for j =1,...,v— 1. Now, we observe that p; < 3|n; ;| < 4(1 —50)|n;;| and ¢; < 4cog;, for
all 7 =0,...,v. This means that controlling the second parcel resumes to bound

—_

v—

v—1
(1= 58)[mi + Y cog;- (5.1)
=0

=1

<
I

We achieve our goal by noting that (5.1) corresponds to the growth rate of the size of the
0j, which cannot be very large, since every o;, j = 1,...,v is contained in some I,,, , C Ua.
Writing

U—1|O‘ |

o] = Jon| T 2
L oyl
7j=1
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and taking into account that o, € I, ., With |n;,] > A and thus |o,| < e” 3TV it

follows that

v

v—1 v—1
exp {—5ﬁ|m| + cogi+ Y (1 5ﬁ)|m,j|} <exp{—(A+1)}
§=0

j=1

and consequently

—

v—1

(L= 58)misl + Y coq; < 58Im| — (A+1)

1 j=0

v—

J
(iii) For the last term p, + ¢, we proceed in a very similar manner to what we did in
the case v = 0. By lemma 4.1we have

1701 S coqu—(AtD) g(1=48) 1] > 0@ —(A+1) o (1-58) il

From part 1 of lemma 4.1 we have |o,| > 2°7!|oy| > |0y, from which we get

g
2> oy > |on 12

||

and consequently

exp {=50m| + cogy — (A + 1) + (1 = 58)[n;|} < %2
implying
Putting together the three parts we get

v—1 v—1
tiv1 —ti =po + (ij + Z%’) + (po + @)
=1 =0

v—1 v—1
<po+4 {Z(l —58)Imi gl + Y cogj + cogu + (1 — 5ﬁ)|77i,v|}

j=1 §=0

< 3mi| +4{58[n;i| — (A+1)+ (A+1)+1+58|nl}
< 3|ni| +408|n;| + 4

< 4ny.

g

The next two propositions allow us to obtain a bound for 7,,(x) (see (2.1) for definition)
by a quantity proportional to = F,,(x) (defined in (3.8)).

In the proof of the following proposition we will use directly and for the first time the
condition known as the free assumption for the critical orbit. This condition essentially
asserts that the set of Benedicks-Carleson parameters is built in such a way that the amount

of time spent by the critical orbit in bound periods totally makes up a small fraction of
the whole time (see [BC91, Section 2] or [M092, condition FA(n)]).
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PROPOSITION 5.4. Lett be a free return time (either essential or inessential) for w € Py
with fi(w) C I Letp = p(n) be the bound period associated with this return. Let S denote
the sum of the depths of all the bound returns plus the depth of the return that originated
the bound period. Then S < Csn, with constant C3 = Cs(«).

PrOOF. Recall that by lemma 2.3 we know that %77 < p < 3n. Let z € w. We say that
a bound return is of level 7 if, at the moment of this bound return, z has already initiated
exactly ¢ bindings to the critical point & and all of them are still active. By active we
mean that the respective bound periods have not finished yet. To illustrate, suppose that
uy is the first time between ¢ and ¢ + p that the orbit of x enters Ua. Obviously, at this
moment, the only active binding to &, is the one initiated at time ¢. Thus, u; is a bound
return of level 1. Now, at time u;, the orbit of x establishes a new binding to the critical
point which ends at the end of the corresponding bound period that we denote by p; which
depends on the depth n; of the bound return in question. During the period from u; to
uy + p1 new returns may happen and their level is at least 2 since there are at least 2 active
bindings: the one initiated at ¢t and the one initiated at uy. If uy +p; <t + p then new
bound returns of level 1 may occur after u; + p;.

We may redefine the notion of bound period so that the bound periods are nested (see
[BCI1], section 6.2). This means that we may suppose that no binding of level i extends
beyond the bound period of level i — 1 during which it was initiated.

Taking into account the free assumption condition for the critical orbit we may assume
that in a period of length n € N, the time spent by the critical orbit in bound periods is
at most an (see [Mo092, condition FA(n)]).

Since, when a point initiates a binding with &, it shadows the early iterates of the
critical point, the same applies to any of these points x € w bounded to &. Thus in
the period of time from ¢ to t + p, the orbit of x can spend at most the fraction of time
ap in bound periods. So if [ denotes the number of bound returns of level 1, uq,...,y
their instants of occurrence, 7y, . ..n; their respective depths and py, ..., p; their respective
bound periods, then we have by lemma 2.3 and the above observation that:

l l
2> <Y pi<ap<3an
=1 =1

from where we easily obtain 22:1 1; < ban. The same argument applies to the bound
returns of level 2 within the i-th bound period of level 1. So if /; denotes the number of
bound returns of level 2 within the ¢-th bound period of level 1, w1, .. ., u;, their instants of
occurrence, 71, . . . 1; their respective depths and p;, . . ., p; their respective bound periods,

then we have
l;

l;
% Nij < Zpij < ap; < 3an;
j=1 i=1
from where we easily obtain >\_ Z;"Zl ni; < (5a)?n.

Thus a simple induction argument gives that

S < 2(504)% < Csn,

=0
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where

Cy = (5.2)
remember that by choice ba < 1. O

PROPOSITION 5.5. Let t be an essential return time for w € Py with I, C fi(w) C I;fk.
Let py denote the associated bound period. Let S denote the sum of the depths of all the free
inessential returns before the next essential return situation. Then S < Cyn, with constant

Cy = Cu(B).

PROOF. Suppose that v is the number of inessential returns before the next essential
return situation of w, which occur at times vy, ..., v,, with respective depths 7y, ...,n, and
respective bound periods py, ..., p,. Also denote by v,,; the next essential return situation
of w. Let 0; = fY(w).

By lemma 4.1 we get

1| > e®®e5 and —|C|Tj+1| > 0t o(1=58)Imi|
gj

where ¢; = viy1 — (v; +p;), for i = 0,...,v. We also know that |o,41| < 2.
Since

v
|0i+1|
’O-v+1’ = |0-1| H y
- |l
=1

we have that

exp {COQO — 50N + Z(CO% +(1 - 55)771')} < e,

i=1
from where we obtain that

v

Z(CO% + (1 =58)n;) <580+ 1,

=1

which easily implies that S < Cyn, where

From these propositions we easily conclude that

T,(x) < F(0)

with
05 = 05(04,5) == (Cg + C3C4). (54)
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6. Probability of an essential return reaching a certain depth

Now, that we know that only the essential returns matter, we prove that the chances of
very deep essential returns occurring are very small. In fact, the probability of an essential
return hitting the depth of p will be shown to be less than e™"?, with 7 > 0.

We must make our statements more precise and we begin by defining a probability
space. We define the probability measure \* on I by renormalizing the Lebesgue measure
so that A*(I) = 1. We may now speak of expectations E(-), events and their probability
of occurrence.

For each x € I, let u,(z) denote the number of essential return situations of x between
1 and n, s,(z) be the number those which are actual essential return times and sd,, the
number of the latter that correspond to deep essential returns of the orbit of x with return
depths above a threshold ® > A. Observe that wu,(z) — s,(x) is the exact number of
escaping situations of the orbit of z, up to n.

Given the integers 0 < s < 32 s < 4 < n and s integers p, ..., ps, each greater than

207
or equal to ©, we define the event:

Ay® (n)=qx €l : uy(r) =u, sdy(r) = s, and the depth of the i-th deep essen-
tial return is p; Vi € {1,...,s}

REMARK 6.1. Observe that the upper bound g’—g for the number of deep essential returns
up to time n derives from the fact that each deep essential return originates a bound period
of length at least %@ (see lemma 2.3). Since during the bound periods there cannot be any
essential return, the number of deep essential returns occurring in a period of length n is
at most g%.

3n

PROPOSITION 6.2. Given the integers 0 < s < o) and s < u < n, consider s integers

P1, - -+, Ps, €ach greater than or equal to ©. If © is large enough, then

v (g 0) < (1) B {‘“ % Zp}

Proor. Fix n € N and take wy € Py. Note that the functions u,, s, and sd,, are
constant in each w € P,. Let w € wy NP, be such that u,(w) = u. Then, there is a
sequence 1 <t; <...<t, <n of essential return situations. Let w; denote the element of
the partition P, that contains w. We have wp D w; D ... D w, = w. Consider that w; = 0

whenever j > u. For each j € {0,...,n} we define the set:
Qj = U Wy,
wEPnNwo

and its partition
Q; ={w;: weP,Nuwy}.
Let w € P, be such that sd,,(w) = s. Then, we may consider 1 <1 < ... <r, <wu with r;

indicating that the i-th deep essential return occurs in the r;-th essential return situation.
Now, set V(0) = Qo = wp. Fix s integers 1 < r; < ... <ry < u. Next, for each j < u we
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define recursively the sets V' (j). Although the set V(u) will depend on the fixed integers
1 <r <...<ry <u, we do not indicate this so that the notation is not overloaded.
Suppose that V(j — 1) is already defined and r;_; < j < r;. Then, we set

Vi) = |« "I =Ue) (Vi — 1)
wEQ;

If 7 = r; then we define

Vi) = J o fa ", uI,)(\V(i-1)

weQ;
Observe that for every j € {1,...,u} we have % < 1. Therefore, we concentrate
in finding a better estimate for “‘/‘(/T(_T_i)l')‘. Consider that w,, € Q,, NV (r; —1) and let

Wrm1 € Qo1 NV (r; — 1) contain w,,. We have to consider two situations depending on
whether ¢,,_; is an escaping situation or an essential return.
Let us suppose first that t,,_; was an essential return with return depth 7. Then,

W i w i -~ _tri
L Sy e B = D)
by
a ' (wri)
<C — , by the mean value theorem and lemma 4.3
Ja" (@r,-1)
2e P ..
<C 5 by lemma 4.1 part 3b and definition of w;,
e

Note that when r;_y = r; — 1 then n = p,_1 > ©. If, on the other hand, r;_; > r; — 1 then
t,,—1 is an essential return with depth n < © < p;,_;. Then in both situations we have

e_pi

|lwr,
’wnil‘ - 6*56%‘71

When t,._; is an escape situation instead of using lemma 4.1 we can use lemma 4.2 and

obtain
Wy, e P e P
| < 20— < 2C

|wri_1| - e—BA — e—5ﬁpi—1.

Observe also that if @,,_1 # w,,_1 then, because we are assuming that w,, # ), we have
A <fctfi @m—l)) >e !l —e™® > i1 for large O.
At this point we have

Ve = Y e

Wy, —

wriEQriﬁV(m—l)| T 1|

< 20e PiePBPia § : |wr, 1|
wr; €Qr, NV (1,—1)

< 2Ce Pie®PPi-t |V (r; — 1)),

|w7"i—1|
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We are now in conditions to obtain that

|V(u)|§(QC)SExp{ (1—503) Zp} e®Pro | (0)|

where py is given by the interval wy € Py. If wo = I(yy ko) With [10] > A and 1 < ky < 13,
then pg = |no|- If wg = (9, 1] or wy = [—1, —=0), then we can take py = 0.

Now, we have to take into account the number of possibilities of having the occurrence
of the event V'(u) implying the occurrence of the event A»*  (n). The number of possible

configurations related with the different values that the integers rq,

.. Ty can take is (“)
Hence, it follows that

S

wo€Po

Exp {—(1 —50) ipl} 2(1—90) + Z 2810 o =m0l

Ino|>A

3(20)° (u) Exp {—(1 —50) sz} , for A large enough
s
i=1
U S
< E —(1-6 i P
<(Y) xp{ ( m;p}
The last inequality results from the fact that s© < 7, p; and the freedom to choose a

sufficiently large ©. O
Fix n € N, the integers 1 < s < 55, s < u < n and integer j < s. Given an integer
p > O, consider the event

X (Avs  (n) < (20)8(2) Exp {—(1 —50) ;p} D el
)

Wi

Ayi(n) =qx €l 1 uy(x) = u, sd,(v) = s, and the depth of the j-th deep
essential return is p
COROLLARY 6.3. If A is large enough, then

v o < ()

S

------

i£j

00 s—1
A" (A2 (n)) < (Z) o~ (1-68)p (Z e—(l—6ﬁ)n> < (Z) (168

n=0

as long as © is sufficiently large so that 3 o e~ (=68 < 1, O

REMARK 6.4. Observe that the bound for the probability of the event A *'(n) does not
depend on the 7 < s chosen.
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REMARK 6.5. Observe that proposition 6.2 and corollary 6.3 also apply when © = A
in which case we have sd,, = s,,.

7. Non-uniform expansion
According to section 3 to finish the proof we only need to show that
A(Ei(n)) <e ™ ¥n> Ny

for some constant 7;(a, #) > 0 and an integer N7 = Ny (A, 7).

For each = € I, recall that u,(z) denotes the number of essential return situations of x
between 1 and n, and s,(z) the number of those which correspond to essential returns of
the orbit of z. In this section we consider that the threshold © = A. Also remember that
un(x) — s,(x) is the exact number of escaping situations the orbit of = goes through until
the time n.

We define the following events:

Ai(n) = x €1 uy(r) =u, s,(x) = s and there is one essential return 5,
reaching the depth p

for fixed n € N, s <n and p > A;
Ay(n) = {xz € I:3t < n:tis essential return time and |f%(z)| € I,},

for fixed n and p > A.
Now, because Aj»*(n) = J;_, 4,7 (n), by corollary 6.3, we have

A" (A% (n Z)\* A (n s<u>e_(1_6’g)p. (7.1)

S

Observing that A,(n) = %1 Us—s A5(n), then by (7.1) we get

<Zzn:)\* A% (n Zzn: ( ) —~(1-68)p

s=1 u=s s=1 u=s

1
V2rmm™e™™ < m! < V2rmm™Me™™ <1 + —) ,

which implies that
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So, if we choose A large enough we have

3n

3 (n QA)
n =N 1—53¢ 17Ai h(A
an | < const (1 + 133) (1 + T2A> 28 < conste™®,
A 2A 2A

2A

where h(A) — 0, as A — oco. The last inequality derives from the fact that each factor in
the middle expression can be made arbitrarily close to 1 by taking A sufficiently large.

Since we know, by lemmas 5.1 and 5.2, that the depths of inessential and bound returns
are not greater than the depth of the essential return preceding them we have, for all
n > N7, where N] is such that aN] > A,

Extn)y={xel: Jie{l,. .. n} |f y<e*a"}cUA

p=an

1-608)«x
2

Consequently, taking 7 = 4=5%) 66 )% and A large enough such that h(A) < < {

N(Ei(n)) < const%eh(m" Z o~ (1-65)p

p=an

< COIlSt,4n h(A)ne—(l—GB)om
< COI’lSt/4n —21n

—Tin
<e 7

when n > Ny, where Ny is such that Ny > N| and for all n > Ny we have

const’ #&- 4” e <. (7.2)

8. Slow recurrence to the critical set

As referred in section 3, we are left with the burden of having to show that for all
n € N, and for a given ¢, we may choose a small v = ¢~ such that

N {Ey(n)} <A {w : Fo(z) > é—n} <e ™"

5

in order to complete the proof.
We achieve this goal, by means of a large deviation argument. Essentially we show that

the moment generating function of F), is bounded above by ¢™®)" where h(O) S, 0;
then we use the Tchebychev inequality to obtain the desired result.

LEMMA 8.1. Take 0 < t < %. If © is sufficiently large, then there exists No € N
such that for all n > Ny we have E (etF") < MO Moreover h(©) — 0, as © — oc.
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PROOF.

E (etFn) —F (eth:1 W) = Z ef D=1 pi )" (AZis ps (n))

uysv(plv"'aps)

s u s
E et iz ( )e_StZil i by proposition 6.2
s
)

,5,(p1,0--,Ps

<y (Z‘)((S,Rk‘m,

u,s,R

IN

where ((s, R) is the number of integer solutions of the equation z1+ ...+, = R satisfying

€ Z © for all 2. We have
—1
((s,R) < #{solutions of z1 + ...+ xs = R, x; € Ny} = (R+s )

s—1

By the Stirling formula, we may write

1
V2rmmTe™™ < m! < V2mrmm™Me™™ (1 + 4—) ,
m

which implies that
(R +5— 1)R+s—1
RE(s — 1)1

R+s—1
s—1

So, if we choose © large enough we have

) < const

s—1

((s;R) < <const% (144 (1+ %)T) < R,

The last inequality derives from the fact that s©® < R, and so each factor in the middle
expression can be made arbitrarily close to 1 by taking © sufficiently large.
Continuing from where we stopped,

tF, W\ tr_—2R
E(e ) < Z (8>e e

u,s,R

Now, we have
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Using the Stirling formula again, and arguing like in section 7 it follows that we may take
Ny = Ny(©) € N sufficiently large so that for all n > N, we obtain

E (er) < eh©n,
where h(0) — 0, as © — oo. O

If we take t = %ﬁ and © large enough so that 7 = é—z — h(©) > 0, then we have

A" (Fn > ec_n> < ¢ 'GE (etF") , by Tchebychev’s inequality
5

< ef%:eh(@)”, by lemma 8.1
S engn.
Consequently, A*{Ex(n)} < e ™", for all n > Nj.

REMARK 8.2. Since the growth properties of the space and parameter derivatives along
orbits are equivalent (see lemma 4 of [BC85] or lemma 3.4 of [M092]), it is possible to
build a similar partition on the parameters as Benedicks and Carleson ([BC85, BC91|)
did when they built BC;. Then, using the same kind of arguments as in sections 6 and
8, it is not difficult to bound, on a full Lebesgue measure subset of BC}, the value of
%Fn(ﬁg) = % Zfi’} n;, where 7; stands for the depth of the i-th deep essential return of
the orbit of . This way one obtains the validity of condition (1.2) for the critical point

o, on a full Lebesgue measure subset of BCY.

9. Uniformness on the choice of the constants

As referred in remark 1.1 all constants involved must not depend on the parameter
a € BC4. Because there are many constants in question and because they depend on each
other in an intricate manner we dedicate this section to clarifying their interdependencies.

We begin by considering the constants appearing in (EG) and (BA) that determine the
space BC of parameters. So we fix ¢ € [%, log2] and 0 < o < 1073,

Then, we consider 3 > 0 of definition 2.2 concerning the bound period, to be a small
constant such that o < 3 < 1072. A good choice for 3 would be 3 = 2a.

We next fix a sufficiently large A such that we have validity on all estimates throughout
the text. Most of the times the choice of a large A depends on the values of o and 3. Note
that at no time does the choice of a large A depend on the parameter value considered.

After fixing A we choose % < ¢g < log2 (take, for example, ¢g = ¢), and compute
ap given by lemma 2.1, and such that (4.3), (4.5), (4.6) and (4.7) hold. Note that this
might bring about a reduction in the set of parameters since we will only have to consider
parameter values on BC|NJag, 2] which is still a positive Lebesgue measure set. If necessary
we redefine BC to be BC; N [ag, 2].

Finally, we fix any small € > 0 referring to (1.2), and explicit the dependence of the
rest of the constants in the table 1

In conclusion, all the constants involved depend ultimately on «, 3, A and €, which
were chosen uniformly on BC|, thus we may say that (f,).es0, is a uniform family in the
sense referred to in [A103].
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Constant | Dependencies Main References
By a, lemma 2.3
C a, B lemma 4.3
d a, B (1.1) and (3.2)
75! «Q theorem A and section 7
Nf a, A, (7.2)
Ny A, a, By, d; N section 3
C Ny, 7 theorem A and (3.6)
03 (0% (52)
Cy 6] (5.3)
05 a, ﬁ (54)
S} €, Cs, A sections 5 and 8
¥ S} section 2
Ny © section 8
Ty e, Cs5, © theorem B and section 8
Cy Ny, T theorem B and section 3

TABLE 1. Constants interdependency




CHAPTER 2

Statistical stability for Hénon maps of Benedicks-Carleson type

1. Motivation and statement of the result
Hénon [He76| proposed the two-parameter family of maps

fa,b . R2 — ]Rz
(r,y) +— (1 —ax®+y,bx)

as a model for non-linear two-dimensional dynamical systems. Numerical experiments for
the parameters a = 1.4 and b = 0.3 indicated that f,; has a global attractor. Hénon
conjectured that this dynamical system should have a “strange attractor” and that it
should be more favorable to analysis than the Lorenz system.

In principle most initial points could be attracted to a long periodic cycle, so it was
not at all a priori clear that the attractor seen by Hénon in his computer pictures was not
a long stable periodic orbit. However, in an outstanding paper, Benedicks and Carleson
[BC91| managed to prove that what Hénon conjectured was true - not for the parameters
(a,b) = (1.4,0.3) that Hénon studied - but for small b > 0. In fact, for such small b > 0
values f,; is strongly dissipative, and may be seen as an “unfolded” version of a quadratic
map in the interval. Simple arguments show that for these values of b there is a forward
invariant region which by successive iterations of f,; accumulates in a topological attractor
that coincides with the closure of the unstable manifold W of a fixed point z* of f,;. The
Benedicks-Carleson Theorem states that as long as b > 0 is kept sufficiently small there is a
positive Lebesgue measure set of parameters a € [1,2] (very close to a = 2) for which there
is a dense orbit in W along which the derivative grows exponentially fast, which makes it
a non-trivial transitive non-hyperbolic attractor. We denote by BC' this positive Lebesgue
measure set of parameters to which we refer as the Benedicks-Carleson parameter set.

This remarkable breakthrough and the techniques developed in [BC91] promoted the
emergence of several results not specific to the context of Hénon maps. In the basis
of this enlargement of the perspective is the work of Mora and Viana [MV93]|. They
proposed a renormalization scheme that when applied to a generic unfolding of a homoclinic
tangency associated to a dissipative saddle reveals the presence of Hénon-like families,
which they proved to share the same properties studied by Benedicks and Carleson for the
original Hénon family. This means that chaotic attractors arise abundantly in dynamical
phenomena.

Continuing the study of the dynamical properties of Hénon maps, Benedicks and Young
[BY93] developed the machinery even further to obtain that every attractor occurring for
each parameter (a,b) € BC supports a unique SRB measure v, ;, which they also proved to
be a physical measure. Afterwards, Benedicks and Viana [BV01] showed that the basins
of these SRB measures have no holes, that is Lebesgue - a.e. point whose orbit converges

37
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to the attractor is v, - generic , meaning that the time average of any continuous function
evaluated along its orbit equals the space average of the continuous function computed
with respect to vg.

The statistical properties of the Hénon maps of the Benedicks-Carleson type were car-
ried on by Benedicks and Young [BYO0O0] who built “Markov extensions” of these maps
to prove the exponential decay of correlations. In fact, they demonstrate that for Holder
continuous observables ¢, : R?> — R and for every (a,b) € BC, there is a real number
7 < 1 and a constant C' = C(¢, 1) such that

‘/Qﬁ vo fidvas — [ odvas [ vy

for all n € N. Moreover, the stochastic process ¢, ¢ o fop, ¢ © a7b, ... satisfies the Central

Limit Theorem, i.e.
n—1
1 ( :
_Z ¢O ;7b—/¢dVa,b>
Vi i=0

converges in distribution to the Gaussian law N(0, ¢). Young [Yo98] extended these results
to a wider setting, namely, to dynamical systems that admit a horseshoe with infinitely
many branches and variable return times. In doing so she provided a general scheme that
unifies the proofs of this kind of results in several situations, like billiards with convex
scatterers, Axiom A attractors, piecewise hyperbolic maps, logistic maps and Hénon maps.

Despite being metrically significant, the strange attractors appearing for the Benedicks-
Carleson parameters are very fragile under small perturbations of the map. In fact, Ures
[Ur95] showed that the Benedicks-Carleson parameters can be approximated by other pa-
rameters for which the Hénon map has a homoclinic tangency associated to the fixed point
z*. Hence, according to Newhouse’s famous results [Ne74, Ne79], under small perturba-
tions one may force the appearance of infinitely many attractors in the neighborhood of
W. Nevertheless, Benedicks and Viana [BV06] showed that the Hénon maps in BC' are
remarkably stable under small random noise (stochastic stability). Let us elaborate on this
by giving a heuristic explanation of the result. Let (a,b) € BC, f = f,, and z be a point in
the basin of v = v,;. Now, every time we iterate we consider that a small random mistake
is committed. This way, we obtain a “pseudo”- trajectory {zj};?‘;o where zg = z and for
all j > 1 each z; is a random variable supported on a small neighborhood of f(z;_1) (one
may suppose that z; is uniformly distributed in a ball of radius € around f(z;_1), for small
e > 0). Stochastic stability means that as long as the noise level is small (i.e. € is small)
then for every continuous ¢ : R? — R,

n—1
1
— g ¢(z;) is close to /gbdu.
n

i=0

At this point we emphasize the resemblance between the statistical properties proved for
Hénon maps and the logistic family. This aspect is certainly related with the fact that the
b values are extremely small which make the diffeomorphisms f,; to present 1-dimensional
behavior. This parallelism is evident when we compare the results in the papers concerning
the 1-dimensional case [BC85, BY92, Y092, BV96| and their 2-dimensional versions in
[BC91, BY93, BY00, BV06], which are considerably much harder to prove. Regarding

<Cr",
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the convergence of physical measures, Thunberg [ThO1] proved that, in the quadratic
family, there are sequences of parameters a,, converging to a Benedicks-Carleson parameter
a for which the systems exhibit attracting periodic orbits such that the Dirac measures
supported on them converge in the weak* topology to the SRB measure correspondent
to the parameter a. Moreover, there are also sequences of the same type such that the
Dirac measures do not converge to the SRB measure associated to a. Since both the
Dirac measures supported on the attracting periodic orbits and the SRB measures of the
Benedicks-Carleson quadratic maps are physical measures, it means that one cannot expect
statistical stability on a full Lebesgue measure set of parameters. However, the results in
[Fr05] show that within the Benedicks-Carleson parameter set, which has positive Lebesgue
measure, there is strong statistical stability (see also [Ts96] and [RS97] for similar results).
In the 2-dimensional case, Ures [Ur96] proved a partial analogue of Thunberg’s result.
Namely, he showed that the SRB measures v,; corresponding to (a,b) € BC can be
approximated by Dirac measures supported on sinks. The existence of a 2-dimensional
analogous result to the second part of Thunberg’s work is unknown to us. However,
regarding the statistical stability within the Benedicks-Carleson parameters we prove here
that for every f,, with (a,b) € BC, if we perturb a,b within the Benedicks-Carleson
parameter set then time averages of continuous functions keep close. More precisely

THEOREM F. For each (a,b) € BC let v,y denote the SRB measure of f,p. Consider
the set M(R?) of the Borel probability measures defined in R? with the weak* topology.
Then the map

BC — M(R?)
(a,b) —  Uup

18 continuous.

2. Insight into the reasoning

We consider a sequence of parameters (ay,, b, )nen € BC' converging to (aog, by) € BC.
Let (Vp)nen and vy denote the respective SRB measures. Our goal is to show that v,
converges to vy in the weak* topology. We prove this by showing that every subsequence
(Vn,; )ien contains a subsequence convergent to 1. Let us give some details on how to find
this convergent subsequence.

The main problem we have to overcome is the need of comparing measures supported
on different attractors. Our strategy is to look for a common ground where the construction
of the SRB measure for every parameter is rooted. To do so, we start by noting that each
of these maps admits a horseshoe A,; with infinitely many branches and variable return
times (we will drop the indices when we refer to properties that apply to all these objects)
obtained by intersecting two transversal families of local stable and unstable curves. Be-
sides, A intersects each local unstable curve in a positive Lebesgue measure Cantor set,
and for each z € A it is possible to assign a positive integer R(z) defining the return time
function R : A — N which indicates that z returns to A after R(z) iterates. The hyper-
bolic properties of A and the good behavior of R allow us to build a Markov extension
that organizes the dynamics of these Hénon maps. Thus, one needs to show first that for
nearby parameters the corresponding horseshoes are also close. We remark that for each
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parameter there is not a unique horseshoe with the required properties. Therefore, what
we can establish is that for a given parameter (a,b) and a chosen horseshoe A, if we
consider a small perturbation (@, '), then it is possible to build a horseshoe A,y with the
desired hyperbolic properties and which is close to Agp.

These horseshoes play an important role in a construction of the SRB measures that
suits our purposes. Actually, f®: A — A preserves a measure 7 with absolutely continuous
conditional measures on local unstable curves with respect to the Lebesgue measure on
each curve; the good behavior of the function R ensures that the saturation of 7 is an SRB
measure, and by uniqueness it follows that the saturation of 7 is the SRB measure. To prove
the continuous dependence of these SRB measures on the parameter, A is collapsed along
stable curves yielding a quotient space A, which can be thought inside a fixed local unstable
curve 4%, and whose elements are represented by the intersection of the corresponding
stable curve with 4". This way our task is reduced to analyze ﬁ : A — A. This map
is piecewise uniformly expanding and its Perron-Frobenius operator has a spectral gap
under the usual aperiodicity conditions; so there is an f_R—invariant density with respect
to Lebesgue measure on 4*. As A" is nearly horizontal, we can think of p as a function
defined on a subset of the z-axis. The advantage of this perspective is that it gives us the
desired common domain for these densities, providing the first step in the verification of
the continuity.

Therefore, the steps for the construction of the convergent subsequence are the follow-
ing:

e Fix a parameter (ag, by) € BC and a respective horseshoe Ay.

e Pick any sequence of parameters (a,,b,) € BC such that (an,b,) — (ag,bo) as
n — oo and consider f, = fq, 5, for all n € Ny.

e Construct for every n € N an horseshoe A, adequate to f, and such that it gets
closer to Ag as n — oo. L

e Collapse A,, and consider the fF-invariant densities p,. Realize them as functions
defined on an interval of the z-axis and belonging to a closed disk of L>°. Apply
Banach-Alaoglu Theorem to derive a convergent subsequence p,, — peo-

e Employ a technique used by Bowen in [Bo75] to lift the fE-invariant measure
from the quotient space A to an fZ-invariant measure on the horseshoe A. This
way we obtain measures 7, and ., defined on A,, and Ay, respectively.

e Verify that all the measures 7,, and 7, desintegrate into conditional absolutely
continuous measures on unstable leaves.

e Saturate the measures 7,, and 7. These saturations are f, -invariant and fj-
invariant, respectively, and have absolutely continuous conditional measures on
unstable leaves. The uniqueness of the SRB measures ensures that the saturation
of Uy, is vy, (the f,,-invariant SRB measure) and that of 7, is vy (the fy-invariant
SRB measure).

e Finally, show that this construction yields v,,, — v in the weak™® topology.

3. Dynamics of Hénon maps on Benedicks-Carleson parameters

In this section we provide information regarding the dynamical properties of the Hénon
maps f = fqp, corresponding to the Benedicks-Carleson parameters (a,b) € BC'. We do not
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intend to give an exhaustive description but rather a brief summary of the most relevant fea-
tures whose main ideas are scattered through the papers [BC91, BY93, MV93, BY00].
We recommend the summary in [BY93] and Chapter 4 of [ BDVO05] where the reader can
find a comprehensive description of the techniques and results regarding Hénon-like maps,
including a revision of the referred papers; both texts inspired our summary. The survey
[LV03] provides a deep discussion about the exclusion of parameters which are the basis
of Benedicks-Carleson results. Concerning the 1-dimensional case we also refer the paper
[Fr05] in which a description of the Benedicks-Carleson techniques in the phase space
setting can be found.

3.1. One-dimensional model. The pioneer work of Jakobson [Ja81] establishing
the existence of a positive Lebesgue measure set of parameters where the logistic family
presents chaotic behavior paved the way for a better understanding of the dynamics beyond
the non-hyperbolic case. The analysis of the Hénon maps made by Benedicks and Car-
leson, triggered by the work of Collet-Eckmann [CE80a, CE80b]| and Benedicks-Carleson
[BC85]| themselves, was a major breakthrough in that direction. A key idea is the expo-
nential growth of the derivative along the critical orbit, introduced in [CE83|. In their
remarkable paper [BC91], Benedicks and Carleson manage to establish, in a very creative
fashion, a parallelism between the estimates for the 1-dimensional quadratic maps and the
Hénon maps. This connection supports the use of 1-dimensional language in the present
paper and compels us to remind the results in Section 2 of [BC91]. In there, it is proved
the existence of a positive Lebesgue measure set of parameters, say BC , within the family
fa:[=1,1] — [=1,1], given by f,(z) = 1 — az? verifying

(1) there is ¢ > 0 (¢ &~ log 2) such that |Df(f,(0))| > e for all n > 0;
(2) there is a small o > 0 such that |f(0)] > e~ for all n > 1.

The idea, roughly speaking, is that while the orbit of the critical point is outside a
critical region we have expansion (see Subsection 3.1.1); when it returns we have a serious
setback in the expansion but then, by continuity, the orbit repeats its early history regaining
expansion on account of (1). To arrange for (1) one has to guarantee that the losses at the
returns are not too drastic hence, by parameter elimination, (2) is imposed. The argument
is mounted in a very intricate induction scheme that guarantees both the conditions for
the parameters that survive the exclusions.

We focus on the maps corresponding to Benedicks-Carleson parameters and study the
growth of Df(x) for x € [-1,1] and a € BC). For that matter we split the orbit in free
periods and bound periods. During the former we are certain that the orbit never visits the
critical region. The latter begin when the orbit returns to the critical region and initiates
a bound to the critical point, accompanying its early iterates. We describe the behavior of
the derivative during these periods in Subsections 3.1.1 and 3.1.2.

The critical region is the interval (—d,4), where § = e™® > 0 is chosen small but much
larger than 2 — a. This region is partitioned into the intervals

(_575) = U [m7

m>A
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where I, = (e=(™*Y e™™] for m > 0 and I_,, = —1I,,, for m < 0; then each I,, is further
subdivided into m? intervals {I,,, ;} of equal length inducing the partition P of [—1, 1] into
[—1,=6) U I, U (=6, 1. (3.1)

m.j

Given J € P, we let nJ denote the interval n times the length of J centered at J.
3.1.1. Expansion outside the critical region. There is ¢g > 0 and M, € N such that
(1) fa,...,f*Yz) ¢ (—6,6) and k > My, then |Df¥(x)] > ek,
(2) Ifz,..., fF"Yz) ¢ (=6,0) and f¥(x) € (=4,0), then |Df*(x)| > ek,
(3) Ifz,..., f*"Yx) & (—6,9), then |DfF(z)| > decok.
3.1.2. Bound period definition and properties. Let § = 14a. For x € (=6, 0) define p(z)
to be the largest integer p such that

|fa (@) = f20)] <e™™,  Vk<p. (3.2)
Then
(1) 3lm| < p(x) < 3|m|, for each = € I,,;
(2) |DfP(x)| > e°?, where ¢ = # > 0.
The orbit of x is said to be bound to the critical point during the period 0 < k < p. We
may assume that p is constant on each I,,, ;.
3.1.3. Distortion of the derivative. The partition P is designed so that if w C [—1,1]

is such that, for all k < n, f¥(w) C 3J for some J € P, then there exists a constant C
independent of w, n and the parameter so that for every z,y € w,

DRI,
1D fi ()l
3.1.4. Deriwative estimate. Suppose that
| fi(x)] > de =, Vi < n. (3.3)
Then there is a constant co > 0 such that
Df ()] = e (3.4)

A proof of this fact can be found in [Fr05, Section 3] where it is also shown that there is
x > 0 such that

Hz € [-1,1]: |fi(x)] > e, Vj <n}| >2— conste "

As an easy consequence, it is deduced that Lebesgue almost every = has a positive Lya-
punov exponent. Moreover, we have a positive Lebesgue measure set of points = € [—1, 1]
satisfying (3.3), and so (3.4), for all n € N.

3.2. General description of the Hénon attractor. The following facts are ele-
mentary for f = f,, with (a,b) inside an open set of parameters.

Each f has a unique fixed point in the first quadrant z* ~ (%, %b) . This fixed point is
hyperbolic with an expanding direction presenting a slope of order —b/2 and a contractive
direction with a slope of approximately 2. The respective eigenvalues are approximately
—2 and 0/2. In [BC91] it is shown that if we choose ag < a1 < 2 with qg sufficiently
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near 2, then there exists by sufficiently small when compared to 2 — ag such that for all
(a,b) € [ag, a1] x (0, by|, the unstable manifold of z*, say W, never leaves a bounded region.
Moreover, its closure W is an attractor in the sense that there is an open neighborhood U
of W such that for every z € U we have f*(z) — W as n — oo.

3.2.1. Hyperbolicity outside the critical region. Let d be at least as small as in our
1-dimensional analysis and assume that by < 2 — ay < §. The critical region is now
(—0,0) x R. A simple calculation shows that outside the critical region D f preserves the
cones {|s(v)] < ¢} (see [BY93] Subsection 1.2.3), where s(v) denotes the slope of the vector
v. For z = (x,y) ¢ (—6,0) X R and a unit vector v with s(v) < §, we have essentially the
same estimates as in 1-dimension. That is, there is ¢y > 0 and M, € N such that

(1) If z,..., f51(2) € (—=6,0) x R and k > My then |Df*(2)v| > e“k:
(2) If z,..., fF1(2) € (=6,6) x R and f*(z) € (=9,6) x R then |Df*(2)v| > e¥;
(3) If z,..., fF"1(2) € (=6,6) x R then |Df*(2)v| > de k.

3.3. The contractive vector field. For A € GL(2,R) and a unit vector v, if v —
|Av| is not constant, let e(A) denote the unit vector maximally contracted by A. We
will write e,(2) := e(Df"(z)) whenever it makes sense. Observe that if we have some
sort of expansion in z, say |Df"(z)v| > 1 for some vector v, then e,(z) is defined and
|IDf™(z)en(2)| < b" since det(Df™(z)) = (—=b)".

The following general perturbation lemma is stated in [BY00] and clarifies the asser-
tions of Lemma 5.5 and Corollary 5.7 in [BC91], where the proofs can be found. Given
Ay, As, ..., we write A" := A,, ... A;; all the matrices below are assumed to have determi-
nant equal to b.

LEMMA 3.1 (Matrix Perturbation Lemma). Given k > b, exists X with b < \ <
min(1, k) such that if Ay ..., A,, Ay... Al € GL(2,R) and v € R? satisfy

|Afv| > K and || A; — Al < X' Vi<,
then we have, for all i < n:
° |Ali,U| > %/{i;
o (A, A'v) < AL
From the Matrix Perturbation Lemma, it follows that if for some x and v, we have
|Df(20)v| > k’ for all j € {0,...,n}, then there is a ball of radius (A/5)" about 2y on
which e,, is defined and |Df"e,| < 2(b/k)". Assuming that x is fixed and e, is defined in

a ball B,, around z, the following facts hold (see [BC91, Section 5], [BY93, Section 1.3.4]
or [BY00, Section 1.5]):

(1) ey is defined everywhere and has slope equal to 2az + O(b);
(2) there is a constant C' > 0 such that for all z1, 2z, € B,

len(z1) — en(22)] < Cl21 — 22;
(3) for z; = (x1,11), 22 = (wa,y2) € B, with |y; — yo| < |21 — 29|
len(21) — en(22)] = (2a + O(b))]z1 — 22;
(4) for m < n, |e, — e, < O(B™) on B,,.
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From this point onward we restrict ourselves to the Hénon maps of the Benedicks-
Carleson type, that is, we are considering f = f,; for (a,b) € BC.

3.4. Critical points. The cornerstone of Benedicks-Carleson strategy is the critical
set in W denoted by C , that plays the role of the critical point 0 in the 1-dimensional
model. The critical points correspond to homoclinic tangencies of Pesin stable and unstable
manifolds. For z € W, let 7(2) € T,R? denote a unit vector tangent to W at 2. For each
¢ € C, the vector 7(() is contracted by both forward and backward iterates of the derivative.
In fact, we have lim,_. €,(¢) = 7({), which can be thought as the moral equivalent to
Df(0) = 0 in 1-dimension. The following subsections refer to [BC91], mostly Sections 5
and 6 (see also [BY93, Section 1.3.1]).

3.4.1. Rules for the construction of the critical set. The critical set C is located in
W N (—10b,10b) x R. There is a unique zy € C on the roughly horizontal segment of
W containing the fixed point z*. The part of W between f?(z9) and f(z) is denoted
by W; and called the leaf of generation 1. Leaves of generation g > 2 are defined by
Wy = o Wi\U,<,_ W;. We assume that (a, b) is sufficiently near (2, 0) so that |,<,; Wy
consists of 22 roughly horizontal segments linked by sharp turns near z = £1, y = 0, and
that (J, <o Wy N (—0,9) x R consists of 2°° curves whose slope and curvature are < 10b —
in [BC91] such a curve is called C?(b). In each of them there is a unique critical point

For g > 27, assume that all critical points of generation < g — 1 are already defined.
Consider a maximal piece of C?(b) curve v C W,. If v contains a segment of length 29
centered at z = (x,y), where  verifies b < ¢ < ™72, and there is a critical point Z = (Z, 7)
of generation < g—1 with x = & and |y — | < b9/°%°, then a unique critical point z, € CN7y
of generation g is created satisfying the condition |z — z| < |y — §|"/2. These are the only
critical points of generation g.

Observe that the exact position of a critical point is unaccessible since its definition
depends on the limiting relation lim, .. e,(¢) = 7(¢). So the strategy in [BC91] is
to produce approximate critical points (" of increasing order which are solutions of the
equation e, (z) = 7(z). Once an approximate critical point is born, parameters are excluded
to ensure that a critical point ¢ € C is created nearby. Moreover, (" — (| = O(b").

3.4.2. Dynamical properties of the critical set. The parameter exclusion procedure lead-
ing to BC' is designed so that every z € C has the following properties:

e there is ¢ ~ log 2 and C independent of b such that for all n € Ny,

IDf"(2)(9)1 = e and [Df"(2)7] < (Cb)™; (UH)
e there is a small number o > 0, say o = 107%, such that for all n € N
dist(f"(2),C) > e~ " (BA)

The precise meaning of “dist” in the last equation will be described in Section 3.5.1. The
uniform hyperbolicity expressed in (UH) is analogous to condition (1) in Subsection 3.1
while the basic assumption stated in (BA) is the surface analogue to condition (2) of the
1-dimensional model.

One of the reasons why the Benedicks-Carleson proof is so involved is that in order to e,
be defined in the vicinity of critical points, one has to require some amount of hyperbolicity
which is exactly what one wants to achieve (see (U H) above). This difficulty is overcome by
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working with finite time approximations and imposing slow recurrence in a very intricate
induction scheme. Once an approximate critical point ("™ of order n is designated one
studies its orbit. When it comes near C, there is a near-interchange of stable and unstable
directions — hence a setback in hyperbolicity. But then the orbit of (" follows for some time
the orbit of some ¢ € C of earlier generation and regains hyperbolicity on account of (UH)
for 5 . To arrange (U H) at time n+1 for (", it is necessary to keep the orbits from switching
stable and unstable directions too fast, so by parameter exclusion we impose (BA). At this
stage it is possible to define e, and thus find a critical point approximation of order n+1,
denoted by ¢"™!. The information is updated and the process is repeated. Fortunately, a
positive Lebesgue measure set of parameters survives the exclusions.

3.5. Binding to critical points. The critical point 0 in the 1-dimensional context
plays a dual role. Firstly, the distance to the critical point is a measure of the norm of
the derivative, which is the reason why a recurrence condition like (2) of Subsection 3.1
can be used to bound the loss of expansion when an orbit comes near the critical point
and to obtain the exponential growth expressed in (1) of Subsection 3.1. Secondly, during
the bound, period information of the early iterates of the critical point is passed through
continuity to the points returning to the critical region. In order to replicate this in the
Hénon family, for every return time n of the orbit of z € W (z may belong to C) we must
associate a suitable binding critical point for f"(z) so that we can have some meaning of
the distance of f™(z) to the critical set. The suitability depends on the validity of two
requirements: tangential position and correct splitting.

3.5.1. Tangential position and distance to the critical set. Let z € W and n be one of its
return time to the critical region. Let ( € C. Essentially we say that f"(z) is in tangential
position with respect to ( if its horizontal distance to ¢ is much larger than the vertical
distance. In fact we will use the notion of generalized tangential positions introduced in
[BY93, Section 1.6.2] instead of the original one from [BC91] (see [BY93, Section 1.4.1]).
For z € W we say that (2’,%') is the natural coordinate system at z if (0,0) is at z, the 2

axis is aligned with 7(2) and the 3’ axis with 7(z)*.

DEFINITION 3.2. Let ¢ > 0 be a small number much less than 2a, say ¢ = 1072, and
let ( € C. A point z is said to be in tangential position with respect to (, if z = (2/,y)
with |y/| < ca?, in the natural coordinate system at (.

In [BC91, Section 7.2] it is arranged that for every ¢ € C and any n-th return to the
critical region, there is a critical point CA of earlier generation with respect to which f™(¢) is
in tangential position. This is done through an argument known as the capture procedure
(see also [BY93, Section 2.2.2]) which essentially consists in showing that when a critical
orbit ( € C experiences a free return at time n, then f"(() is surrounded by a fairly
regular collection of C?(b) segments {7;} of W which are relatively long and of earlier
generations. In fact, we have gen(v;) = 37, length(y;) ~ ¢* and dist(f"(2),7;) =~ b*,
where 3/ < On and 0 ~ @. Some (maybe all) of these captured segments will have
critical points and most locations of f"(¢) will be in tangential position with respect to
one of these critical points. Bad locations of f™({) correspond to deleted parameters. This
is another subtlety of Benedicks-Carleson proof: every time a critical point is created it
causes a certain amount of parameters to be discarded so we cannot afford to have too
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many critical points; however, we must have enough critical points so that a convenient
one, in tangential position, may be found every time a return occurs.

In [BY93] it is shown that this kind of control when a critical orbit returns can be
extended to all points in W. Thus, for any return of the orbit of z € W to the critical region
there is an available binding critical point with respect to which the tangential position
requirement holds. In fact [BY93, Lemma 7| guarantees that one can systematically assign
to each maximal free segment v C W intersecting the critical region a critical point Z(7)
with respect to which each z € v are in tangential position. When the orbit of z € W
returns to the critical region, say at time n, we denote by z(f"(z)) € C a critical point
with respect to which f"(z) is in tangential position.

These facts lead us to the notion of distance to the critical set. We do not intend to
give a formal definition but rather introduce a concept that gives an indication of closeness
to the critical set. In [BC91] and [BY93] two different perspectives of distance to the
critical set have been introduced. In [BY00, Section 2| this notion is cleaned up and these
two different perspectives are seen to translate essentially the same geometrical facts. Let
zeW. If z = (x,y) ¢ (—0,0) x R we consider that dist(z,C) = |z|; if z € (—0,0) x R
then we pick any critical point ( € C with respect to which z is in tangential position
and let dist(z,C) = |z — ¢{|. In order to this notion make sense one has to verify that if
é € C is a different critical point with respect to which z is also in tangential position then
|z —(|~ |z — ¢ |. This is exactly the content of [BY00, Lemma 1°], where it is proved that
|z —(|/|z = ¢| = 1+ O(max(b, d?)), for d = min(|z—(|, |z —|). As observed in [BY00] for
a better understanding of the distance of a given point z € W N (—4,4) x R to the critical
set, one should look at the angle between 7(z) and e,,(z), the most contracted vector at
z of a convenient order m. The reason for this is that, at the critical points, this angle is
extremely close to 0; actually it tends to 0 if we let m go to infinity.

3.5.2. Bound period and fold period. Let z € W N (—4,d) x R be in tangential position
with respect to ¢ € C. Then z initiates a binding to ¢ of length p, where p = p(z, () is the
largest k such that

()= POl <e™™,  Vj<k

where § = 14a. We say that in the next p iterates, z is bounded to (. It is convenient to
modify slightly the above definition of p so that the bound periods become nested. This
means that if the orbit of z returns to the critical region before p then the bound period
initiated at that time must cease before the end of the bound relation to (. This is done
in [BC91, Section 6.2]. It is further required that if the bound relation between z and ¢
is still in effect at time n, which is a return time for both, then z(f"(¢)) = z(f™(z)).

An additional complication arises in the Hénon maps: the folding. To illustrate it,
let v C W be a C%*(b) segment containing a critical point (. The practically horizontal
vector 7(¢) will be sent by D f into an approximately vertical direction, which is the typical
contracting direction of the system, and will be contracted forever. After few iterations ~y
develops very sharp bends at the iterates of ¢, which induce an unstable setting near the
bends. In fact, if we pick a point z € « very close to (, its iterates diverge very fast from
the bends which means that after some time, say n, depending on how close z and ( are,
the vector 7(f™(z)) will be practically aligned with the horizontal direction again, which,
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on the contrary, is the typical expanding direction of the system. The interval of time that
the tangent direction takes to be horizontal again is called the fold period.

The actual definition of fold period is given in [BC91, Sections 6.2 and 6.3]; here, we
stick to the previous heuristic motivation and to the following properties. If z € W has a
return at time n, the fold period of f™(z) with respect to z(f™(z)) € C is a positive integer
Il =1(f"(2),2(f"(2))) such that

(1) 2m <1 < 3m, where (50)™ < |f™(z) — z(f™(2))] < (5b)™1;
(2) I/p < const/|logb|, that is the fold period associated to a return is very short
when compared to the bound period initiated at that time.

3.5.3. Correct splitting and controlled orbits. In order to duplicate the 1-dimensional
behavior not only one assigns a binding critical point every time a return to the critical
region occurs but also one would like to guarantee that the loss of hiperbolicity due to the
return is in some sense proportional to the distance to the critical set. This is achieved
through the notion of correct splitting.

DEFINITION 3.3. Let 2 € W, v € T,R?%, n € N be a return time for z and consider
2(f™(2)) € C with respect to which f"(z) is in tangential position. We say that the vector
D f™(z)v splits correctly with respect to z(f"(z)) € C if and only if we have that

31/"(2) = 2(f*(2))| < DS (2)v, ea(fu(2))) < 5[ f"(2) = 2(f"(2))],

where [ is the fold period associated to the return.
Now we are in condition of defining controlled orbits.

DEFINITION 3.4. Let 2 € W and v € T,R? and N € N. We say that the pair (z,v) is
controlled on the time interval [0, N) if for every return n € [0, V) of the orbit of z to the
critical region, there is z(f™(z)) € C with respect to which f™(z) is in tangential position
and D f"(z)v splits correctly with respect to z(f"(z)) € C. We say that the pair (z,v) is
controlled during the time interval [0, co) if it is controlled on [0, N) for every N € N.

One of the most important properties of f proved in [BC91] is that for every ¢ € C, the
pair (C, (?)) is controlled during the time interval [0,00). This fact supports the validity
of the 1-dimensional estimates in the surface case.

We say that the pair (z,v) is controlled on [j,0) with —oo < j < 0, if (f7(2), Df’(z)v)
is controlled on [0, —j) and that (z,v) is controlled on (—o0,0) if it is controlled on [4,0)
for all 7 < 0. In [BY93, Proposition 1] it is proved that if the orbit of z € W never hits
the critical set C then the pair (z,7(z)) is controlled in the time interval (—oo, 00).

3.6. Dynamics in W. As referred, [BY93, Proposition 1] shows that every orbit of
z € W can be controlled using those of C, just as it was done for critical orbits in [BC91].
This means that each orbit in W can be organized into free periods and bound periods.
To illustrate, consider z belonging to a small segment of W around the fixed point z*. By
definition z is considered to be free at this particular time. The first forward iterates of z
are also in a free state , until the first return to the critical region occurs, say at time n.
Then since the pair (z,7(z)) is controlled there is z(f"(z)) with respect to which f™(z) is
in tangential position and D f"(z)7 splits correctly. During the next p iterates we say that
z is bound to the critical point z(f™(z)). If f*(z) € C then the bound period is infinite;
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otherwise, after the time n + p the iterates of z are said to be in free state once again and
history repeats itself.

This division of the orbits into free periods, bound periods and the special design of
the control of orbits through the tangential position and correct splitting requirements
allowed [BY93] to recover the one dimensional estimates. In fact, the loss of expansion at
the returns is somehow proportional to the distance to the binding critical point and it is
completely overcome at the end of the bound period.

The following estimates, unless otherwise mentioned, are proved in [BY93, Corollary 1].

(1) Free period estimates.
(a) Every free segment ~ has slope less than 2b/§, and v N (—4§,6) x R is a C?(b)
curve (Lemmas 1 and 2 of [BY93));
(b) There is ¢g > 0 and My € N such that if 2 is free and z,..., fF1(2) ¢
(—=6,0) x R with k > My then |Df*(2)7| > e¥;
(c) There is ¢y > 0 such that if z is free, z,..., f**(z) ¢ (=4,6) x R and
f¥(2) € (=6,0) x R then |Df*(2)7| > ek,
(2) Bound period estimates.
There is ¢ &~ log2 such that if z € (—4,9) x R is free and initiates a binding to
¢ € C with bound period p, then
(a) Ife™ ! < |z — (| <e™, then %m <p<b5m;
(b) |DFI(2)7] > |2 — Cle for 0 < j < p.
(©) IDf?(2)r] > et
(3) Orbits ending in free states.
There exists ¢; > %logQ such that if z € W N (—4§,d) x R is in a free state, then
|IDf~9(2)7| < e for all j >0 ([BY93, Lemma 3]).

3.6.1. Derivative estimate. The next derivative estimate can be found in [BY00, Sec-
tion 1.4]. It is the 2-dimensional analogue to the 1-dimensional derivative estimate ex-
pressed in Subsection 3.1.4. Consider n € N and a point z belonging to a free segment of
W and satisfying, for every j <n

dist(f7(2),C) > de . (SA)
Then there is a constant ¢s > 0 such that
|Df"(z)T| > de™". (EE)

Essentially this estimate is saying that if we have slow approximation to the critical set
(or, in other words, a (BA) type property), then we have exponential expansion along the
tangent direction to W.

3.6.2. Bookkeeping and bounded distortion. For xy € R, we let Py, denote the partition
P defined in (3.1) after being translated from 0 to z. Similarly, if 7 is a roughly horizontal
curve in R? and zy = (20,y0) € 7, we let P, denote the partition of v that projects
vertically onto P, on the z-axis. Once 7 and z, are specified, we will use I,, ; to denote
the corresponding subsegment of 7.

Let v C (—=0,9) x R be a segment of W. We assume that the entire segment has the
same itinerary up to time n in the sense that:

e all z € v are bound or free simultaneously at any moment;
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o if 0 =1p <t <...<t,are the consecutive free return times before n, then for all
j < q the entire segment f%v has a common binding point (; € C and f%~ C 51}, ,
for some ]ﬁk € Pie;1-
Then there exists C'; > 0 independent of v and n such that for all z1, 2o € ~

DIl _ o
| Df7(22)7]
This result can be found in [BY93, Proposition 2].

3.7. Dynamical and geometric description of the critical set. The construction
of the critical set seems to be done according to a quite discretionary set of rules. However,
as observed in [BY93] there are certain intrinsic characterizations of C. Corollary 1 of
[BY93] gives the following dynamical description of C. Let z € W. Then

z lies on a critical orbit < limsup |[Df"(2)7| < oo <« limsup|Df"(z)7| = 0.
In fact, z € C if and only if |Df7(2)7| < e bl for all j € Z, i.e. the critical points
correspond to the tangencies of Pesin stable manifolds with W which endow an homoclinic
type behavior.

The critical set C has also a nice geometric characterization. Given ¢ € W, k(() denotes
the curvature of W at ¢. From the curvature computations in [BC91, Section 7.6] (see
also [BY93, Section 2.1.3]) one gets that

zeC & k(z)<1l and k(f"(2)>b"", VneN.

This means that one can look at the critical points as the points that are sent into the
folds of W.

3.8. SRB measures. We begin by giving a formal definition of Sinai-Ruelle-Bowen
measures (SRB measures). Let f: M — M be an arbitrary C? diffeomorphism of a finite
dimensional manifold and let p be an f invariant probability measure on M with compact
support. We will assume that p-a.e. point, there is a strictly positive Lyapunov exponent.
Under these conditions, the unstable manifold theorem of Pesin [Pe78] or Ruelle [Ru79|
asserts that passing through p-a.e. z there is an unstable manifold which we denote by
7" (2).

A measurable partition £ of M is said to be subordinate to v* (with respect to the
measure ) if at p-a.e. z, £(z) is contained in v*(z) and contains an open neighborhood
of z in y*(z), where L(z) denotes the atom of £ containing z. By Rokhlin’s desintegration
theorem there exists a family {u~} of conditional measures of 1 with respect to the partition
L (see for example [BDVO05, Appendixes C.4 and C.6)).

DEFINITION 3.5. Let f : M — M and u be as above. We say that p is an SRB
probability measure if for every measurable partition £ subordinate to 7%, we have that
{ut} is absolutely continuous with respect to Lebesgue measure in v%(z) for p-a.e. z.

In [BY93] it is proved that f,, admits an SRB measure v,;, for every (a,b) € BC.

Moreover, v, is unique (hence ergodic), it is a physical measure, its support is W, and
(fabs Vap) is isomorphic to a Bernoulli shift.
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4. A horseshoe with positive measure

In order to obtain decay of correlations for Hénon maps of the Benedicks-Carleson
type, Benedicks and Young build, in [BY00], a set A of positive SRB-measure with good
hyperbolic properties. A has hyperbolic product structure and it may be looked at as
a horseshoe with infinitely many branches and unbounded return times; it is obtained
by intersecting two families of C! stable and unstable curves. Dynamically, A can be
decomposed into a countable union of s-sublattices, denoted Z;, crossing A completely
in the stable direction, with a Markov type property: for each Z; there is R; € N such
that f%(Z;) is an u-sublattice of A, crossing A completely in the unstable direction. The
intersection of A with every unstable leaf is a positive 1-dimensional Lebesgue measure set.
Before continuing with an overview of the construction of such horseshoes, we mention that
Young [Y098| has extended the argument in [BYO00] to a wider setting and observed that
similar horseshoes can be found in other situations. We will refer to [Yo98] for certain
facts not specific to Hénon maps.

Let I'* and I'* be two families of C' curves in R? such that

e the curves in I'", respectively I'*, are pairwise disjoint;
e every 7" € I'" meets every v° € I'¥ in exactly one point;
e there is a minimum angle between 4" and +* at the point of intersection.

Then we define the lattice associated to I'* and I'* by
A={r"N~": 4% el ~° eI}

For z € A let 4%(z) and «*(z) denote the curves in I'* and I'* containing z, respectively.

We say that = is an s-sublattice (resp. u-sublattice) of A if A and E have a common
defining family I'* (resp. I'*) and the defining family I'* (resp. T'*) of A contains that of =.
A subset Q C R? is said to be the rectangle spanned by A if A C Q and 9Q is made up of
two curves from ['* and two from ™.

Next, we state Proposition A from [BYO00] which asserts the existence of two lattices
AT and A~ with essentially the same properties; for notation simplicity statements about
A apply to both AT and A~.

PROPOSITION 4.1. There are two lattices AT and A~ in R? with the following properties.

(1) (Topological Structure) A is the disjoint union of s-sublattices =;, i = 1,2...,
where for each i, exists R; € N such that f%(Z;) is a u-sublattice of AT or A~.
(2) (Hyperbolic estimates)
(a) Every~y* € T is a C*(b) curve; and exists Ay > 0 such that for all z € ¥*NQ;,

IDff(2)r] = A,
where T is the unit tangent vector to v* at z and Q; is the rectangle spanned

(b) For all z€ A, ¢ € ¥°(z) and j > 1 we have

1 (2) = PO < CV,
(3) (Measure estimate) Leb(AN~™) > 0, Vy* € T'™.
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(4) (Return time estimates) Let R : A — N be defined by R(z) = R; for z € Z;. Then
there are Cy > 0 and 6y < 1 such that on every ~*

Leb{z € v* : R(z) > n} < Cyby, Vn > 1.

The proof of Proposition 4.1 can be found in Sections 3 and 4 of [BY00]. Since we will
need to prove the closeness of these horseshoes for nearby Benedicks-Carleson parameters
and this involves slight modifications in the construction of the horseshoes itselves, we will
include, for the sake of completeness, the basic ideas of the major steps leading to A.

Consider the leaf of first generation W; and the unique critical point zy = (xg, y0) € C
on it. Take the two outermost intervals of the partition P, as in Subsection 3.6.2 and
denote them by Qg and €);; they support the construction of the lattices AT and A~
respectively. Again we use {1y to simplify notation and statements regarding to it apply to
both QF and Q.

Let A : Q9 — R be a function whose graph is the leaf of first generation W, when
restricted to the set Qy x R and H : Qy — Wj be given by H(z) = (x, h(x)).

4.1. Leading Cantor sets. The first step is to build the Cantor set that constitutes
the intersection of A with the leaf of first generation W;. We build a sequence ¢ D €2, D
Q... such that for every z € H(L,), dist(f’(z),C) > de %, for all j € {1,2,...,n}.
This is done by excluding from €2,,_; the points that at step n fail to satisfy the condi-
tion dist(f"(H(x)),C) > de™*". Then we define the Cantor set Q2 = [,cy 2n- By the
derivative estimate in Subsection 3.6.1, on H (), the condition (SA) holds and thus
|Df"(2)1(z)| > e?", for all n € N.

REMARK 4.2. We observe that there is a difference in the notation used in [BY00]: in
here, the sets €2, (with n = 0,1,...,00) are the vertical projections in the z-axis of the
corresponding sets in [BY00].

REMARK 4.3. We note that the procedure leading to €2, is not unique. €2, is obtained
by successive exclusions of points from the set €2y. These exclusions are made according
to the distance to a suitable binding critical point every time we have a free return to
[—0,d] x R. Certainly, the choice for the binding critical point in not unique which leads
to different exclusions. However, by the results referred in Subsection 3.5.1 all suitable
binding points are essentially the same and these possible differences in the exclusions are
insignificant in terms of the properties we want {2, to have: slow approximation to the
critical set and expansion along the tangent direction to W.

4.2. Construction of long stable leaves. The next step towards building A involves
the construction of long stable curves, v°(z2), at every z € H({2). This is done in Lemma
2 of [BYO0O]; let us review the inductive procedure used there.

The contracting vector field of order 1, ey, is defined everywhere so we may consider
the rectangle Qo(wo) = U,ew,71(2), where v1(2) denotes the ej-integral curve segment 10b
long to each side of z € wy and wy = H (). Let also Q}(wy) denote the Ch-neighborhood
of Qo(wp) in R?. We observe that by (1) of Section 3.3 the y; curves in Qo(wp) have slopes
~ +2ad depending on whether Qq refers to QF or Q.

Suppose that for every connected component w € H(2,_1) we have a strip foliated
by integral curves of e,, @,_1(w) = U.,cuVn(2), where v,(2) denotes the e,-integral curve
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segment 100 long to each side of z € w. From [BYO00, Section 3.3] one deduces that the
vector field e, is defined on a 3(Cbh)"™ neighborhood of each curve v,(z2), if z € H(S,).
Consider the (Cb)™- neighborhood of @,,_;(w) in R?, denoted by Q) ;(w). If © C w is a
connected component of H((2,) then Q,(0) = U,czVni1(2) is defined and

Qn(@) C Qny (W), (4.1)

where Q! (@) is a (Cb)"*1- neighborhood of Q,, (@) in R2.

To fix notation, for some w C H () and n € N, when defined, @,,(w) = U,coYnt1(2)
denotes a rectangle foliated by integral curves of e,,, passing through z € w and 106 long
to each side of z. Besides, QL (w) is a (Cb)" - neighborhood of @, (w) in R2.

To finish the construction of v°(z), for each z € H (), take the sequence of connected
components w; C H();) containing z. We have {z} = N;w;. Let z, denote the right end
point of w, ;. Then ~,(z,) converges in the C'- norm to a C'-curve v*(z) with the
properties stated in Proposition 4.1. The curve v,(z,) acts as an approximate long stable
leaf of order n. Note that the choice of the right end point is quite arbitrary; in fact any
curve 7, (¢) with ¢ € w,,_; suits as an approximate stable leaf of order n.

4.3. The families [ and I'*. The final step in the construction of A is to specify
the families I'* and I'*. Set

I :={y%(2) : z € Qu},

where ~°(z) is obtained as described in Subsection 4.2. Consider T* = {y c W :
v is a C?(b) segment connecting 9*Qo}, where Q) is the rectangle spanned by the family
of curves I'", i.e., Qo D U, cpn..) 7’ (%) and 0Q is made up from two curves of I'". Set

I := {y: ~ is the pointwise limit of a sequence in I'*}.

4.4. The s-sublattices and the return times. Recall that we are interested in two
lattices AT and A~. Therefore, when we refer to return times we mean return times from
the set AT U A~ to itself; in particular, a point in AT may return to A™ or A~. However,
in order to simplify we just write A.

We anticipate that the return time function R : A — N is constant in each * € I'*,
so R needs only to be defined in AN H () = H(Qw). Moreover, since H : Qg — Wy is
a bijection we may also look at R as being defined on 2,,. We will build partitions on
subsets of {2y and use 1-dimensional language. For example, f"(z) = ( for z,{ € H(Q)
means that f"(z) € v°({); similarly, for subsegments w,w* C H({), f"(w) = w* means
that f™(w) N A, when slid along ~* curves back to H(£), gives exactly w* N A. For an
interval I C Q,,_; such that f*(H(I)) intersects the critical region, P|f™(H(I)) refers to
Pz where Z € C is a suitable binding critical point for all f"(H(I)) whose existence is a
consequence of Lemma 7 from [BY93], mentioned in Subsection 3.5.1.

We will construct sets Qn C ,, and partitions 75n of Qn so that QO D Ql D Qg ... and
z € H(Qu_1 \ Q) if and only if R(z) = n. Let P be the partition of H(Q \ Qo) into
connected components. In what follows A V B is the join of the partitions A and B, that
isAvB={ANB: Ac A B € B}.
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DEFINITION 4.4. An interval I € €2, is said to make a reqular return to 2y at time n
if
(i) all of f"(H(I)) is free;
(ii) f"(H(I)) > 3H ().

REMARK 4.5. The constant 3 in the definition of regular return is quite arbitrary. In
fact its purpose is to guarantee that f™(H(I)) traverses Qo by wide margins. When n is a
regular return of a certain segment / for a fixed parameter it may happen that n does not
classify as a regular return of a perturbed parameter even though the image of I after n
iterates by the perturbed dynamics crosses )y by wide margins. We overcome this detail
simply by considering that if (ii) holds with 2 instead of 3 for any perturbed parameter
then we consider n as a regular return for the perturbed dynamics. Observe that no harm
results from making this assumption since it is still guaranteed that ()q is traversed by
wide margins.

4.4.1. Rules for defining Q., P, and R.

(O) QO == Q(), P() :~{QQ}.

Consider I € P,,_;.

(1) If I does not make a regular return to 2y at time n, put I N, into Qn and set
Pul(IN Q) = HH((fT"PIHI N D))

(2) If I makes a regular return at time n, we put I = H~* (H(I) \ f7"(H(Q))) N2,
in Q,, and let P,|I = H' ((f‘"PVf‘”ﬁ)\H(f)). For z € H(I) such that
f"(2) € H(Qs), we define R(z) = n.

(3) For z € H(Npen, ), set R(z) = oo.

4.4.2. Definition of the s-sublattices. Each Z; in Proposition 4.1 is a sublattice corre-
sponding to a subset of ANW; of the form f~"(H(Qy))NANH(I), where I € P,_; makes a
regular return at time n. We will use the notation Y,,; = H (f"(H(Qu)) NAN H(I)).
Note that R(H(Y,,;)) = n and T, ; determines univocally the corresponding s-sublattice.
For this reason we allow some imprecision by referring ourselves to T, ; as an s-sublattice.

In order to prove the assertions (1) and (2) of Proposition 4.1 one needs to verify that
[ (Z;) is an u-sublattice which requires to demonstrate that f%(Z;) matches completely
with A in the horizontal direction. If =; corresponds to some T, ;, then the matching of
the Cantor sets will follow from the inclusion

FUHIN Q) D H(Q). (4.2)

It is obvious that H () C f™(H(I)) by definition of regular return. Nevertheless, (4.2)
is saying that if z € H(I) and f"(z) hits H(), after sliding along a 4° curve, then
z € H(I) N H(Qw). This is proved in Lemma 3 of [BYO00]. In particular, we may write
Yoj=H(f7"(H(Q)) N H(I)).

4.5. Reduction to an expanding map. The Hénon maps considered here are per-
turbations of the map fao(x,y) = (1 — 222,0) whose action is horizontal. Also, as we
have seen, the horizontal direction is typically expanding. This motivates considering the
quotient space A obtained by collapsing the stable curves of A; i.e. A = A/ ~, where
z ~ 2 if and only if 2/ € 7%(z). We define the natural projection 7 : A — A given by
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7(z) = v*(2). As implied by assertion (1) of Proposition 4.1, f: A — A takes 7* leaves
to v® leaves (see Lemma 2 of [BY00] for a proof). Thus, we may define the quotient map
fE: A — A. Observe that each Z; is sent by f® homeomorphically onto A. Besides we
may define a reference measure m on A, whose representative on each 4% € I' is a finite
measure equivalent to the restriction of the 1-dimensional Lebesgue measure on v*NA and
denoted by m.u.

One can look at fE as an expanding Markov map (see Proposition B of [BY00] for
precise statements and proofs). Moreover, the corresponding transfer operator, relative to
the reference measure m, has a spectral gap (see Section 3 of [Yo98], specially Proposition
A). It follows that fE has an absolutely continuous invariant measure given by 7 = pdm,
with M~ < p < M for some M > 0 (see [Yo98, Lemma 2]).

5. Proximity of critical points

In this section we show that up to a fixed generation we have closeness of the critical
points for nearby Benedicks-Carleson parameters. This is the content of Proposition 5.3
which summarizes this section. Its proof involves a finite step induction scheme on the
generation level. We prepare it by proving first the closeness of critical points of genera-
tion 1 in Lemma 5.1. Afterwards, in Lemma 5.2 we obtain the closeness of critical points
of higher generations using the information available for lower ones.

Recall that since f,; is C°°, then the unstable manifold theorem ensures that W is C"
for any r > 0. Moreover, W varies continuously in the C” topology with the parameters in
compact parts. As we are only considering parameters in BC', for each of these dynamics
there is a unique critical point Z of generation 1 situated on the roughly horizontal segment
of W containing the fixed point z*.

LEMMA 5.1. Let (a,b) € BC, ¢ > 0 be given and Z be the critical point of generation 1
of fap. There exists a neighborhood U of (a,b) such that, if (a’,b') € UNBC and z' denotes
the critical point of fu 1 of generation 1, then |zZ — 2'| < e. Moreover, if T(2) and 7(2') are
the unit vectors tangent to W and W' at 2 and 2’ respectively, then |7(2) — 7(2')| < e.

PRrOOF. Consider the disk v = W; N [—=100,100] x R. There is a neighborhood U of
(a,b) such that for every (a’,0') € U there exists a disk 4/ C W’ which is e2-close to v in
the C” topology. It is clear that both v and " are C?(b) curves and there are 2 € v and
z' € 4/ critical points of f,, and fu p respectively. Our goal is to show that |z — 2/| < e.
The strategy is to pick an approximate critical point Zy; of Z and then prove the existence
of an approximate critical point 2}, of 2’ sufficiently close to Z); in order to conclude that,
if we choose M large enough, we get the desired closeness of Z and 2’ (see Figure 1). Take

M

p N
o N>

y
Y

e?[

4

N> o

2|

N>

F1GURE 1. Possible configuration of the critical points and their approximates

M € N so that ¥ < 2 < bM~1. Let 2); € v be such that ey (2y) = 7(2y). Note that
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|2 —2u| < COM. Let 2, € 4/ be such that |2y — 24| < €2 and |7(2y) — 7(24,)| < €% Now,
Zi; may not be the approximate critical point Z}, we are looking for, but we will show
that it is very close to 2),. In fact, we assert that the angle between e’M(iﬁ\Q) and 7(27,)
is of order €%, which allows us to find a nearby 2}, as a solution of ¢,(2') = 7(z’), which
ultimately is very close to the critical point 2’.

Before we prove this last assertion we must guarantee that the vector field ¢/, is defined
in a neighborhood of z}, and for that we must have some expansion. Since 2 is a critical
point of fqp, then ‘D b 0 | > e™ If necessary we tighten U so that for every z in a
compact set of R, ‘D é‘/{,(z)( ) Df. b,( )( )| is small enough for having ‘Df i ’ >
eM/2 which implies that €/, is well defined in a ball of radius 3C" 1 > 3C¢? around z.
Note that b < A and the Matrix Perturbation Lemma applies.

We take U sufficiently small so that |e),(27;) — ear(2];)| < €. This is possible because
ey(z) and ey (2) are the maximally contracted vectors of Df2, () and Df2(z), respec-
tively. Thus it is only a matter of making D fé\,/[b,(z) very close to D f%(z), for every z in
a compact set. Hence

[ (2hr) — Tl < leh (Bhs) — enr(50)] + lear (25,) — ear(Zar)| + lear(2ar) — 7(2a0)|

+ |7 (2ar) — 7(25)]
<4+ C|oy — 2| + 0+ €2
< Ce?
Writing z = (x, y) and taking into account that ' is nearly horizontal we may think of it as
the graph of 7/(z). Let us also ease on the notation so that 7(z) and €, (x) denote the slopes

of the respective vectors at z = 7/(x). We know that ]dT/dx| < 100, |de; /dx| = 2a+ O(b)
and |d%ey,/dx?| < C. As a consequence we obtain 2}, such that ¢},(2},) = 7(2)) and

3ce”]

e\

2a

<

-ce ce2

-3ce

FIGURE 2. Solution of ¢,(z) = 7(2)

2 — 24| < Ce?/3 (see Figure 2). Now since there is a unique critical point 2’ in 7/ we
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must have |2 — 2},| < Ce?, which yields

|2 = 2] < |2 = Zn| + |2ar — 23 + 120, — 2l + 12 — 2] < C® <,

as long as ¢ is sufficiently small.
Concerning the inequality |7(2) — 7(2')] < €, simply observe that since v and +' are
C?(b) curves we have
7(2) = 7(N] < I7(2) = 7(2an)| + 7 (2ar) — 7G| + |7 () = 7(E0)] + 7 (2h) — ()]
< 10b|2 — Zpr] + €2 + 10b| 2}, — 2)| + 100|125, — 2|
<E.

g

As a consequence of Lemma 5.1 we have that for a sufficiently small &/ we manage
to make W/ (the leaf of W' of generation 1) to be as close to W; (the leaf of W of
generation 1) as we want. This is important because the leaves of higher generations are
defined by successive iterations of the first generation leaf. We also remark that by the
rules of construction of the critical set we may use the argument of Lemma 5.1 to obtain
proximity of the critical points up to generation 27. For higher generations we need the
following lemma.

LEMMA 5.2. Let N € N, (a,b) € BC and ¢ > 0 be given. Assume there exists a
neighborhood U of (a,b) such that for each (a',b') € U N BC and any critical point Z of
fap of generation g < N, there is a critical point 2’ of fuy of the same generation with
|2 — 2| < e. If a critical point Z of f.p is created at step g + 1, then we may tighten U so
that a critical point 2’ of generation g+ 1 is created for fuy and |2 — Z'| < e. Moreover,
if T(2) and T(Z") are the unit vectors tangent to W and W' at 2 and 2’ respectively, then
I7(3) —7(2)| < e.

PROOF. As we are only interested in arbitrarily small €, we may assume that ¢ < b".
Suppose that a critical point 2 of generation g + 1 is created for f,;. Then, by the rules
of construction of critical points, there are 2 = (z,y) lying in a C?*(b) segment v C W
of generation g + 1 with v extending beyond 209! to each side of z and a critical point
Z = (x,7) of generation not greater than g such that |z — 2| < blFTV/540  Moreover,
12 — 2| < |z — 3|V/2.

Taking v as a compact disk of W, there is a neighborhood U of (a,b) such that for
every (a/,b') € U we can find a disk v/ C W’ of generation g + 1 which is e2-close to v in
the C-topology. It is clear that o' is a C?(b) curve. Our aim is to show that a critical
point Z’ of f, , and generation g + 1 is created in the segment 7' with |2 — 2| < e.

By the inductive hypothesis there is 2/ = (Z’,¢’) a critical point of f, » such that
|z —Z'| <e. Let 2/ = (2',3) belonging to 7. Since 7/ is e2-close to 7 in the C" topology
and ¢ < b™, which is completely insignificant when compared to 9% < oV (recall that
0 > b), we may assume that 7/ extends more than 209! to both sides of 2. Moreover,
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letting ¢' = (x,7n") € 7' we have
7= <8 2 e I )

ﬂ 2
< €+ b540 4 2e° + 2¢

g+1
< b540

N g+l
where we used the fact that ¢ < b < b540 < b540 (see Figure 3). By the rules of

7 ~<E€
- /\
0\’_?
t)g+1/540
<g? . y
¢ 7 Y

F1GURE 3. Possible relative position of the critical points

construction of critical points, a unique critical point 2’ of generation g + 1 is created in
the segment 7'. We are left to show that |2 — 2’| < e. For that we repeat the argument in
the proof of Lemma 5.1. U

COROLLARY 5.3. Let N € N, (a,b) € BC and ¢ > 0 be given. There is a neighborhood
U of (a,b) such that if (a',V') € U N BC then, for any critical point Z of fap of generation
smaller than N, there is a critical point Z2' of fu 1 of the same generation such that |2—2'| <
e. Moreover if 7(2) and 7(Z') are the unit vectors tangent to W and W' at 2z and 2’
respectively, then |7(2) — ()| < €.

PROOF. The proof is just a matter of collecting the information in the Lemmas 5.1 and
5.2 and organize it in a finite step induction scheme.

(1) First obtain the proximity of the critical points of generation 1, which has already
been done in Lemma 5.1.

(2) Then realize that the same argument in the proof of Lemma 5.1 also gives the
proximity of the 22° critical points of generation smaller than 27. (See the rules
of construction of critical points in Subsection 3.4.1).

(3) Apply the inductive step stated in Lemma 5.2 to obtain the proximity of critical
points of higher and higher generation.

(4) Stop the process when the proximity of all critical points of generation smaller
than NV is achieved.

Naturally every time we apply Lemma 5.2 to increase the generation level for which the
conclusion of the proposition holds, we may need to decrease the size of the neighborhood
U. However, because the number of critical points of a given generation is finite and the
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statement of the proposition is up to generation N, at the end we still obtain a neighbor-
hood containing a non-degenerate ball around (a,b) where the proposition holds. U

6. Proximity of leading Cantor sets

Attending to Lemma 5.1, we may assume that Qy = €. Let h, ' : Qy — R be functions
whose graphs are the leaves of first generation W; and W/ respectively, when restricted
to the set €y x R. Given an interval I C Qg the segments w = H(I) and v’ = H'(I)
are respectively the subsets of W; and W] which correspond to the images in the graph
of h and A’ of the interval I. Accordingly, if z € Qg then z = H(z) = (z,h(x)) and
2 = H'(x) = (z,h'(z)). See Figure 4.

H(%)
\IV-II_ I
z I
H(1)
H(Q)
X
|
Qo
FIGURE 4

Our goal in this section is to show the proximity of the Cantor sets ), for close
Benedicks-Carleson parameters. More precisely, given any ¢ > 0 we will exhibit a neigh-
borhood U of (a,b) such that Q2 A Q.| < e for all (¢/,0') € U NBC, where A represents
symmetric difference between two sets. In the process, we make a modification in the first
steps of the procedure described in Subsection 4.1 to build €/, which carries only minor
differences with respect to the set we would obtain if we were to follow the rules strictly.
Ultimately, this affects the construction of the horseshoes A’. However, the horseshoes
are not uniquely determined and we will evince that the modifications introduced leave

unchanged the properties that they are supposed to have.

LEMMA 6.1. Given ¢ > 0, there exists Ny € N such that |Q, \ Q| < € for every
(a,b) € BC and n > Nj.
PRrOOF. This is a consequence of [BY00, Lemma 4] where it is proved that
‘Qn—l \ Qn|
|Qn—1|

This inequality follows from the fact that any connected component w € H(€),_1) grows
to reach a length |f"(w)| > §%%e~3e5" while the subsegment of f"(w) to be deleted in the

< 161 3emal=30n (6.1)
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construction of €2, has length at most 40e™*"; then, simply take bounded distortion into
consideration.
From (6.1) one easily gets

—+00
120\ ool =D 1045\ Qi
=0
400 '
< 015173ﬂ Z efa(173ﬂ)(n+])‘Qn+j71|
=1
“+oo
< ClélfBﬂ’Qn‘ Z efa(lf?)ﬁ)(nJrj)
j=1
—a(1-38)(n41)
1-33¢
< 015 1 — e—(1-38)

Hence, choose N; sufficiently large so that
—a(1-36)(N1+1)

1-38€
1o 1 — e—a(1-38)

<e.

O

Observe that, as a consequence of the unstable manifold theorem, for every ¢ > 0 and
n € N, there exists a neighborhood U of (a,b) such that for every (a/,b") € U we have

o faso H — fuoy o Bl iy H = fhyo H|L } <2 (62)

where 7 > 2 and || - ||, is the C"-norm in y. In what follows Q. = N,en(2, is built as
described in Section 4.1 for f = f,.

max{HH _H

LEMMA 6.2. Let n € N and (a,b) € BC be given and I be a connected component of
Q1. Suppose f3,(H(I)) intersects (—6,6) x R. There is a neighborhood U of (a,b) such
that for every (a’,b') € UNBC and x € I Ny, if f7,(H(z)) € (=0,0) X R and 2 is a
suitable binding critical point, then there exists a binding critical point z2' of foy close to
z suitable for fu,(H'(z)) and |f5 ,(H'(x)) — 2'| Z de™ .

PROOF. Let I = I N Q, and U be a neighborhood of (a,b) such that Corollary 5.3
applies up to n with *" in the place of ¢ and equation (6.2) also holds with '™ in
the place of . Then there is a critical point 2’ of f,y such that |2 — 2| < b*" and
| fmy 0 Hlp— f2, 0 H’|]~HT < b*. We only need to prove that this 2’ is a suitable binding
point for f7 ,,(2') and that |f2 , (2) — 2’| 2 de~*". In order to verify the suitability of 2’
we have to check that 7

(1) fuy(2') is in tangential position with respect to 2';

(2) Dfy 4 (2")7(2") splits correctly with respect to the contracting field around 2'.
The strategy is to show that |f7,(z) — 2| = |f2 ,(2') — 2’| + O(b°"). Then, because f"(z)
is in tangential position with respect to 2 and b** < de~*" < |f"(z) — 2|, we conclude the
tangential position for fy; (') with respect to 2’. As to the correct splitting, we know
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that |Df"(2)7(z) — (D fuy)"(z")7(2)| < v* and Df™(z)7(z) makes an angle with the
relevant contracting field of approximately (2a £+ 1)|f™(z) — Z|. Finally, since |f™(z) — 2| =
|fi i (2') = 2]+ O(b*") and b*" < (2a £ 1)|f"(2) — | we obtain the desired result.
Let us start by proving (1). Observe that
[fae(2) = 21 < |fo(2) = farw (D + 1 fay (2) = 2+ 12 = 2]
<anb°H‘i oy 0 H'|7 H + | for (2 ) =2+ b7
< |fow(2) = 2] +20™.
Interchanging z with 2’ we easily get |f7 (') — 2| < |f2(2) — 2|+ 2b*" which allows us to
write | f1,(2") = 2| = | f24(2) — 2|+ O(b*"). Consider now s and s’ the lines through 2 and
z" with slopes 7(2) and 7(2') respectively. By Corollary 5.3 we have |2 — 2| < b*" and also
|7(2) = 7(2")] < b*". Thus, when restricted to the set [—1, 1] x R we have ||s—s'||, < O(b*").
Let dist(z, s) denote the distance from the point z to the segment s N [—1,1] x R. Then
dist(fap(2),5) < |fap(2) = farp ()] + dist(f37 1 (2), 5)
< | fan(2) = farw G lls = 'l + dist(f37 1 (2), 8')
< dist( 7, (2'), ') + O(b*")

Similarly we get dist(f}} , (2'),s") < dist(f2,(2), s) + O(b*"), and so
dist(f7, ,(2'), ') = dist(f2,(2), s) + O(b™").
Now, since f™(z) is in tangential position with respect to Z, then

dist(fap(2), ) < el fan(2) — 2%,

where ¢ < 2a. Besides, |f7 ,(2') = 21> = (|f(2) — 2| + O(an))2 = |fr,(2) = 2> + O(b*")
because b*" < de*" < |fr,(z) — £|. Consequently

dist(fa ('), 8) < clfa () = 2 + O0™),

which again by the insignificance of b relative to |fy} (') — 2’| implies that f7, /() is in
tangential position with respect to 2’
Concerning (2), notice that if (a/,8) is sufficiently close to (a,b), then

‘Dbe(Z)T(Z) - Dfﬁ,b/(*’«'/) ‘ Hf po Hlf— fary o H'|; || < b
Let [ and [’ denote the lengths of the fold periods for z and z’. Take m and m' such
that (56)™ < |z — 2| < (56)™ ! and (5b)™ < |2/ — #'| < (5b)™ ! respectively. Since
|2/ — 2| = |z — 2| + O(b*") and b*" is negligible when compared to |z — 2|, we may assume
that m = m'. We know that |7(f7,(2)) — ei(2)| = (2a £ 1)|z — 2. Since [ > 2m, property
(4) of Section 3.3 leads to |e;(2) — eam(2)| = O(b*™). As a consequence we have

I7(fau(2)) — e2m(2)] = I7(fa4(2)) — el(2)| + O(B*™) = (2a £ 1)|z — 2],

because |z — 2| > (50)™ > b™ > b*™.
Observe that |7(f7,(2)) — 7(f2 ,(2))] < b*" because ’ngb(z)7(2)| > 0e" by (EE),
and | D (2)7(z) — Df n oy (2)7(2)| < b*. If necessary, we tighten I in order to guarantee
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leam (2) — €h,,(2')] < b*™. Since b*" < |2/ — 2’| we conclude that

7(farw (2) = ()] = I7(fa(2)) = e2m(2)| + O0*") = (2a £ 1)]2" - 2.
Finally, a similar argument allows us to obtain

7 (farw () = € (2)| = 17 (for p (2) = €hpn ()| + O*™) = (2a £ 1) 2" = 2],

which gives the correct splitting of the vector (D f, )" (2')7(2") with respect to the critical
point 2. O

Now we will show that if we change the rules of construction of €2, in the first N
iterates by choosing a convenient binding critical point at each return happening before N
we manage to have Qy = 'y as long as (da’, V') is sufficiently close to (a,b).

Before proceeding let us clarify the equality €2/, = Q, for n < N. As mentioned in
Remark 4.3, the procedure leading to €, is not unique. Thus, we have some freedom in
the construction of € as long as we guarantee the slow approximation to the critical set
and the expansion along the tangent direction to W.

Take (a/,b0') € U N BC, where U is a small neighborhood of (a,b). Applying the
procedure of [BY00] described in Section 4.1 we may build a sequence of sets 2 D Q] D ...
to obtain 0, = [y, €. From Lemmas 5.1 and 6.2 we know that, given N and j < N,
the set (2; is a good approximation of Q7. We propose a modification on the first N steps
in the construction of Q/_: consider €2/, = Q,, for all n < N; afterwards make the exclusions
of points from 2y according to the original procedure. This way, we produce a sequence of
sets 9 D ... D Qn D Qy,; D ... which we intersect to obtain . We will show that the
points in 2. have slow approximation to the critical set and expansion along the tangent
direction of W’ for the dynamics f,/ .

When we perturb a parameter (a,b) € BC' and change the rules of construction of €,
for a close parameter (a’,b') € U N BC, in the sense mentioned above, we may need to
weaken the condition (SA) and introduce condition (SA)’ which is defined as (SA) except
for the replacement of § by §/2. This way we guarantee the validity of (SA)’ for every
(a’,V') in a sufficiently small neighborhood U of (a,b) as stated in next lemma.

LEMMA 6.3. Let (a,b) € BC and n € N be given. There is a neighborhood U of (a,b)
such that for all (a',0") € UNBC we may take Q; = U for all j < n and ensure that (SA)’
holds for all j < n, for the dynamics fu 1.

ProOF. If U is sufficiently small, then by Corollary 5.3 we have that (SA)’ holds for
n =0, in H'(€y), for the dynamics f, . Let us suppose that (SA)’ holds in H'(€,_), for
fow and j <n —1 < N. This is to say that for all z € ,_; the f, y orbit of 2/ = H'(x)
is controlled up to n — 1 and at each return £ < n — 1, if 2’ denotes a suitable binding
critical point, then |f% , (') — 2| > de™ " /2.

Our aim is to show that by tightening U/, if necessary, this last statement remains true
for n. Let I C Q,_; be a connected component and I = I N Q,. Then, by Lemma 6.2, we
can tighten U, so that for all = € §2,,_;, the orbit of 2’ = H'(x) under f, y is controlled up
to n. Moreover, if n is a return time for 2/, and 2 is a suitable binding point for f7 ,/(2'),
then | f7) . (2") — 2| > de™" /2. Since each (2, has a finite number of connected components
and we only wish to carry on this procedure up to NN, then at the end we still obtain a

neighborhood U of (a,b). O
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Thus, for every (a/,0') € U N BC, where U is given by Lemma 6.3, we have a sequence
of sets Q0 D ... D Qn such that (SA)’ holds for every 2/ = H'(x) with x € Qy and n < N.
At this point we proceed with the method described in Section 4 and make exclusions out
of Qy to obtain a sequence 2y D ... D Qy D Ny, D ... whose intersection we denote by
Q2. Hence, every point in H'(§2,,) satisfies (SA) for every n > N.

COROLLARY 6.4. Let (a,b) € BC and € > 0 be given. There exists a neighborhood U
of (a,b) so that | A Q| < e for each (a',b') €e U N BC.

PROOF. We appeal to Lemma 6.1 and find N; = Nj(e) such that [Qn, \ Q| < /2.
Observe that, using Lemma 6.3, the same N; allows us to write that [Qy, \ Q.| < ¢/2 for
all (a/,b') e U N BC. So, we have |Qy A Q| < [Qn, A Qo] + |2y, A Q| < e O

7. Proximity of stable curves

So far we have managed to prove proximity of the horseshoes in the horizontal direction.
The goal of this section is to show the closeness of the stable curves. The main result of
this section is Proposition 7.3.

Recall that each long stable curve is obtained as a limit of “temporary stable curves”,
Vn, as described in Section 4.2. In order to obtain proximity of long stable curves for
close Benedicks-Carleson dynamics we must produce first an integer N, such that the
approximate stable curves vy, are sufficiently close to the corresponding stable curves
~*%, regardless of the parameter (a,b) € BC. This is accomplished through Lemma 7.1.
Therefore, in Proposition 7.3 we obtain the proximity of the “temporary stable curves”
vn, for close Benedicks-Carleson parameters and deduce in this way the desired proximity
of the long stable curves.

We use the notation v, (¢)(t) or its shorter version, % (¢), for the solution of the equation
% = e,(z) with initial condition 7,(¢)(0) = 72(¢) = ¢. Recall that |e,]| = 1 and v, (¢)
is an e,-integral curve of length 200 centered at (. So the natural range of values for ¢ is

[—10b, 100].
LEMMA 7.1. Let (a,b) € BC and n € N be given. Consider a connected component
w C H(Q,_1) and the rectangle Q,_1(w) foliated by the curves ~y,. Then the width of the

rectangle Q,_1(w) is at most 46~ e~ 2",

PRrROOF. By the derivative estimate in Subsection 3.6.1, for all z € w we have
|Df"(2)1(2)| > 0e".

Since w is a connected component of H(£2,_1) we have that | f"(w)| < 2. As a consequence,
lw| < 26~ te~". Observe that this argument also gives that if z € H(Qw) and w; denotes
the connected component of H(€2;) containing z then Njw; = {z}. Let z* and 2z~ denote
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respectively the right and left endpoints of w. Given t € [—10b, 100]

o+ /Ot en (VL (=H)) dr — = — /Ot e ((=7)) dr

< et -2 +/0 len ((21)) — ea (1 (27)) | dr

1 (z7) = (z7)] <

<l|zt =27+ 5/ 175 (27) = 4n(z7)| dr, by (3) of Section 3.3
0

< |zt — 27|’ by a Gronwall type inequality
<zt =27 < 2027 — 27| = 2|w|
Thus, the width of the rectangle @, _1(w) is at most 4§~ e, O

We will use the following notation for parameters (a’,b’) close to (a,b). For any n € N
and 2’ € w, C H'(S,), we denote by v,,,(2) the e - integral curve of length 20b
centered at z’. Given n € N, for any connected component w’ C H'(€2,) we denote by
Qn(w') = Uyewh, (7)) the rectangle foliated by the curves 7/, (2'). We define Q},(w') as
a (Cb)" - neighborhood of @,,(w') in R%. Finally, given n € N and any interval w C H(£,),
we denote by Q2 (w) a 2(Cb)"*!- neighborhood of @, (w).

LEMMA 7.2. Let (a,b) € BC, n € N, e > 0 be given, and fiz a connected component I of
Q1. Then there is a neighborhood U of (a,b) such that e,, €., are defined in Q*_,(H(I))
and for every x € I

Iy (H (2)) = 7, (H'(2)) [l < &
Moreover, for every interval J C I we have that Q*_,(H(J)) contains Q. _(H'(J)).

PROOF. As we are only interested in arbitrarily small e, we may assume that ¢ < b*".
Take the neighborhood U of (a,b) given by Lemma 6.3 applied to n. Within & N BC, the
set Q7 is built out of €2, in the usual way.

Consider the sequence Iy D ...I; D ... D I, = I of the connected components (inter-
vals) I; of §2; containing I. For every j < n, let w; = H(I;) and w} = H'(l;). We will use
a finite inductive scheme such that at step j, under the hypothesis that e; and €} are both
defined in Q;_2(w;_1), we tighten U (if necessary) so that for all x € I;_; we have ~;(z)
e-close to 7(2’) in the C° topology, where z = H(z) and 2’ = H’(x), which implies that
Q31 (w;) contains Qj_;(w}). This way we conclude that both e;;; and ¢/, are defined in
the set szfl(wj), which makes our hypothesis true for step j + 1. After n steps we still
have a vicinity U of (a,b) and ~,(z) is € C°-close to 7/, (2').

We know that e; and €] are defined everywhere in R?, which makes our hypothesis true
at the first step.

Suppose now, by induction, that at step j we know that e; and e} are both defined in
Q% _5(wj—1), which contains both Q] ,(w;_1) and Q] ,(wj ). Let U be sufficiently small
so that for all (a/,0') € U NBC, we have [|[H — H'||, < &® and |e;(2) — €/(2)] < ¢, for every
2 € @ _5(wj1). Since Q;_1(wj-1) C Qj_»(wj—1) and Qj_1(w)j_,) C Qj_5(wj_y) (see (4.1)),
the curves 7;(z) and ;(2’) never leave the set Q7 ,(w;_1), for every z € w;_; and 2’ € Wj_,.
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FIGURE 5

Let {Z'} = v;(2) N WY; since |H — H'||, < &% then |2/ — z| < 2, |2/ — 2| < &% (see
Figure 5). Using the Lipschitzness of the fields e; and ¢/ (property (3) in Section 3.3), the
continuity of flows with initial conditions and the continuity of flows as functions of the
vector field (see for example [HS74]) we have for all ¢

() () = 75N O)] < [1u(E)E) — %) O] + [4%E) @) — ()@

g
< - 51t 1 AR
< 50700 )+ [F = e

< §e50b50b +22%<¢

Thus ||7;(2) = 7j(2)llo < e. Moreover, since € < (Cb)7, we easily get that for any interval
J C I;_y, the rectangle Q5_,(H(J)) contains both Q}_,(H(.J)) and Q;_,(H'(J)).

From [BYO00, Section 3.3] we know e, is defined in a 3(Cb)?-neighborhood in R? of
7;(2), for every z € w;. Since the same applies to 7;(2") where 2’ € w} and clearly 7;(2) lies
inside a (Cb)’-neighborhood in R? of ~}(2) (¢ < (Cb)’) then €, is defined in all points
of 7j(2). This also implies that €}, is defined in Q3 _,(w;).

Thus applying the argument above n times we get that e, and e] are defined in
Q? o(wn_1) and for every z € w,, 1, 2’ = H (H'(2)) e W,_,,

|7 (2) = 1 (2 )0 <&,

which gives that for any interval J C €, ; we have that Q> ,(H(J)) contains both
! J(H(J)) and Q}_,(H'(J)), since € < b".

n—1

g
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PROPOSITION 7.3. Let (a,b) € BC and ¢ > 0 be given. There is a neighborhood U of
(a,b) such that for all (a',0') € U NBC and x € Qo N QL , we have that v*(H(x)) and
v$(H'(z)) are e-close in the C* topology.

ProOOF. Choose Ny € N large enough so that
45~ =22 1 4(CB)M < g (7.1)

By Lemma 7.1 the width of the rectangle Q%,_;(wn,—-1) is less than 5. This means that for
every { € wy,, the curve y,(¢) is at least $-close to v*(z) in the C° topology. Note that
the choice of Ny does not depend on the point z € H ({2, ) taken, neither on the parameter
(a,b) € BC' in question.

Take the neighborhood U of (a,b) to be such that Lemma 6.3 applies up to Ny and
Lemma 7.2 applies with Nj replacing n. In particular, for parameters & N BC', the set QL
is built out of Qy,, in the usual way and Q%,_,(H(I)) contains Q},_,(H'(I)) for every
connected component I C Qp,_;. Moreover, for any x € I, ||yn,(H(x)) — vy, (H'(2))[jo <
b2N2.

Let x € Qo N, and consider the sequence Iy D I; D ...I; D ... of the connected
components (intervals) I; of ; containing x. Let z = H(x), 2 = H'(z) and, for every
j < Na, set w; = H(I;) and wj = H'(I). Collecting all the information we get for any
( €wny1, ("= H' (H(()) € Wy, 4

17°(2) =7 ()lg < 17°(2) = 38 (Ol + (782 (€) = Y (] + [, (€) = 72|y < e

So far we have proved C%-closeness of the stable leaves. The fact that the fields e, and
el are Lipschitz with uniform Lipschitz constant 3 < 2a + O(b) < 5 allows us to improve
the previous C’-estimates to obtain C'-estimates with little additional effort. O

8. Proximity of s-sublattices and return times

The purpose of this section is to obtain the proximity, for close Benedicks-Carleson
dynamics, of the sets of points with the same history, in terms of free and bound periods
up to a fixed time. In Subsection 8.1 we accomplish this, up to the first regular return.
In Subsection 8.2 we realize that the same result may be achieved even if we consider the
itineraries up to a some other return.

8.1. Proximity after the first return. Recall that the return time function R is
constant on each s-sublattice and, in particular, on each v*. Thus, the return time function
R needs only to be defined in A N Wj or in its vertical projection in the z-axis (..
Let (Y, ;); denote the family of subsets of { for which #7*(H (Y, ;)) N A correspond to
the s-sublattices of A given by [BYO00, Proposition A] and such that R(H (Y, )) = n.
Observe that T, ; determines univocally the corresponding s-sublattice and we allow some
imprecision by referring ourselves to T, ; as an s-sublattice. The advantage of looking at
the s-sublattices as projected subsets on the z-axis is that we can compare these projections
of the s-sublattices of different dynamics since all of them live in the same interval, 2,
of the z-axis. In Proposition 8.7 we obtain proximity of all the s-sublattices Y, ;, with
n < N, for a fixed integer NV and sufficiently close Benedicks-Carleson parameters.
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Let us give some insight into the argument. We consider (a,b) € BC and Q. built
according to Section 4. Let N € N be given. We make some modifications in the procedure
described in Subsection 4.4.1 where the s-sublattices are defined so that for each T, ;,
where n < N, we obtain an approximation Y ; O T, ; whose accuracy depends on the
choice of a large integer N3. Moreover, using Lemmas 6.3 and 7.2 we realize that, by

construction, 17 ; also suits as an approximation of T ; C X, which is an s-sublattice

n.j
corresponding to T, ; for a sufficiently close (a’,b") € BC. The result follows once we verify

that |1 . — T, | ~ [T}, — T,,;[. Recall that, by construction, for each T, ; there are
I € P,_1, w=H(I) and n a regular return time for w such that

T, =H " (fT(HQx) NwnNA)=H ' (f(H(Q)) Nw).

Observe that since f"(w) > 3|€| then w has a minimum length |w| > 57"3|Q|. This
means that for n fixed there can only be a finite number of T, ;’s. In fact, if v(n) denotes
the number of Y, ; with R(H (Y, ;)) = n, then

[€20]
< ——— <5 8.1
v(n) < 5] = (8.1)

Let N € N be given and let N3 > 2N be a large integer whose choice will be specified
later. Let ¢ < b*s be small. Consider U small enough so that condition (6.2) holds for
such an e and Q; = Qf for all j € {0,..., N3} (recall Lemma 6.3), while O is built in
usual way out of {2, .

For n < N we carry out an inductive construction of sets Q: C Q, and partitions P*
of 2, that will coincide for all (a,0') € U, for every n < N. This process must ensure that
for every n < N we have Q C 2, and if w* € H(P}), then there is w € H(P,,) such that
w D w*. Moreover, by choice of N3 we will have that w \ w*, when not empty, occupies
the tips of w and it corresponds to such a small part that if w has a regular return at time
n < j < N then fi(w*) D 20 still traverses Qo by wide margins (see Lemma 8.1).

8.1.1. Rules for defining €2, P, and R*.

(0%) 0 = QF = Q, Py = Py = {95}

Assume that Qf | = Q| and that for each I* € P*_| there is I € P,_; such that
I D I*. Take I* € P:_; =P/ ;. We denote w = H(I), w* = H(I*) and w*' = H'(I*).

(1*) If w € P,_; does not make a regular return to H(p) at time n, put I* = I*NQ,

into Q0 and let P*|;. = H! (fa’gl

We remark that if we were to apply this rule directly to (a’,0') € U N BC, where U is
sufficiently small so that Corollary 5.3, Lemma 6.3 and equation ~(6.2) hold for such ¢ and
N3, then Q/* and P/ would have discrepancies of O(g) relative to Q% and P built for (a,b),
respectively. But ¢ < e™* is negligible when compared to e=*V or e=*"/N?. Observe
that the points of H(I*) never get any closer than e=®" from the critical set, up to time n,
and e~ /N2 is the minimum size of the elements of the partition P whose distance to the
critical set is larger than e=*". Hence, there is no harm in setting Q¥ = Q7 and P = P:.

Let Sy, be the partition of €y, into connected components. We clearly have #Sy, <
2N We write f"(z) € H(Q,) if there exists 0 € Sy, such that f*(z) € Q%,_,(H(0))

H( j*)) with the usual adjoining of intervals.
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where, as before, Q%,_;(H(0)) is a 2(Cb)"*-neighborhood of Qn,—1(H (o)) in R?. This way
let f~"(H(Qx,)) have its obvious meaning. Observe that by definition of Q%,_,(H(c)) and
the construction of the long stable curves (namely (4.1)), then

f_n(H(QN3)) ) f_n(H(Qoo))a (82)
where we write f™(z) € H(Ss) when f(2) € v*({) for some ¢ € H(Qu)-

T

|

o*nf Q)

f"

—

FIGURE 6

(2%) If w € P,_; makes a regular return at time n, we put
P = B @\ S H©O) 09,
into fl: Let S* be the partition of I* into connected components. We define
Pl = H! <f_”73)H(1~*)> \V/ 8*. For z € w* such that f"(z) € H(Qn,) we
define R*(z) = n.

Suppose that U/ is sufficiently small so that as in Lemma 7.2 we have Q% _,(H(0)) D
QN,_1(H'(0)) and, as before, Corollary 5.3 and condition (6.2) hold for the considered
e and Ns. Then, the smallness of ¢ < b* when compared to the sizes of the elements
fr (H(ﬁ;)) for n < N allows us to consider f = Q* and P’ = P’*.

Essentially in this construction we substitute 2., by its finite approximation Qy, in
order to relate the partitions built for (a,b) with the ones built for (a’,b") € U N BC. The
sets {R =n} = Q,_1 \ Q, were defined as the sets of points that at time n had their first
regular return to H(Qs) (after sliding along v* stable curves). Now {R* = n} = Q% \ Q*
is defined as the set of points that at time n have their first regular return to H (),
where the sliding is made along the stable curve approximates, yns,.

Let us make clear some aspects related to the previous rules. When we apply rule (2%)
at step n, we ensure that for every z € Qf we have z ¢ f~"(H(Q%)). Let us verify that the
same applies to fu y, ie, since we are considering U sufficiently small so that Lemma 7.2,

Corollary 5.3 and condition (6.2) hold for € and N in question, then for every 2/ € Q*
we have 2/ ¢ f.%, (H'(Y,,)) Since ¢ is irrelevant when compared to 2(Cb)™ we have for

all 2 € H'(Q) and for every o € Sy,, dist( wy(2), Qns—1(H(0))) > 2(Cb)™s — & which
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implies that dist(f}} ,(2'), Qn,—1(H'(0))) > (Cb)"3, since by Lemma 7.2 we may assume
that Q,_,(H'(0)) C QX,_1(H(0)) and dist (Qny—1(H'(0)), Qny—1(H(0))) < . We have
used “dist” to denote the usual distance between two sets.

In next lemma take into account that since Qy, D (), then the gaps of {2, contain
those of Qy,, and so for all n < N and w* € H(P*_,) there exists w € H(P,_;) such that
w* Cw.

LEMMA 8.1. Let n < N, w* € H(P*_,) and consider w € H(P,_1) such that w* C w.
If N3 is large enough then f"(w)\ f™(w*), when not empty, occupies one or both tips of

fr(w) and | fH(w) \ f*(w*)] < Q0]
ProoOF. Let N3 € N be sufficiently large so that

T T Q(Cb)Ng) < || (8.3)

For every i < n — 1, let w? € H(P?) be such that w* C w’ and let w; € H(P;) be such
that w C w;. If w\ w* # 0 then at some time before n — 1, rule (2*) was applied. Let
j <n—1 be the last moment in the history of w* that rule 2* was applied. Then, f/(w})
hits a gap of Qy, while f7(w;) hits a gap of Q. According to Lemma 6.1 the difference
f7(w;) \ f7(w;) has length of at most

a(1-308)(N3+1)

1019

N3
A,

where the last term results from the fact that we are using 2(C)"s- neighborhoods of the
rectangles spanned by the approximate stable curves. Moreover, f/(w;) \ f/(w}) clearly
occupies the tips of f7(w;).

Now, for simplicity suppose that w = w; and w* = wj. We have that f"(w) \ f"(w*)
occupies the tips of f™(w). This geometric property is inherited since by construction we are
away from the folds and f is a diffeomorphism. Also, up to time n, | f7(w;)\ f?(w})| can grow
no more than 5"77. Consequently, by choice of N3 we must have |f™(w) \ f™(w*)| < [Q0]?.

In the case that w # w; it means that w; will suffer exclusions or subdivisions. Never-

theless, the points of (w; — wj) Nw still occupy the tip of f™(w). O

REMARK 8.2. Observe that by choice of N3 we have that if w* € H(P*_,) and f*(w)

makes a regular return then f"(w*) D (3 — |Q]*)Q. This means that for ¢ sufficiently

When at step n we have to apply rule (2*) we make more exclusions from Q¥ | than we
would if we were to apply rule (2) as in [BY00]. Essentially we are excluding the points
that hit H(Qy,) instead of only removing the points that hit H(Qy) (Qe C Q). We
argue that by adequate choice of N3 this over exclusion will not affect the sets {R* = j}
with j € {n+1,...,N}.

LEMMA 8.3. Suppose that x is a point that at step n should be excluded by rule (2%)
but is not excluded according to rule (2). If N3 is large enough, then H(x) does not have
a reqular return to )y before N.
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PROOF. Let N3 € N be sufficiently large so that (8.3) holds and take o € Sy,. When
we apply rule (2*) at step n we remove from *_, all the points hitting H (o), while if we
had applied rule (2) instead we would have only removed the points hitting H (o N Q).
Consider a gap @ of H(o N Q). We know that the length of w is less than

¢~ (1-38)Ns

1-33
015 1 — e—a(1-38)"

If 9w NOH(0) = () then w € P, and in N iterations it would grow to reach at most the
length
N 1-383 e_a(l_gﬁ)Nii 9
5) 015 m < ’Q()’ < 3|Qg’
Thus, @ would not have any regular return to €2y before V. .

If 0w NOH (o) # 0, then there is a gap @ of H({) so that @ € P, and @ occupies a
tip of w. Clearly, @ could have a regular return at j € {n+1,..., N}, say. However, by
construction f7(w) will occupy one tip of f7(z). Since

; N s1-33 e (130N 2

j _
| (w)] <576 T ey < €2
and | f7 ()| 2 3|Qp]| we still have that f7(cw) does not hit Qy. We remark that < could have
suffered subdivisions and exclusions according to rule (1*) before time j. Nevertheless, the
points from w that survive the exclusions still occupy the tip of the piece that will contain
them at the time of its regular return and the argument applies again. ([l

By the rules in Subsection 4.4.1, for every s-sublattice T, ; there is a segment w,, ; €

H(P,—1) such that n is a regular return time for w, ; and
Tn,j = H_l (wnyj N f_n(Qoo)) . (84)

Lemmas 8.1 and 8.3 allow us to conclude that if w,; € 757%1 and n < N is a regular
return time for w,; then there is w; . € P;_; such that w;, C w,; and |[f"(w,;)| =
| f™(wy ;)] + O(IQ[?). Moreover, because the difference between w,; and wj, ; is only in
their tips we may write

T,;=H" (w;;j N f*”(Qoo)) . (8.5)
Attending to the procedure above and equation (8.5), given an s-sublattice Y, ;, with
n < N we define its approximation

Ti = H (Wi, 0 () - (8.6)

Taking into consideration (8.2) we have that T, ; C T ;, from where we conclude that
Vne{l,...,N},

{R=n}= |J Tuyc |J 15, ={R =n}
j<u(n) j<u(n)

We wish to verify that this substitution of Q. by Qy, does not produce significant changes.
In fact, we will show in the next lemma that T, ; and T;“L’j are very close for all n < N
and j < wv(n).
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LEMMA 8.4. Lete >0, N € N and an s-sublattice T, ; with n < N be given. If N3 is
large enough, then

|T;;7j\rn7jy<s and |[{R*=n}\{R=n}| <e.

PRrOOF. Choose N3 large enough so that

01|QN3 \ Qoo < e (8.7)
Let wy, ; be such that H(Y, ;) = w; ;N f7"(H () and H(Y}, ;) = wy ;N fT(H(Qny))-
By bounded distortion we have
H0) \ H ) _ Cl\f” (AT \HTa)) | _ 190\ 0]

Attending to (8.7) this gives that ‘T:‘L’j \ Tn7j| < e. Besides,

(R =\ (=)l = ¥ 1T\ Tl < 3 =l
j<v(n) j<v(n)
< Cif, \ O
<e,
by the choice of Nj. O

REMARK 8.5. By definition of f~"(H({y,)), in the estimates above we should have
considered |03, \ Qu |, where Q3 is a 2(Cb)"*-neighborhood of €y,. However, since Qy,
has at most 2™¥3 connected components, then the difference to the estimates above would
be at most 2V31(Cb)™3| which is as small as we want if we choose N3 large enough.

REMARK 8.6. The estimates in the proof were used taking H(Qy,) and H() as
subsets of W;. According to [BY00, Remark 5], upon re-scaling the estimates still work
if we consider them as subsets of v* € I'*| due to Lemma 2 of [BY00].

PROPOSITION 8.7. Let (a,b) € BC, N € N and e > 0 be given. There is a neighborhood
U of (a,b) such that for all (¢/,b") € UNBC given any s-sublattice T, ; C Qoo, withn < N
and j < v(n), then the corresponding s-sublattice T, ; C Q7 is such that

Tn; AT, <e and |[{R=n}A{R =n}|<e.

PrROOF. By Lemma 6.3 we are assuming that 2 is built out of Qu, in the usual
way for fup with (a/,0') € U N BC. Lemma 7.2 assures that if I/ is small enough then
Q%,_1(H(0)), which is a 2(Cb)"3- neighborhood of Qn,—1(H (c)), contains Q}, _,(H'(0))
for every o € Sy,. Moreover, for any = € o

lyova (H () = i, (H () [l < 5™,
Let N3 be chosen according to equations (8.3) and (8.7) so that Lemmas 8.1 and 8.4 hold.
Let T, j, with n < N, be a given s-sublattice of H({s). Let I, ; € P*_, be such that

Tog=H" (wp; N f"(H(Q))),

where w; ; = H(I, ;). Suppose that U is sufficiently small so that the construction of

the partition is carried out simultaneously for the dynamics f,,; correspondent to any
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(a/,1') € U N BC and so that P* = P, for all m < N, as it has been described in the
procedure above. Then, fl ,(w,;) = fi,(H'(L; ;) crosses Qo by wide margins and we
may define

T, =H"" (wn; N fa (H'(Q))) -
Consider the approximation 7, ; built in (8.6) for T,, ;. We have seen that T, ; C T}, ; and
using Lemma 8.4 we may suppose that |T:‘L7j \ Tn,j‘ < ¢/2. Now, we shall see that T}, ; is
also a good approximation for T, ; if U is sufficiently small.

First, we verify that Y], C T, ,. Let z € 1| ;, 2 = H(x) and 2’ = H'(z). We
need to check that if f7, (') € A, then f"(2) € Q%, ,(H(0)) for some o € Sy,. We
are supposing that I is sufficiently small so that (6.2) holds for e < b3 up to N3, which
implies that | f™(z)— f2 ,,(2")] < b*3. Since A’ C UUeSN3 QN,_1(H'(0)), we have 7, ,(2') €
QN,_1(H'(0)) for some o € Sy,. Under the assumptions described in the procedure above
(namely that Qy, _,(H'(0)) C Q%,_,(H(0))) and attending to equation (7.2) we get that
dist (f2 ,(2'), Qny—1(H(0))) < 3/2(Cb)™s, and thus dist (f"(2), Qny—1(H(0))) < 2(Cb)™>.

Additionally, since the upper bound used for |Qy, \ Q| also works for |Qy, \ Q.| and
the width of Q}, _,(H'(0)) differs from the width of Q%,_,(H(c)) by O((Cb)™*) we observe
that the argument used in Lemma 8.4 gives us that }Tfm \ T/n,j‘ < g/2. Therefore

oy A1 < |Th N\ Yo + [0, \ o] <,

which gives the first part of the conclusion.

Suppose now that Lemma 8.4 holds and [{R* = n} \ {R = n}| < /2. Observing that
{R' = n} = Ujcym T}, , then arguing as in Lemma 8.4, we have {R* = n} \ {R' = n}| <
£/2, as long as U is sufficiently small. Finally,

HR=n} A{R =n}|<{R=n} A{R" =n}|+ {R" =n} A{R =n}| <e.

8.2. Proximity after k returns. Given z € H(Q),) we define
RY(2) = R(z) and R (2)=R (fR1+"'+Ri(z)> , fori>1.

Observe that R* =n in Y, ;. Since ff(H (Y, ;)) hits each stable leaf of A, it makes sense
to partition ff(H (Y, ;)) using again the levels H(Y, ;), and set

T(n17j1)(n2,j2) - T”hjl N H_l (f_nl (H(Tn27j2))) .

In general, given k£ € N, we consider
T(nldl)---(nkdk) = Tm,jl M H (f_m (H(Tnz,jz))) n...N H (f_(nl—l—m—’_nkil)(H<Tnk,jk))) .
Notice that for every z € H(Y(n, j1)...(ns.jr)) We have R'(z) =n; for 1 <i < k.

The main result in this subsection (Proposition 8.9) states that if we fix a parameter
(a,b) € BC and N € N, then there is a neighborhood U of (a,b) in R? such that for any
set Y(nyj1)...(ne,ji) comsidered, with ny,...,n, < N, it is possible to build a shadow set
Tl i), (g ) Close to the original one, for any (a',V') € U N BC.

Recall that each H(Y,;) = wy; N f7"(Qs) may also be written as H(Y, ;) = w;, ; N

fT(H(Q)), where w, ; D wy; ; and n is a regular return time for w, ;. The next result
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claims that something similar holds for Y, j,)...(ny.jp)- We say that z € f~%(w? ;) whenever
fi(z) € Qi(wy,;), while, as usual, z € [*(H(Qs)) means that f* € v (C) for some
¢ € H(Qx).
LEMMA 8.8. Taking ng =0 and nq,...,n, with n; < N, we have
k-1

H(T(nlvjl) (k) ﬂ I (mot..m) (Wmﬂ ]z+1> f_(n1+‘.‘+nk)(H<QOO))' (8'8)

PrOOF. We begin with the easier inclusion

H(Y (g ). mi)) C ﬂf (roetmi) (o o )N fTOE (H ().

Observe that Q(H (Y, ;) C Qii (wp, ;) where Q(H (Y., ;,)) is the rectangle spanned by
TV H (Y, ;). I 2 € fmttn-(H(T,, ;)), then frt-Fm-1(z) € 45(() for some
¢ € H(Y,, ). By definition of T, ; we have f™(({) € v*(() for some ¢ € H(Q).
Then, [BY00, Lemma 2(3)] gives that f™™*"(z) € ~*((), which implies that z €
frimttm) (H(Qu)).
Let us consider now the other inclusion. Since H(T,, ;) = wy, ;, 0 f7"(H(Qs)) we
only need to verify that for every i € {0,...,k— 1}
k—1
se (S L NS EEH) S () € H(S)
i=0
By [BY00, Lemma 3] we have

(U 0) N (@) U oo,

(€00

Ag frattnrin(z) € (UCEQ 7 ( )) fr ( A )) then there exists ¢ € H ()
such that fm™*-tmi+1(z) € fritt (y5(()), which is equivalent to say that f™+-"i(z) €
v*(¢). This means that f™+-"i(z) € H(Q). O

PROPOSITION 8.9. Let (a,b) € BC, N € N, k € N and € > 0 be given. There is an

open neighborhood U of (a,b) such that for each (a’,0') € U N BC and Yy, j,)...(ns.jr) there
15 Y, i1)(megey Such that in H'(C(, ) we have R" = ny, ..., R* = ny, and
}T(nhjl) (nsdk) A T(m J1)-- (N Jk) ‘ <E.
PRrROOF. The idea is to build for each T(”ly.jl)m(”kyjk)’ with ny,...,nx < N, an approxi-
mation T*m (i) 2 T (1 j1)...(ng i) Such that
€
‘T (n1,51)---(nk.Jr) \ T(nl,j1)~~~(nk,jk)| < 5
and realize that T(m ) (i) also suits as an approximation for T’(nh IRNCIRATE long as

U is sufficiently small. We obtain an approximation of T, j)...(ns,j,) Simply by substituting
Qo by Qp, in (8.8) for some large Ny. As before we say that f"(z) € H(Qy,) whenever
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there is 0 € Sy, such that f"(z) € Q%,_,(H(0)), which is a 2(Cb)™*- neighborhood of

QN4_1(H(O')) n R2.
Define

k—1
Tzﬂm,h)--(nk»jk) =H" (ﬂ fﬁ(nOJrn*m)(w;thiﬂ) N f(erernk)(H(QNz;))) .
=0

Since (1 C Qy, we clearly have that T, ji)...(nejw) C 17 Let us now obtain

(n1,51) (ki)

an estimate of |T (1) (i) \ Y nt i) (i) ‘ Considering

k-1
w = ﬂ f_(n0+'..+ni)(w:<li+1,ji+1)’ (U* = H( Eknl,jl).‘.(nk,jk))7 (D = H(T(nh]l)(nkv]k))

i=0

we get

W™ \ @ [frttmwn) \ @) G N
<y < Q Qoo +4(CH)™

‘w‘ - f'n1+“.+nk(w) = 2|Q ’ (’ N4\ "" ( ) )

Thus, if Ny is sufficiently large we have

9
|T(TL1 ]1 ’nk,jk) \ T(nl,]l)(nkvjk)‘ < 5 (89>

Suppose now that we take a sufficiently small neighborhood U of (a, b) so that if (a’, ') €
U N BC, then the following conditions hold:

(1) QL is built out of Yy, = Qy, in the usual way, as in Lemma 6.3;
(2) Q%,_1(H(0)) D QN,_1(H'(0)) for each o € Sy, and, as in Lemma 7.2,

dist (Qn,-1(H(0)), Qny—1(H'(0))) < bV,

(3) the procedure in Subsection 8.1 leads to Q¥ = Q* and P* = P* for all n < N;
(4) equation (6.2) holds for v up to kN.

Within ¢/ it makes sense to define

no+.. +m * (n1+...4ng)
T/(n1,j1)...(nk Jk) Hl ! (ﬂ f ’b’0 n1+1,ji+1> M f / b’1 § (H/(QI )))

Moreover, one realizes that Y

(n1,41) - (N (n1,51) (o) In
fact, we have that T’ Cc Ty .. To see this, observe first that the dis-
(n1,91) (ks (n1,51)-- (e

crepancies of order b4 in the tips of the intervals H— (f~HF)(w, 1) N H(Q))

) is a good approximation of Y/

and H'™! (f ,(ller“'Jrni)(wnm’jM) N H’(QO)> are negligible since we are only interested in

the points of the center of this intervals that hit )y at their last regular return. Fi-

nally, note that by conditions (1), (2) and (4) above, we must have z € T, .\ (. .

whenever x € T/ . Otherwise, we would have an x € T/ such that
(n1,41)--(nksJx) (n1,51)--- (k)

Z = f"ﬁ; U (H'(z)) € QN,_1(H'(0)) for some o € Sy, and z = fm-(H(z)) ¢

Q%,_1(H(0)), for all o € Sy,. But z ¢ Q%,_;(H(0)) implies that dist (2, Qn,-1(H(0))) >
2(Cb)N4, from where one derives by (2) that

dist (2, Qu, 1 (H'(0))) > 2(Ch)N — pNet! g(Cb)N“
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and
dist (2, Qp,_,(H'(0))) > %(Cb)N‘l.

However, by (4), dist(z,2) < b*N yields dist (z, Qk,_,(H'(0))) < b

The argument used above to obtain the estimate (8.9) also gives that, for Ny large
enough and U sufficiently small, ’T | < /2, from where one
easily deduces that

(n1,41).. (nkmc)\ (n1,J1)-(Nke,Jk)

}T("lvjl) (nksdk) A T/ ‘ < €.

nla]l nk jk

9. Statistical stability

Fix a parameter (ag,bg) € BC and a horseshoe Ag given by Proposition 4.1. Consider
a sequence (a,,b,) € BC converging to (ao, by). For each n > 0 set f,, = f,, 4, and assign
an adequate horseshoe A, in the sense of Proposition 4.1. Let W] denote the leaf of
first generation of the unstable manifold through 27, the unique fixed point of f, in the
first quadrant, and a parametrization H,, : 00 — W] of the segment of W] that projects
vertically onto Qg as in Section 6. Setting Q" = H-1(A, N H,(p)) let R, : A, — N
denote the return time function and F,, = ff'» : A,, — A,,. For every z € A,, we denote by
v5(2) the long stable curve through z.

According to Corollary 6.4 and Propositions 7.3 and 8.7, we assume that all these
objects have been constructed in such a way that:

(1) 192 AQY | — 0 as n — oc;
(2) 95(Ha(2)) — 28 (Ho(x)) as n — o0 in the C1-topology;
(3) for N e Nand 1 < j < N we have |{R, = j}A{Ry=j}| = 0 asn — co.

As mentioned is Section 3.8, we know that for all n € Ny there is a unique SRB
measure v,. Our goal is to show that v, — vg in the weak* topology, i.e. for all continuous
functions g : R* — R the integrals [ gdv,, converge to [ gdvy. We will show that given any
continuous g : R? — R, each subsequence of | gdv, admits a subsequence converging to

f ng(].

9.1. A subsequence in the quotient horseshoe. We begin by considering for each
n € Ny, the quotient horseshoes A, obtained from A, by collapsing stable curves, as in
Section 4.5, and the quotient map F,, = fE» : A, — A,. Every unstable leaf 4* in the
definition of A, suits as a model for A,,, through the identification of each point z € y*NA,,
with its equivalence class, v5(z) € A,,. We have seen in Section 4.5 that there exists a well
defined reference measure in A, denoted by m,,. From here and henceforth, for each n € N,
we fix the unstable leaf H, () and take H,(Q) N A, = H, (Q%) as our model for A,.
The measure whose density with respect to Lebesgue measure on H, () is 1, on ) will
be our representative for the reference measure m,, where 1, is the indicator function.
In fact we will allow some imprecision by identifying A, with H, (Q%) and m, with its
representative on H,, ().

As referred in Section 4.5, for each n € Ny there is an F,-invariant density p,, with
respect to the reference measure m,,. We may assume that each p, is defined in the interval
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Qo and p,(z) = Lon (2)pn(Hy(2)) for every x € Q. This way we have the sequence (py)
defined on the same interval €.

n€Ng

LEMMA 9.1. There is M > 0 such that ||p,|, < M for all n > 0.

PRrOOF. We follow the proof of [Yo98, Lemma 2| and construct p as the density with
respect to m of an accumulation point of " = 1/n Z?;Ol Fi(m). Let p" denote the density
of 7" and p’ the density of Fi(m). Also, let p' = Y. pj, where pf is the density of F}(m|o?)
and the o’s range over all components of A such that F*(o}) = A.

Consider the normalized density pi = p%/m(c?). Let JF denote the Radon-Nikodym

derivative %ﬁim). Observing that m(c?) = Fim(F'(c!)) we have for Z’ € o' such that

T = Fi(z') and for some §' € o’

50) 5 S ) =TT S o m(8) ! < ()

J

To obtain the inequality above we appeal to [Y098, Lemma 1(3)] or [BY00, Lemma 6].
A careful look at [BY00, Lemma 6] allows us to conclude that M does not depend on the
parameter in question. Now, pi < M (m(A))~! >, m(0}) < M which implies that p" < M,
from where we obtain that p < M. O

The starting point in construction of the desired convergent subsequence is to apply the
Banach-Alaoglu Theorem to the sequence p, to obtain a subsequence (py, ),y convergent
t0 Poo € L™ in the weak™ topology, i.e.

/ Opn,dz — / dpodz, Vo€ L. (9.1)

9.2. Lifting to the original horseshoe. At this point we adapt a technique used in
[Bo75] for the construction of Gibbs states to lift an F- invariant measure on the quotient

space A to an F- invariant measure on the initial horseshoe A.
Given an F-invariant probability measure 7, we define a probability measure 7 on A as
follows. For each bounded ¢ : A — R consider its discretization ¢* : A — R defined by

¢*(x) = inf{¢(z) : z € ¥*(H(x))}. (9.2)
If ¢ is continuous, as its domain is compact, we may define
varg(k) = sup {|6(2) — ¢(Q)] « |2 = ¢| < OB},
in which case varg(k) — 0 as k — oo.

LEMMA 9.2. Given any continuous ¢ : A — R, for all k,1 € N we have

‘/(¢ o F*)*dp — /(gb o F**dp

< varg(k),
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PROOF. Since 7 is F-invariant

By definition of the discretization we have
(po F¥)* o F'(z) =min{¢(z) : z € F* (v*(H(F'(z)))) }

and

(¢ o )" () = min {$(¢) : ¢ € F*' (v (H(x)))} -
Observe that ¥ (y* (H(z))) C Fk (v*(H(F'(z)))) and by Proposition 4.1

diam F* (y*(H(F'(z)))) < Cb.
Thus, |(¢ o F¥)* o F! — (¢ o FFH!)* (k). O

By the Cauchy criterion the sequence ( [(poF* )*dﬂ) ey converges. Hence, Riesz Rep-
resentation Theorem yields a probability measure 7 on A

/¢dﬁ = lim (¢ o F¥)*di (9.3)
for every continuous function ¢ : A — R.

PROPOSITION 9.3. The probability measure v is F-invariant and has absolutely contin-
uous conditional measures on v* leaves. Moreover, given any continuous ¢ : A — R we
have

(1) | 6 — [(& 0 F*)di| < varo(k); ] o
(2) If ¢ is constant in each ~°, then [ ¢dv = [ ¢dv, where ¢ : A — R is defined by
¢(z) = ¢(H(x)).

(3) If ¢ is constant in each v* and 1) : A — R is continuous then
/¢.¢dﬁ — /(w o F¥)*(¢ o F*)*dw
PRrROOF. Regarding the F-invariance property, note that for any continuous ¢ : A — R,

/¢oFdD:]}Lr§o/(¢OFk+l)*dﬂ=/deﬁ;

by Lemma 9.2. Assertion (1) is an immediate consequence of Lemma 9.2. Property (2)
follows from

< || llocvard (k).

/¢du-hm (po F*) ﬂ:hm/qﬁodey—/qbdu

k—o0 k—o0

which holds by definition of 7, ¢* and the F-invariance of 7. For statement (3) let ¢ : A — R
be defined by ¢(z) = ¢(H(z)), k,[ any positive integers and observe that

/(Ws o F*)*dp = /(¢ o F¥)*(¢ o F¥)*dp
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and

/(w¢o Fk+l)*d17 . /(¢¢O Fk)*dﬂ

— ’/(w o F]H_l)*&o Fk+ldl7 _ /(¢ ° Fk)*ago deﬂ

S / }(@DOFIH_Z)* . (@DOFk)* OFZ} |¢0Fk+l|dﬂ
< | llocvary(k);
inequality (3) follows letting [ go to oc.

REMARK 9.4. Since the continuous functions are a dense subset of L!- functions, then
properties (2) and (3) also hold, through Lebesgue Dominated Convergence Theorem, when
¢ e L.

We are then left to verify the absolute continuity property. While the properties proved
above are intrinsic to Bowen’s raising technique, the disintegration into absolutely contin-
uous conditional measures on unstable leaves depends heavily on the definition of the
reference measure m and the fact that 7 = pdm. Fix an unstable leaf v* € ™. Denote
the 1-dimensional Lebesgue measure on 7" by Ay.. Consider a set £ C " such that
Au(E) = 0. We will show that ,.(E) = 0, where 7« denotes the conditional measure
of 7 on 7", except for a few choices of v*. To be more precise, the family of curves I'*
induces a partition of A into unstable leaves which we denote by L. Let mp : A — L be
the natural projection on the quotient space L, i.e. mz(z) = v*(z). We say that Q C L
is measurable if and only if 7;'(Q) is measurable. Let 7 = (7;).(?), which means that
2(Q) = v (7;'(Q)). By definition of I' there is a non-decreasing sequence of finite parti-
tions L4 < Lo < ... < L, < ...such that £ =\/", L,; see [BY93, Sublemma 7]. Thus,
by Rokhlin Disintegration Theorem (see [BDVO05, Appendix C.6] for an exposition on the
subject) there is a system <’77“)~,u ¢ of conditional probability measures of  with respect

to L such that

o Uu(y") =1 for - almost every y* € L;
e given any bounded measurable map ¢ : A — R, the map v* — [ ¢di,u is measur-

able and [ ¢dv = [ ([ ¢diy) do.

Let £ = 7(E). Since the reference measure m has a representative m.. on v* which
is equivalent to Ay, we have m..(E) = 0 and m(E) = 0. As v = pdm, then v(E) = 0.
Let ¢, : A — R be a sequence of continuous functions such that ¢, — 1z as n — oo.
Consider also the sequence of continuous functions ¢, : A — R given by ¢, = ¢, o 7.
Clearly ¢, is constant in each +* stable leaf and ¢, — 1z 07T = 1715 as n — oo. By
Lebesgue Dominated Convergence Theorem we have [ ¢,di — [ 1.1 gydo = v (77 1(E))
and [ ¢,dv — [1gdv = v(E) = 0. By (2) we have [ ¢, = [ ¢,dv. Hence, we must have

U (ﬁ_l(E)) = 0. Consequently,

0:/17‘r1(E)dD:/(/ 17‘r1(E)dﬁW“) dl)(’yu),

which implies that 7.« (ﬁ_l(E) N ’y“) = 0 for v-almost every ~*. O
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Observe that while 7, is Fni—invariant we are not certain that v, = peodimg is Fpy-
invariant; thus we are not yet in condition to apply Lemma 9.2 to the measure vy,. This
invariance can be derived from the fact that 1, is F), -invariant and equation (9.1).

LEMMA 9.5. The measure Usg = pooding is Fy-invariant.
PROOF. We just have to verify that for every continuous ¢ : Ag — R
/Wopo-ﬁoodmo = /Sp-ﬁoodmo
Up to composing with Hy we can think of ¢ as a function defined in Q2 . Clearly, there is
a continuous function ¢ : €y — R such that ¢|go () = ¢(x). Similarly, we can think of ¢

as being defined in any set H,,(€). So, let us consider a continuous function ¢ : Qg — R.
Having this considerations in mind and the fact that 7, is F,,,-invariant we have

/¢o E, pn,dm,, = /¢.pmdmni. (9.4)

[ o, = [ o(w)p (a1 %
[ @)oo

da = [ 0pu| iz <

Observing that
dx

we conclude that

dr — / O(2) o). 422 dz (9.5)

due to
‘/925-/% ’/wm dx—/qbpm
/ 6.7, | 20 | dr — / 6.7oe. | 222 d

and the fact that the first term in the right side goes to 0 by the unstable manifold theorem,
while the second goes to 0 by (9.1).
The convergence (9.5) may be rewritten as

/d)pmdmnz - /¢-pmdm0'

dHnZ dHnl

dy ||dx

Once we prove that

71— 00

/¢> 0 Foy P diin, —— | ¢ 0 Fy.foodimo,

equality (9.4) and the uniqueness of the limit give the desired result.
CLAIM. /(b o F’ni.ﬁmdmni converges to /gb o Fypoodimg when i — oo.
Given € > 0, we want to find J € N such that for every ¢ > J

Bri= | [ 60 Fu@) o) 1452~ [ 60 Fue).pele) 140 e < =
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||, 14 || < /T + (106)2 we have

o0s [|Poolloc < M and H

Since ||pn,

— _ dHn
Es\/gwp e e = [ 60 Fo |42 Lo s

+ 2M /1 + (100)2]|¢]| 0 [0 A Q2

Taking

= _ dHn
By = ’/qboFm'pm ||1QO NQod idr — /QbOFO Poo- H ”190 N idx

we have

By < By + 2M/1 + (100)?]|¢ ]| |22, A Q]

By Corollary 6.4, we may take J € N sufficiently large so that for ¢ > J

2M /T + (100)2]| 6]l |22, A Q] < %
Besides
dH,,
B < | [ 60 P [1%20 - 1401 Log e

+ ‘/¢OF0' [ﬁm _ﬁoo] ||%||1ngmggéd$

+ /[M — 0 Fo] o[22 1y |

Denote by E3, E, and FEs respectively the terms in the last sum. Attending to the unstable
manifold theorem and equation (9.1) it is clear that E3 and E, can be made arbitrarily

small. Noting that y/1 + (100)? < 2, we have for any N

o

Es <2M||¢llc > ({Rn = B+ {Ro = 1}])

I=N+1

N
+2M|[¢lloc Y { R, = 1} A {Ro = 1}
=1

N
Z/ [¢0Fn¢_¢opo]1gomﬂnidx.
{Rn;=1}n{Ro=1} 2N

=1

+2M

Denote by Fg, E7 and Ejg respectively the terms in the last sum. According to Proposi-
tion 4.1 we may choose N sufficiently large so that Ejg is small enough. For this choice of
N we appeal to Proposition 8.7 to find J € N sufficiently large so that E7 is also small
enough. At this point we are left to deal with Eg. Let

{Rn;=1}n{Ro=1} >

The result will follow once we prove that E} is arbitrarily small, which is achieved by
showing that given ¢ > 0, there exists J € N such that if : > J, then ‘d) o ff1 —¢o fé’ <.

Ey =
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Suppose that ¢ is small enough for our purposes. Since ¢ is continuous and €2 is

compact then there exists 7 > 0 such that |¢(x1) — ¢(22)] < ¢, for every xy, x5 belonging to
any subset of )y with diameter less than 7. We use Lemma 7.1 to choose Ny € N sufficiently
large so that if w is any connected component of Hy(€2y,) then the maximum horizontal
width of Q%,(w) is /2. We take J € N sufficiently large so that Q) = Q% and by
Lemma 7.2, for every connected component I of Q3, we have Qy, (H,,(1)) C Q%,(Ho(1)).
We also want J € N large enough to guarantee (6.2) with b*? instead of € up to N.
Now, since fi(Ho(z)) € Ao, there exists a connected component I of QY such that
F(Ho(@)) € Qly (Ho(D)). As |1, (Ha(2)) — fi(Ho(w))] < 12X, then clearly £l (F,,(x)) €
X, (Ho(I)). Moreover, since f) (Hy,,(x)) € A,, and we know that Q3},(Ho(I)) intersects
only one rectangle Qj, (H,, (L)) with L representing any connected component of Q}
then f1,(H,(x)) € Qhy(H,,(1)). Thus we have i(Ho(x)) € Ho(0%) 1 Q% (Ho(1)) and
fL(Hp,(2)) € Hy () N Q%,(Ho(1)). Finally, observe that Hy ' (Ho(Q0) N Q%, (Ho(1)))
and H ' (H,,(Q0) N Q%,(Ho(I))) are both intervals containing / with length of at most

n/2 which méans that |¢ (fo(Ho(x))) — ¢ (fL. (Ha,(x)))| < <. See Figure 7.

r=————
N
]
||
N
Ho(€20) z ||
Hy(Q() z |
|
/ |
fo(Ho(2p)) | fo | -
f1(H(©Q) ’1% il B
[y |
X |

FIGURE 7

g

Then we lift the measure 7,,, to an F,,,- invariant measure 7,,, defined according to

equation (9.3). Lemma 9.5 allows us to apply (9.3) to the measure 7., and generate Us.
We observe that by Proposition 9.3 the measures v, and 7,,, are SRB measures.

9.3. Saturation and convergence of the measures. Now we saturate the measures
Uso and 7,,. Let 7 be an SRB measure for f# obtained from 7 = pdm as in (9.3). We
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define the saturation of v by

v => fLE{R>1}) (9.6)
1=0

It is well known that v* is f-invariant and that the finiteness of v* is equivalent to
J Rdv < oo. Since ||pllec < M and m is equivalent to the 1-dimensional Lebesgue mea-
sure with uniformly bounded density, see [BY00, Section 5.2], then by Proposition 9.3(2)
and Proposition 4.1 we easily get that 7({R > [}) < Cyfl, for some 6, < 1. Since
[ Rdv =572, v({R > l}), the finiteness of v* is assured. Clearly, each f!(7|{R > [}) has
absolutely continuous conditional measures on {f!y*}, which are Pesin’s unstable mani-
folds, and so v* is an SRB measure.

Using (9.6) we define the saturations of the measures 7, and #,, to obtain v} and v}
respectively. By construction, we know that /%, and v, are SRB measures, which implies
that v}, = 1y and v;;, = v,,, by the uniqueness of the SRB measure.

To complete the argument we just need to the following result.

PROPOSITION 9.6. For every continuous g : R* — R,

/gdl/;i — /gdy:o.

PROOF. First observe that there is a compact D C R? containing the attractors cor-
responding to the parameters (a,,b,) for all n > 0. As the supports of the measures v
and v, are contained in D we may assume henceforth that g is uniformly continuous and
9l < oc.

Let € be given. We look forward to find J € N sufficiently large so that for every ¢ > J

’ [ oavi,~ [ ga.

Recalling (9.6) we may write for any integer N

<e.

No—1

vt = Zyl—l—n
1=0

where v/ = fl(D|{R > 1}) and n = 3o, fLZ{R > 1}). Since ?({R > 1}) < Cob} for
some 6y < 1, we may choose Ny so that n(R?) < £/3. We are reduced to find for every
[ < Ny a sufficiently large J so that for every ¢ > J

3

/(9 o fi Vi, >1ydiy, — /(9 o [ {Ry>13 V00| < 7.
3Ny

Fix I < Np and take k € N large so that var(g(k)) < g5-. Attending to Proposition 9.3

(3) and its Remark 9.4, our problem will be solved if we exhibit J € N such that for every
> J

* * 71— * * J~ €
E = ‘/(QOJ% 0 Fy ) (Lr,, 51y © By, ) di, — /(QOféoFé“) (Liro>y © Fy) dl/oo‘ < ON
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Defining

* * - dHn
- /(9 © fé © Féc)*(l{Rpl} © F )" Loo nan PcoHdHO |da

we have E < Fy + 4M||g|l« |Q°%, A Q7.
fori>J

Using Corollary 6.4 we may find J € N so that

€

AM Q0 A Qu .

Applying the triangular inequality we get

dHp,
By < Mlgle [ [1%21 - 142

dz

‘/ go° fO © F ) (1{R0>l} © F ) 190 N [pm poo] HdHO de

vt [[(go st 0 P (9o fio Ry

nQ dx
o0

+2Mlgllo / ‘(1{Rni>l} © Ff)* — (Lro>ty © Fok)*‘ 19800923‘133'

By the unstable manifold theorem

/ [

can be made arbitrarily small by choosing a sufficiently large J € N. The term

— |G| de

‘/ g° fO © F ) (1{Ro>l} © F ) 1(20 NQi [pm pw] HdHOde

can also be easily controlled attending to (9.1). The analysis of the remaining terms

Jlgo st o By = (g0 fio FY| Log coredo
and
/ |(L(ga, 513 0 Fi)* = (Lgmgsty © F9)"| 1o nqride
is left to Lemmas 9.8 and 9.9 below. O

In the proofs of Lemmas 9.8 and 9.9 we have to produce a suitable positive integer N
so that returns that take longer than N iterations are negligible. The next lemma provides
the tools for an adequate choice.

LEMMA 9.7. Given k, N € N we have

{z€ H(Q) : 3t € {1,...,k} such that R'(z >N}\<km\{R>N}\
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ProoF. We may write
{z € H(Qu): 3t € {1,...,k} such that R(z) > N} = U By,

where

Bi={2€ HQx): R(z) <N,...,R(2) < N,R"(2) > N}.
Let us show that |B;| < %]{R > N} for every t € {0,...,k — 1}. Indeed, if R(z) <
N,...,R'(z) < N then there exist my,...m; < N and ji < v(m1),...,j: < v(m;) such

that z € H (Y(myj1)..(mee))- Besides, for every [ € {1,...,t} there is wp, j, € Pm,—1 such
that my is a regular return time for w,,, ; and, according to Lemma 8.8,

H(YL (m 1).maie)) = @y o O -0 fﬁ(mlJr"'ert_l)(wmt,jt) N fi(ml+"'+mt)<H(QOO)>'
Let w = Wy, j, N ... N frmtetm-n(g, ). Consider the set
&= {2 € H(Tmsyotmoa) : FF1(2) > N} =) f0mbtm) (7 VY),

Using bounded distortion we obtain

<l [fror@)]

— < C
jw] = k()]

{R > N}
2|Q|

<G

and

|H (Y (1)) | S o 1\f”“*"’*m*(fi({(mmn..-(mt,jn))| > C;1|QOO|7
|wl | fratetme (W) 2

from which we get

|| C? {R > N}
|H(Y my i) meg)| — 1S0] Q]

Finally, we conclude that

C2 {R> N} 2
By| = o < =L H(Y (. | < =-|{R > N}|.
‘ 75| Z ‘w‘ = ’QO‘ |Qoo| Z ‘ ( (mh]l)--(mtdt))’ = |QO||{ }’
m; < N m; < N
g1 < v(my) g1 < v(my)
ledl,..., t} le{l,..., t}
OJ

LEMMA 9.8. Given I,k € N and € > 0 there is J € N such that for every i > J
[ltgo fto Fhy = (90 fho )| Loy comsdo < =

Proor. We split the argument into three steps:
(1) We appeal to Lemma 9.7 to choose N5 € N sufficiently large so that the set
={z e NQ¥: 3te{l,....k} Rj(z) > Nsor R}, (z) > N5}

has sufficiently small mass.
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(2) We pick J € N large enough to guarantee that we are inside the neighborhood of
(ap, by) given by Proposition 8.9 when applied to N5 and a convenient fraction of .

Namely, we have that for all my,...,my < N5 and all j; < v(my),...,Jk < v(my),
each set T? VAN V% has small Lebesgue measure.
(m1,71)--(myg ]k) (m1,51).- ( )

(3) Finally, in each set T we control

kodk

(ma1,1)- (M) T7(1 1,J1) (M k)

(9o fu, 0 Fn) = (g0 foo Fy)’
for a better choice of J € N.

Step (1): From Lemma 9.7 we have |L| < %kC’OQéVE’. So, we choose Nj; large enough such

that

202 €
2|lg ||oo| 1|k000N5 3

which implies that
€
[ lge st o Fa) = (g0 fio R Lo s < 5.
L
Step (2): By Proposition 8.9, we may choose J so that for every i > J, my,...,my < Nj
and j; <wv(my),...,Jx < v(my) we have that

< 25—k<N5+2> (2max{1,||gll )

Observe that by (8.1) we have that Zfﬁi:l v(my) < 572 which means that the number
of sets T?

‘T AT

(ma,g1)-.(mg,Jk)

(m1,51)--(mg,jx)

(1) (i) is less than 5%(Ms+2) Consequently we have

gy < &
Q0N AT < 3.

> ) (go fl, 0 FE) — (go flo Ry

o . . , 3
mr < Ns (m1,31)---(mp,dg) (m1,41)--- (M)
Jjr <v(mr)
T=1,...k
ni ko pmit.tmy
Step (3): In each set Y7, . (. . 0N Yo ). (megiy We have that Fg = fg and
Ff = frmat-+me - Since we are restricted to a compact set D and |Df| < 5 for every

f = fap with (a,b) € R?, then

e there exists ¥ > 0 such that |z — (| < ¥ = |g(z) — g(¢)| < &5 FNst2);
e there exists J; such that for all + > J; and z € D we have

max{|fo(z) AT kN5+l( kN5+l |}

< Y.

2

e there exists 7 > 0 such that for all z,{ € D and f = f,, with (a
2= ¢l <n = max{|f(2) = F(Q),. .., | (2) — fFNH(Q))

Furthermore, according to Proposition 7.3,

€ R?

)
F<g

e there is J; such that for every i > J, and z € Q2 N Q% we have
max |75 (Ho(2))(t) — v, (Hn, (2)) (1) < .

te[—10b,10b]
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Let ¢ > max{.J1, o}, z € 7§(Ho(z)) and t € [—10b, 10b] be such that z = ~§(Ho(x))(t).
Take ( = ;. (Hy,())(t). Then, by the choice of Js, it follows that |z — (| < 5. This
together with the choices of  and J; implies

[0 BE(2) = [l 0 (O] < |frt+meti(z) — gyttt )]

‘ mit.. +mk+l () — fm1+ +mk+l(<)’

<V/2+9/2=

Finally, the above considerations and the choice of ¥ allow us to conclude that for every
i > max{Jy, Jo}, v € Q% N Q% and z € v§(Ho(x)), there exists ¢ € 75 (H,,(x)) such that

[9(f1, 0 FE(Q) = 9(fs 0 Ff(2))] < £ 57+, (9.7)

Attending to (9.2), (9.7) and the fact that we can interchange the roles of z and ¢ in the
latter, we obtain that for every i > max{.Jj, Jo}

[(go fh o FF)Y —(go fioFy)*

from where we deduce that

> (g0 i, 0 F&) — (g0 fi 0 FEY| Loy rpnsde <
0 ng oo oo

mp < Ns (m1,31)---(mp,dg) 7~ (m1,d1)--(mg.dg)

7k(N5+2)
)

Jr <wv(mr)

LEMMA 9.9. Gwen [,k € N and € > 0 there exists J € N such that for every i > J
/ }(1{R’ﬂi>l} © FTI;)* - (1{R0>l} o F(;c)*l 1ngﬂggéd$ < €.

PROOF. As in the proof of Lemma 9.8, we divide the argument into three steps.
(1) The condition on N;: Consider the set

={z e NQ%:3te{l,....,k+1} such that Ri(z) > N5 or R (z) > N5}.

From Lemma 9.7 we have |L;| < (k; + 1)Cob". So we choose Nj large enough so that

\Q |
4C% €
k+1)Cob <
|Qo|( TG 3’
which implies that
* % 15
L ‘(1{Rni>l} ° FT]LCZ) - (1{R0>l} o Féﬂ) ‘ ]-ngmﬂ'ggdm < g
1

(2) Let us choose J large enough so that, by Proposition 8.9, for all mq, ..., mgi1 < Nj
and j; < wv(my), ..., Jkr1 < v(myy1) we get
oo AT

£
e —(k+1)(N5+2) o—1
(m1,91) - (Mr41,dk+1) (m1,51)-(Mrt1,dk41) 5 ’ 2

3
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Observe that by (8.1) we have >1° _ v(m;) < 5Y+2 which means that the number of sets

T((] . . is less than 5*+D(Vs+2) T et
m1,g1)(Mg1,0k+1)
_ 0 ng
Ly = T(ml,jl)-~~(mk+1»jk+1) A T(ml,jl)~~~(mk+1,jk+l)
and observe that
* * €
> / |(Lira,ty 0 Fi)* = (Lirosiy © F5)*| 1go noride < 3
Lo

mr < Ns
Jr < v(mr)

Te{l,....,k+1}

(3) At last, notice that in each set T? nYy , we have

(m1,J1)--(Mk41,9k+1) (72117j1)...(mk+17jk+1
|(Lir, 513 0 F )" — (L{gosiy © F3)*| = 0,
which gives the result. O
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ni(x), 12 Dn” 80
F,, 74 0o, 51
F,, 74 Qf, 58
F,(x), 14 Qoo, 51
Jn, T4 Q. 58, 62
v, 7 Qn 74
Y, 6, 11 Qna 51
re, 8 Qy,, 53
s, 52 Q. 66
I, 52 Q. 66
Tn(2), 51 p, 11, 42, 46
Y4 (2), 63 P, 42
Yn(2)(2), 74 (2), 62 P, 52
7'*(2"), 65 P,, 53
~v°(z), 52 Pz, 66
7i(2), T4 Py, 66

h, 51 Pl 48
', 58 (0] 48
H, 51 ®*, 75

89



90 INDEX

7, b4 Benedicks-Carleson
P;, 10 set of parameters
Q, 50 Hénon maps, 37
Qo, 52 quadratic maps, 41
Qn(w), 52 Theorem, 37
Qn(w'), 63 bound period, 11
L(w), 52 Hénon maps, 46
LW, 63 quadratic maps, 42
2(w), 63 bound return, 12
R*(x), 8 bounded distortion, 19
R(z), 53 Hénon maps, 49
R*(2), 66 quadratic maps, 42
Ri(2), 71
R.(2), T4 central limit theorem, 38
p, 54 contractive vector field, 43
Poos 1D properties, 43
Pn, T4 controlled orbits, 47
0, 44 Corollary
sdp(z), 12 C9
Sn, 66 D, 9
Sn(x), 12 E, 9
T, 44 correct splitting, 47
T, 33 critical point
T2, 35 basic assumption (BA), 7
0o, 51 exponential growth (EG), 7
t;(x), 12 critical points, 44
T.(z), 11 approximate critical points, 44
wi j(x), 12 basic assumption (BA), 44
Un, 9 rules of construction, 44
Y., 53 uniform hyperbolicity (UH), 44
T’n’j, 70 critical region
T;kuj’ 69 Hénon maps, 43
T (ny i) (nsgn)> T 72 quadratic maps, 41
!/
T%Zii;iij:;’ 73 deep essential return, 12
varg, 75 depth of a return, 10
v; (), 12 derivative estimate
v(n), 66 Hénon maps, 48
W, 43 quadratic maps, 42
Wi, 44 distance to the critical set, 46
Wi, 58
WP, 74 entropy
&, 5 metric, 4
=, 53 topological, 4
Z,, 54 escape situation, 16
&, 9 escape time, 16
2*, 42 essential return, 10
2, T4 essential return situation, 15
zi(x), 12 essential return time, 16
evolution law, 1
basin of a physical measure, 6 expansion time function, 8

basin of attraction, 5 exponential decay of correlations, 38
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fold period, 47
free period
Hénon maps, 47
quadratic maps, 41
free return situation, 15

generation, 44
generic point, 38

Hénon maps, 37
horseshoe, 50
host interval, 16

inessential return, 10
inessential return time, 15

leading Cantor sets, 51
long stable leaves, 52

matrix perturbation lemma, 43
non-uniformly expanding, 6, 7
orbit, 1

phase space, 1
physical measure, 2

quotient horseshoe, 53

rectangle spanned, 50
recurrence time function, 8
reference measure, 54
regular return, 53

return, 10

return to the horseshoe, 53

s-sublattice, 50, 53

slow recurrence, 6, 7
SRB measures, 2, 49
statistical stability, 2
stochastic stability, 2, 38
strange attractor, 37
structural stability, 1

tail set, 7, 8
tangential position, 45
Theorem

A8

B, 8

F, 39
time, 1

u-sublattice, 50
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