CONTINUITY OF SRB MEASURE AND ENTROPY FOR
BENEDICKS-CARLESON QUADRATIC MAPS

JORGE MILHAZES FREITAS

ABSTRACT. We consider the quadratic family of maps given by f,(z) = 1 — az? on

I = [-1,1], for the Benedicks-Carleson parameters. On this positive Lebesgue measure
set of parameters close to a = 2, f, presents an exponential growth of the derivative along
the orbit of the critical point and has an absolutely continuous SRB invariant measure.
We show that the volume of the set of points of I that at a given time fail to present
an exponential growth of the derivative decays exponentially as time passes. We also
show that the set of points of I that are not slowly recurrent to the critical set decays
sub-exponentially. As a consequence we obtain continuous variation of the SRB measures
and associated metric entropies with the parameter on the referred set. For this purpose
we elaborate on the Benedicks-Carleson techniques in the phase space setting.

1. INTRODUCTION

Our object of study is the logistic family. Concerning the asymptotic behavior of orbits
of points x € I = [—1, 1] we know that:

(1) The set of parameters H for which f, has an attracting periodic orbit, is open and
dense in [0, 2].

(2) There is a positive Lebesgue measure set of parameters, close to the parameter value
2, for which f, has no attracting periodic orbit and exhibits a chaotic behavior, in
the sense of existence of an ergodic, f,-invariant measure absolutely continuous
with respect to the Lebesgue measure on [ = [—1, 1].

(3) There is also a well studied set of parameters where f, is infinitely renormalizable.

The first result was a conjecture with long history that was finally established by
Graczyk, Swiatek [GS97] and Lyubich [Ly97, Ly00]. The second one was studied on Jakob-
son’s pioneer work [Ja81] and latter by Benedicks and Carleson on their celebrated papers
[BC85, BCI1]. For the third type of parameters we refer to [MS93] where can be found an
extensive treatment of the subject.

A remarkable fact is the crucial role played by the orbit of the unique critical point
&9 = 0 on the determination of the dynamical behavior of f,. It is well known that if f,
has an attracting periodic orbit then & = 0 belongs to its basin of attraction, which is the

Date: December 3, 2004.
2000 Mathematics Subject Classification. 37A35, 37C40, 37C75, 37D25, 37TEO05.
Key words and phrases. logistic family, Benedicks-Carleson parameters, SRB measures, entropy, non-
uniform expansion, slow recurrence, large deviations.
Work supported by Fundagao Calouste Gulbenkian.
1



2 J.M.FREITAS

set of points x € I whose w-limit set is the attracting periodic orbit. Also, the basin of
attraction of the periodic orbit is an open and dense full Lebesgue measure subset of I.
See [MS93], for instance.

Benedicks and Carleson [BC85, BC91] show the existence of a positive Lebesgue measure
set of parameters (2, for which there is exponential growth of the derivative of the orbit of
the critical point &,. This implies the non-existence of attracting periodic orbits and leads
to a new proof of Jakobson’s theorem.

In this work, we study the regularity on the variation of invariant measures and their
metric entropy for small perturbations on the parameters. We are interested on investi-
gating statistical stability of the system, that is, the persistence of its statistical properties
for small modifications of the parameters. Alves and Viana [AV02] formalized this concept
statistical stability in terms of continuous variation of physical measures as a function of
the governing law of the dynamical system.

By physical measure or Sinai-Ruelle-Bowen (SRB) measure we mean a Borel probability
measure g on I for which there is a positive Lebesgue measure set of points x € [ such
that

1 n—1 '
Iim — » o (fi(z Z/sodu,
Jim — jZO (f2(2))
for any continuous function ¢ : I — R. The set of points x € [ with this property is
called the basin of 1. One should regard SRB measures as Borel probability measures that
provide a fairly description of the statistical behavior of orbits, at least for a large set of
points that constitute the basin of the SRB measure.

It is not hard to conclude that if a € H, and {p, fo(p),..., f*1(p)} is the attracting
periodic orbit then

where ¢, is the Dirac probability measure at x € I, is a SRB measure whose basin coin-
cides with the basin of attraction of the periodic orbit. Moreover, the quadratic family is
statistically stable for a € H, i.e., the SRB measure 7, varies continuously with a € H, in
a weak sense (convergence of measures in the weak™ topology).

The infinitely renormalizable quadratic maps also admit a SRB measure with the whole
interval I for basin. In fact, any absolutely continuous f,-invariant measure is SRB and
describes (statistically speaking) the asymptotic behavior of almost all points, which is to
say that its basin is I(see pages 348-352 [MS93]).

Benedicks and Young [BY92] proved that for each Benedicks-Carleson parameter a €
oo, there is an unique, ergodic, f,-invariant, absolutely continuous measure (with respect
to Lebesgue measure on I) p,. These measures qualify as SRB measures by Birkhoff’s
ergodic theorem and their basin is the whole interval I.

Hence, it is a natural question to wonder if the Benedicks-Carleson quadratic maps are
statistically stable.
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In the subsequent sections it will be shown that the answer is affirmative. In fact, we
will prove that the quadratic family is statistically stable, in strong sense, for a € 2. To
be more precise, we will show that the densities of the SRB measures vary continuously, in
L'-norm, with the parameters a € Q. This result relates to those of Tsujii, Rychlik and
Sorets. On [Ts96], Tsujii showed the continuity of SRB measures, in weak topology, on
a positive Lebesgue measure set of parameters. Rychlik and Sorets [RS92], on the other
hand, obtained the continuous variation of the SRB measures, in terms of convergence in
L'- norm, for Misiurewicz parameters, which form a subset of zero Lebesgue measure. We
also would like to refer the work of Thunberg [Th01] who proved that on any full Lebesgue
measure set of parameters there is not continuous variation of the SRB measure with the
parameter.

Concerning the stability of the statistical behavior of the system in a broader perspective,
we are also specially interested in the variation of entropy. KEntropy is related to the
unpredictability of the system. Topological entropy measures the complexity of a dynamical
system in terms of the exponential growth rate of the number of orbits distinguishable over
long time intervals, within a fixed small precision. Metric entropy with respect to an SRB
measure, quantifies the average level of uncertainty every time we iterate, in terms of
exponential growth rate of the number of statistically significant paths an orbit can follow.

It is known that topological entropy varies continuously with a € [0,2] (see [MS93]).
This is not the case in what respects to metric entropy of SRB measures. We note that
the metric entropy associated to 7,, with a € H, is zero. H is an open and dense set
which means we can find a sequence of parameters (a,)nen, such that a, € H and thus
with zero metric entropy with respect to the SRB measure 7, , accumulating on a € €2,
whose metric entropy associated to the absolutely continuous SRB measure, p,, is strictly
positive.

However, we will show that the metric entropy of the absolutely continuous SRB measure
1o varies continuously on the Benedicks-Carleson parameters, a € €,,. We would like to
stress that the continuous variation of the metric entropy is not a direct consequence of
the continuous variation of the SRB measures and the entropy formula, because log(f!) is
not continuous on the interval [.

1.1. Motivation and main strategy. The work developed by Alves and Viana on [AV(2]
lead Alves [Al03] to obtain sufficient conditions for the strong statistical stability of certain
classes of non-uniformly expanding maps with slow recurrence to the critical set. By non-
uniformly expanding, we mean that for Lebesgue almost all points we have exponential
growth of the derivative along their orbits. Slow recurrence to the critical set means,
roughly speaking, that almost all points cannot have their orbits spending long periods of
time in a very small vicinity of the critical set.

Alves, Oliveira and Tahzibi [AOT03] determined abstract conditions for continuous vari-
ation of metric entropy with respect to SRB measures. They also obtained conditions for
non-uniformly expanding maps with slow recurrence to the critical set to satisfy their initial
abstract conditions.



4 J.M.FREITAS

In both cases, the conditions obtained for continuous variation of SRB measures and
their metric entropy are tied with the volume decay of the tail set, which is the set of
points that resist to satisfy either the non-uniformly expanding or the slow recurrence to
the critical set conditions, up to a given time.

Consequently, our main objective is to show that on the Benedicks-Carleson set of pa-
rameter values, where we have exponential growth of the derivative along the orbit of the
critical point § = 0, the maps f, are non-uniformly expanding, have slow recurrence to
the critical set, and the volume of the tail set decays sufficiently fast. In fact, we will show
that the volume of the points whose derivative has not reached a satisfactory exponential
rate, up to a given time n € N, decays exponentially fast with n. While the points that
up to a fixed time n € N, could not be sufficiently kept away from a vicinity of the critical
point, decays sub-exponentially with n.

Finally we apply the results on [Al03, AOTO03] to obtain the continuous variation of the
SRB measures and their metric entropy inside the set of Benedicks-Carleson parameters
Qoo

We also refer to the recent work [ACP04] from which we conclude, by the non-uniformly
expanding character of these maps, that for almost every x € I and any y on a pre-orbit
of x, one has an exponential growth of the derivative of y.

1.2. Statement of results. In the sequel we will only consider parameter values a € €2,
which are Benedicks-Carleson parameters, in the sense that for those a € {2, we have
exponential growth of the derivative of f, (&),

[(7) (fulo))| = e, Vi €N, (EG)
where ¢ € [%, log 2) is fixed, and the basic assumption is valid
| f1 (&) > e, Vj €N, (BA)

where « is a small constant. Note that {2, is a set of parameter values of positive Lebesgue
measure, very close to a = 2. (See Theorem 1 of [BC91] or [M092] for a detailed version of
its proof).

We say that f, is non-uniformly expanding if there is a d > 0 such that for Lebesgue
almost every point in I = [—1,1]

s 1 s ! i
hﬁg}fgglog‘fa (fix)] > d, (1.1)

while having slow recurrence to the critical set means that for every e > 0, there exists
~v > 0 such that for Lebesgue almost every x €

n—1

1 .
li — — log dist., (f/ 0) < 1.2
1msupnj§0 og 1sw(fa(:v), ) €, (1.2)

n—oo
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where

: r—y|l it |[x—yl <7y

dist, (z,y) = { lO | i ||x B y|| > 7
Observe that by (EG) it is obvious that &, satisfies (1.1) for all a € Q2. However, in what
refers to condition (1.2) the matter is far more complicated and one has that ¢, satisfies
it for Lebesgue almost all parameters a € €),,. We provide an heuristic argumentation for

the validity of the last statement on remark 8.2.

It is well known that the validity of (1.1) Lebesgue almost everywhere (a.e.) derives
from the existence of an ergodic absolutely continuous invariant measure. Nevertheless we
are also interested on knowing how fast does the volume of the points that resist to satisfy

(1.1) up to n, decays to 0 as n goes to co. With this in mind, we define the expansion time
function, first introduced on [ALP02]

E4z) = min{N >1: %Zlog [ (fu(z))| > d, Vn > N}, (1.3)

which is defined and finite almost everywhere on [ if (1.1) holds a.e.
Similarly, we define the recurrence time function, also introduced on [ALP02]

1 n—1 '
R (z) = min{N >1: EZ:—logdist7 (fi(x),0) <€, Vn > N} : (1.4)

=0

which is defined and finite almost everywhere in /, as long (1.2) holds a.e.
We are now able to define the tail set, at time n € N,

I't={xel: &x)>norR*z)>n}, (1.5)

which can be seen as the set of points that at time n have not reached a satisfactory
exponential growth of the derivative or could not be sufficiently kept away from &, = 0.

First we study the volume contribution to the tail set, I'?, of the points where f, fails
to present non-uniformly expanding behavior.We claim that in fact, (1.1) a.e. holds to be
true and the volume of the set of points whose derivative has not achieved a satisfactory
exponential growth at time n, decays exponentially as n goes to oo.

Theorem A. Assume that a € Q. Then f, is non-uniformly expanding, which is to say
that (1.1) holds for Lebesgue almost all points x € I. Moreover, there are positive real
numbers Cy and 71 such that for all n € N:

Mrxel: &%(z)>n} < Cre ™

Secondly, we study the volume contribution to I'?, of the points that fail to be slowly

recurrent to . We claim that (1.2) a.e. also holds to be true and the volume of the
set of points that at time n, have been too close to the critical point, in mean, decays
sub-exponentially with n.
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Theorem B. Assume that a € Q. Then f, has slow recurrence to the critical set, or in
other words, (1.2) holds for Lebesque almost all points x € 1. Moreover, there are positive
real numbers Cy and 5 such that for all n € N:

Mz el: RYz)>n} < Coe ™V,

Remark 1.1. The constants d in (1.1), €, in (1.2) ¢, a from (EG) and (BA) can be chosen
uniformly on €. Moreover, the constants C}, 7, given by theorem A and the constants
Cy, 15 given by theorem B depend on the previous ones but are independent of the param-
eter a € Q. Thus we may say that {f.},cq_ is a uniform family in the sense considered
in [Al03]. For a further discussion on this subject see section 9.

Remark 1.2. Both theorems easily imply that the volume of the tail set decays to 0 at least
sub-exponentially as n goes to oo, ie, for all n € N, A (I'?) < const e~™V"_for some T > 0
and const > 0.

The sub-exponential volume decay of the tail set puts us in condition of applying theorem
A from [Al03] to obtain, in a strong sense, continuous variation of the ergodic invariant
measures under small perturbations on the set of parameters. By strong sense we mean
convergence of the densities of the ergodic invariant measures in the L' norm.

Corollary C. Let p, be the SRB measure invariant for f,. Then Qs > a — %’fy" 8
continuous.

Theorems A and B also make it possible the application of corollary C figuring on
[AOTO3] to get continuous variation of metric entropy with the parameter.

Corollary D. The entropy of the SRB measure invariant of f, varies continuously with
a € Q.

Theorem A alone, also allows us to apply corollary 1.2 from [ACP04] to obtain backward
volume contraction.

Corollary E. For Lebesgue almost every x € I, there exists C, > 0 and b > 0 such that
(f2) ()| > Cue™, for every y € f~"(x).

[ wish to thank J.F. Alves and M.F. Carvalho for having suggested me the problem and
for fruitful conversations on the subject. I also would like to thank the referees for the
comments and suggestions that helped me to improve the present paper.

2. BENEDICKS-CARLESON TECHNIQUES ON PHASE SPACE AND NOTATION

The first thing we need to establish is the meaning of “close to the critical set” and
“distant from the critical set”, for which we introduce the following neighborhoods of
fo =0:

U, = (—e_m, e_m) , Ut =U,,_1, formeN
and consider a a large positive integer A that will indicate when closeness to the critical
region is relevant. In fact, here and henceforth, we define § = e™> and take v = § in (1.2).
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We follow [BC85, BCI1] and proceed for each point z € I as they proceeded for &y, by
splitting the orbit of x into free periods, returns, bound periods, which occur in this order.
Before we explain these concepts we introduce the following notation for the orbit of the
critical point, &, = f2(0), for all n € Ny.

The free periods correspond to periods of time on which we are certain that the orbit
never visits the vicinity Ux = (=6, ) of &. During these periods the orbit of x experiences
an exponential growth of its derivative |(f)'(x)|, provided we are close enough to the
parameter value 2. In fact, the following lemma gives a first approach to the set 2., by
stating that we may have an exponential growth rate 0 < ¢y < log2 of the derivative of
the orbit of x during free periods, for all a € [ag, 2], where aq is chosen sufficiently close to
2.

Lemma 2.1. For every 0 < ¢y < log2 and A sufficiently large there exists 1 < ag(co, A) <
2 such that for every x € I and a € [ag, 2] one has:

(1) I fule),... 57 ) ¢ Unin then |(f5) (x)] > em(+Deok
(2) I 2. fule),.... S5 @) ¢ Usiy and f5(x) € U, then | (1) (x)] > e*;
(3) . fula). ... fS(x) & Unir and f5(x) € Uy, then |(f5) (x)] > e

The proof relies on the fact that fo(x) = 1 — 222 is conjugate to 1 — 2|z|. So it is only
a question of choosing a sufficiently close to 2 for f, to inherit the expansive behavior of
fa. See [BC85] or [Al92, M092| for detailed versions. In the sequel we assume that ag is
sufficiently close to 2 so that ¢y > %

However, for almost every point x € I, it is impossible to keep its orbit away from Uax.
We have a return of the orbit of a point to the neighborhood of { = 0 if for some j € N,
fi(z) € Un = (—6,0). So a free period ends with what we call a free return. There are two
types of free returns: the essential and inessential ones. In order to distinguish each type
we need a sequence Py, P1, ... of partitions of I into intervals. We begin by partitioning
Ua in the following way:

Ly =[e7™ D emm™) ) Ih = [en™D et D) for m > A,
I, = (—e_m, —e_(mﬂ)} It = (—e_(m_l), —e_(mﬂ)}, for m < —A.
We say that the return had a depth of u € N if yu = [—logdists (f?(z),0)], which is
equivalent to say that f(x) € I,.

Next we subdivide each I,,, m > A into m? pieces of the same length in order to
obtain bounded distortion on each member of the partition. For each m > A — 1 and

k=1,...,m? we introduce the following notation
—m A(Im) —-m )‘(Im>
Lnr=|e"—k o e —(k—=1) "
Ifm,k = _[m,k > I:L’k = Iml,kl U [m,k U Img,kga

where I,,,, x, and I,,,, », are the adjacent intervals of I,,, .
The sequence of partitions will be built in full detail on section 4 but we advance the
following;:
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For Lebesgue almost every x € I, {x} = N,>own(x), where w,(x) is the element of P,
containing x. For such z there is a sequence t1, 1, ... corresponding to the instants when
the orbit of = experiences an essential return, which means I, C f¥(wy,(x)) C I}, for
some |m| > A and 1 < k < m?. In contrast we say that v is a free return time for z of
inessential type if f¥(w,(2)) C I}, for some [m| > A and 1 < k < m?, but f2(w,(z)) is
not large enough to contain an interval I,, ;, for some |m| > A and 1 <k < m?2.

Now let us see some consequences of the returns. Since

(/) ()] = H |2af](x)

Y

the returns introduce some small factors on the derivative of the orbit of x. Also if we
define for a point x € I and n € N,
1 n—1
T,(xr)=— —logdists (f)(x),0), 2.1

@=22 (fi(x).0) 21)
we note that the only points of the orbit of z that contribute to the sum in (2.1) are those
considered to be returns. To compensate the loss on the expansion of the derivative, we
will show that a property very similar to (BA) holds for the orbit of x € I which can be
seen as: we allow the orbit of x to get close to & but we put some restraints on the velocity
of possible accumulation on &y. This will be the basis of the proof of theorem A. As for the
proof of theorem B the strategy will be of different kind, it will be based on a statistical
analysis of the depth of the returns, specially of the essential returns, which, fortunately,
are very unlikely to reach large depths.

Finally, we are lead to the notion of bound period that follows a return during which the
orbit of = is bounded to the orbit of &, or in other words: if at a return the orbit of x falls
in a tight vicinity of the critical point we expect it to shadow the early iterates of &, at
least for some period of time.

Let 8 > 0 be a small number such that 3 > a, take, for example, 1072 > 3 = 2a.

Definition 2.1. Suppose « € U,. Let p(x) be the largest p such that the following binding
condition holds: . ‘
|fi(z) = &(a)| <e, foralli=1,...,p—1 (BC)
The time interval 1,...,p(z) — 1 is called the bound period for .
If p(m) is the largest p such that (BC) holds for all = € It which is the same to define

p(m) = min p(m, x),
zel

then the time interval 1,...,p(m) — 1 is called the bound period for I} .

One expects that the deeper is the return, the longer is its associated bound period.
Next lemma confirms this, in particular.

Lemma 2.2. If A is sufficiently large, then for each |m| > A, p(m) has the following
properties:
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(1) There is a constant By = By (8 — o) such that Vy € fo (Ujmj-1)

1 ‘ (7))

By —

. < B, = 0.1...,p(m) —1:
e = P o o)

(2) p(m) < 3jml;
(3) |(82) ()] 2 eI, for & I and p = p(m).

The proof of this lemma depends heavily on the conditions (EG) and (BA). It can
be found on [A192, M092]. (Look up [BC85] for a similar version of the lemma but with
sub-exponential estimates).

We call the attention for the fact that after the bound period not only we have recovered
from the loss on the growth of the derivative caused by the return that originated the bound
period, but we even have some exponential gain.

Also note that nothing prevents the orbit of a point = from entering in Ux during a
bound period. These instants are called the bound return times.

Hence, we may speak of three types of returns: essential, inessential and bound. The
essential returns are the ones that will play a prominent role in the reasoning. Let, as
before, the sequence t1, 15, ... denote the instants corresponding to essential returns of the
orbit of z. When n € N is given, we can define s,, to be the number of essential returns of
the orbit of x, occurring up to n. Let n; denote the depth of the i-th essential return. Each
t; may be followed by bounded returns at times u; j, j = 1,...,u and these can be followed
by inessential returns at times v;;, j = 1,...,v. We will write n;; to denote the depth
of the inessential return correspondent to v; ;. Note that each v;; has a bound evolution
where new bound returns may occur and although we refer to these returns later, it is
not necessary to introduce here a notation for them. There is also no need to introduce
a notation for the depths of the bound returns. Sometimes, for the sake of simplicity, it
is convenient not to distinguish between essential and inessential returns, so we introduce
the notation z; < 29 < ... for the instants of occurrence of free returns of the orbit of z.

We call the attention for the fact that t;, for example, depends of the point x € [
considered- ¢;(x) corresponds to the i-th instant of essential return of the orbit of z. So,
tiy Sny Mis Wij, Vij, Mi; and z;, should be regarded as functions of the point z € I.

The sequence of partitions P, of the set I will be such that all x € w € P, have the
same return times and return depths up to n. In fact, if, for example, ¢;(z) < n for some
r € w € P, then t; and n; are constant on w. The same applies to the other above
mentioned functions of . The construction of the partition will also guarantee that f, has
bounded distortion on each component which will reveal to be of extreme importance.

We will use A to refer to Lebesgue measure on R, although, sometimes we will write |w]|
as an abbreviation of A(w), for w C R.

3. INSIGHT OF THE REASONING

We are now in condition of making a sketch of the proofs of theorems A and B. The
following two basic ideas are determinant for both the proofs.
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(I) The depth of the inessential and bound returns is smaller than the depth of the
essential return preceding them, as we will show on lemmas 5.1 and 5.2.

(IT) The chances of occurring a very deep essential return are very small, in fact, they
are less than e™ ™ where 7 > 0 is constant and p is the depth in question. See
proposition 6.1 and corollary 6.2.

The first one derives from (BA) and (EG), while the main ingredient of the proof of the
second is the bounded distortion on each element of the partition.
In order to prove theorem A, we define the following sets for a sufficiently large n.

Ein)={zel: Jief{l,....n}, |fi(z) <e*}. (3.1)
Next, we will see that if z € I — Ey(n) then | ) (@)| > e, for some d = d(a, 3) > 0.
Let us fix a large n. Assume that z;, 7 = 1,...,~ are the instants of return of the orbit of

x, either essential or inessential. Let p; denote the length of the bound period associated to
the return z;. We set zo = 0, wether x € Ua or not; pg = 0if x ¢ U and as usual if not. We

B . 0 if n<z +p,
define ¢; = z41 — (z+p;), fori =0,1,...,y—land ¢, = n—(z+py if n>z+p
Finally, let

1—-4 1—-4
d= min{c, 3 ﬁ} —2a = 3 b — 2a. (3.2)

If n > 2z, 4+ p, then

H (o) (@] 12 (fa (@)

Using lemmas 2.1 and 2.2, we have
’(f(?)/(x)’ Z e —A+1 COZ’Y Oqle 3 ZZ o Pi > e A+1 dn 20m > edn (33)

for n large enough.
If n < 2, + p, then

(/&) ()] = !f;(fi”(fﬁ))l\(fé“(”“))’(fi”“(x))|H!(fq’) (fa P @) 12 (f ()] -

Now, by lemmas 2.1 and 2.2 together with the assumption that € I — E;(n), for n large
enough we have

() @) = L @)] 3 | (£ DY (1) eroXim me ™50 Rleom

—4
> e—anBLeco( (z.y—i—l)) COZZ p qul ﬁzz S
- 1

e—om—log Ble(d+2a)(n—1) (34)

v

6—20m ednBZan

dn

(AVARAY]

e
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Using(I) and (II) we will show that
A(Ei(n)) <e ™, (3.5)

for a constant 7 («, ) > 0 and for all n > N{ (A, 7). We consider Ny(A, «, By, d, NY) such
that for all n > NNy estimates (3.3), (3.4) and (3.5) hold. Hence for every n > N; we have
that |(f*) (z)] > e, except for a set Ei(n) of points of x € I satisfying (3.5).

We take By = (5, Upsy E1(n). Since VE > Ny

Z A (Ey(n)) < conste™ ™,

n>k

we have by the Borel Cantelli lemma that A(F;) = 0. Thus on the full Lebesgue measure
set I — Ey we have that (1.1) holds. We note that {x € I : £%(x) > k} C |, E1(n), so
for £k > N; -

AN{zel: &%x)>k}) < conste ™k
At this point we just have to compute an adequate C; = C1(N7) > 0 such that

A{zel: &%) >n}) < Cie ™, (3.6)
forallm € N.
For the proof of theorem B, we define for n € N the sets:
Es(n)={xe€l: T,(z)>¢€}. (3.7)

Note that it is the depth of the returns that counts for the sum on 7,,(z). Attending to
basic idea (I), in order to obtain a bound for 7;, one only needs to find an upper bound for
the number of bound and inessential returns occurring between two consecutive essential
returns. Using (BA) and (EG), we will show in lemma 5.3 that if ¢; is an essential return
time with corresponding depth 7;, then the elapsed time till the next essential return

situation is smaller than 5|r;|, which serves as the pretended upper bound.
Thus if we define

Sn

Faw) = _nf, (338)
i=1
we have T,,(z) < 2F,(z), from which we conclude that

A(Es(n)) < {x L Fy(x) > %} .

Fact (IT) and a large deviation argument allow us to obtain
A {x D F(x) > %} < const e V"
where 75 = 75(/3,€) > 0 is constant, which implies

Z A (Es(n)) < const e VF,

n>k
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Consequently, applying Borel Cantelli’s lemma, we get A(E;) = 0, where
Ey = (Vis1 Upsi E2(n) and finally conclude that (1.2) holds on the full Lebesgue mea-
sure set I — Ey. Observe that {z € [ : R*(x) > k} C,5; Ea(n), and thus, for all n € N,

A{zel: RYx)>n}) < Che ™V,

where Cy = Cy(12) > 0 is constant.

At this point we would like to bring the reader’s attention for the fact that most proofs
and lemmas that follow are standard, in the sense that they are very resemblant to the
ones on [Al92, BC85, BCI1, BY92, M092] (just to cite a few), that deal with the same
subject. Nevertheless, we could not find the right version for our needs, either because in
some cases they refer to sub-exponential estimates when we want exponential estimates or
because the partition is built on the space of parameters instead of the set I, as we wish.
Hence, we decided for the sake of completeness to include them in this work.

4. CONSTRUCTION OF THE PARTITION AND BOUNDED DISTORTION

We are going to build inductively a sequence of partitions Py, Py, ... of I (modulo a zero
Lebesgue measure set) into intervals. We will also define inductively the sets R,(w) =
{zl, e ,zv(n)} which is the set of the return times of w € P, up to n and a set Q,(w) =
{(m1, k1), ..., (Ma(n), ky(my) }» Which records the indices of the intervals such that f7 (w) C
[ntmi, 1= 1, <y Zry(n)-

Among with the construction of the partition we will show, inductively that for all
n € Ny

Yw € P, fr, is a diffeomorphism, (4.1)

which is vital for the construction itself.
For n = 0 we define

Po={[-1,-6), [0, 1]} U {Lpy : Im| > A, 1 <k <m?}.

It is obvious that P, satisfies (4.1). We set Ry ([—1, —0]) = Ro ([0,1]) = 0 and Ro(lmx) =
{0}.

Assume that P,_; is defined, satisfies (4.1) and R,_1, Q,_1 are also defined on each
element of P,_;. We fix an interval w € P,_;. We have three possible situations:

(1) If Ry1(w) # 0 and n < zy(u—1) + p(My(n—1)) then we say that n is a bound time for
w, put w € P, and set R, (w) = Ry—1(w), Qn(w) = Qn_1(w).

(2) If Ryoi(w) = 0 or n > zype1) + p(Mym-1)), and f2(w) N Ua C Ing Ul Ay,
then we say that n is a free time for w, put w € P, and set R,(w) = R,_1(w),
Qn(w) = Qn-1(w).

(3) If the above two conditions do not hold we say that w has a free return situation
at time n. We have to consider two cases:

(a) f*(w) does not cover completely an interval I, x, with |m| > A and k =
1,...,m% Because f" is continuous and w is an interval, f"(w) is also an
interval and thus is contained in some I, for a certain [m| > A and k =

1,...,m?, which is called the host interval of the return. We say that n is an
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inessential return time for w, put w € P, and set R,(w) = R,_1(w) U {n},
Qulw) = Q1 (@) U {(m, k)}.

(b) f™(w) contains at least an interval I, with |m| > A and k = 1,...,m? in
which case we say that w has an essential return situation at time n. Then we
consider the sets

w;n’k = f."(Umi)Nw for Im| > A

Wy = F75) N
W= (10 N

and if we denote by A the set of indices (m, k) such that w;, , # () we have

o= = U whse (4.2)

(m,k)eA

By the induction hypothesis f;'|, is a diffeomorphism and then each wy, , is
an interval. Moreover fi'(w), ;) covers the whole I,,, i except eventually for the
two end intervals. When f;*(w;, ) does not cover entirely I, 5, we join it with
its adjacent interval in (4.2) and get a new decomposition of w — {f,"(0)} into

intervals wy, ; such that

Iy C fc?(wmk) - ]7:,/%7

when |m| > A.

We define P, by putting w,, » € P, for all indices (m, k) such that w, # 0,
with |m| > A, which results on a refinement of P,,_; at w. We set R, (wm 1) =
R,_1(w)U{n} and n is called an essential return time for w, . The intervals
I;’k is called once more the host interval of wy, and Qn(wm i) = Qn(w) U
{(m,k)}.

On the eventuality of the set wa_j a—1)2 being not empty we say that n is a
free time for wa_1,(a—1)2 and R,(wa—1,a-1)2) = Rn-1(w), Qn(wa—1,a-1)2) =
@Qn—1(w). We proceed likewise for wy_a a-1y2.

To end the construction we need to verify that (4.1) holds for P,. Since for any interval
JCI

fr s is a diffeomorphism

0¢ fa(J)

all we are left to prove is that 0 ¢ f(w) for all w € P,,. So take w € P,. If n is a free time
for w then we have nothing to prove. If n is a return for w, either essential or inessential,
we have by construction that fJ'(w) C I}, for some |m| > A, k = 1,...,m* and thus
0 ¢ f(w). If nis a bound time for w then by definition of bound period and (BA) we

} = [, is a diffeomorphism,
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have for all z € w

@) = £ O =) — £ o)

> e_a(n_z'y(nfl)) — e_lg(n_z'y(nfl))

> e~ a(n=zy(n-1)) (1 _ 6—(5—04)(”—27(%1)))
> (0 since f—a > 0.

Now we will obtain estimates of the length of | f7(w)].

Lemma 4.1. Suppose that z is a return time for w € P,_1, with host interval I;hk Let
p = p(m) denote the length of its bound period. Then

(1) Assuming that z* < n — 1 is the next return time for w (either essential or
inessential) and defining ¢ = z* — (2 + p) we have, for a sufficiently large A,

|fi (w)| > et f2(w)] > 2] fZ(w)].
(2) If z is the last return time of w up to n — 1 and n is either a free time for w or a
return situation for w, then putting g = n — (z + p) we have, for a sufficiently large

A?
(a) [ fa'(w)] = eoam D el=2Dlml| f2(0)|
(b) |fr(w)| > ec0d=(AFtDe=56Iml 4 > is an essential return.
(3) If z is the last return time of w up to n — 1, n is a return situation for w and
fi(w) C Uy, then putting g = n — (z + p) we have, for a sufficiently large A,
(a) [fo(w)| = ewtel M| f2(w)]| > 2| fZ(w)|;
(b) |fM(w)| > e@te=Iml if » is an essential return.

Proof. By the mean value theorem, for some ¢ € w,

@) = | () FHO| 1)
Using lemma 2.1 part 2 and lemma 2.2 part 3 we get

@) = [ (S22 U2 (F2O)] 12 ()]
%ecoqe(l—w)\m\ |2 (w))|

%eﬁlmlemqe(l—wnm\ | £7(w)]

> 2e09e=PAIml | £2 ()| |

VARV

if A is sufficiently large in order to have %emm' > 2.

Note that part 3a is proved. To demonstrate part 1 it is only a matter of using lemma
2.1 part 2 instead of 3, while for demonstrating part 2a one has to use lemma 2.1 part 1
instead.
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For obtaining 3b observe that because z is an essential return time I,,,;, C fZ(w) which
implies A\(fZ(w)) > 62;:;‘ and so

[fa ()] = gellmleconet=s0ml | £2 ()]

_ — Blm|
> 08 (1=5B)m] o —lm| 2717

5m

> ecoqe—5,8\m\ :

if A is large enough.
The same argument can easily be applied to obtain part 2b. O

Lemma 4.2 (Bounded Distortion). For somen € N let w € P,,_1 be such that f'(w) C Uy.
Then there is a constant C(5 — «) such that for every z,y € w

n\/
Y@,
[(72) (v)
Proof. Let R,_1(w) = {#1,...,2y} and Q,_1(w) = {(m1,k1),...,(m,, k,)}, be, respec-
tively, the sets of return times and host indices of w, defined on the construction of the
partition. Note that for i = 1,...,7, fZ(w) C I, .. Let oy = fii(w), pi = p(mi),

z; = fi(z) and y; = fi(y).
Observe that

Y@ |l ]l T =y
& ey 1L Sg(” )

Hence the result is proved if we manage to bound uniformly

n—

S:Z xjfyj ‘

1
=0 Yj

<

For the moment assume that n < z, +p, — 1.
We first estimate the contribution of the free period between z,_; and z, for the sum §

zg—1 zg—1
“ ; - o
J=%2q—1+Pk—1 Yi J=2q—1+Dk-1
For j = z4—1 + pr—1,- -+ , 24 — 1 we have

Nog) = |fi () = [ (y))]
= ’(qu_j)/(o! - |xj — y;|, for some ¢ between z; and y;

Z eCO(Zq_j)|Ij — yj|7 by Lemma 2.1
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and so

zq—1

—colza—i) M)
co(2q—7) VAT 9
> 5

IN

j_Zq 1+Pk—1

—cj mq /\(Uq)
< Ze ‘)\(Imq>

Aoy)
< ap- —)\(Imq)

for some constant a; = a1 (c).

The contribution of the return z, is

Aoy < Aoy)

xzq - yzq .
= ema-2 = 127X

Yzq

where a5 is a constant.

Finally, let us compute the contribution of bound periods

pg—1 T L y )
B — Zq+] Zq+]
q ]z:; yzq—i-j
We have that
Toyti = Youri)l = (1) ( )| |qu yzq| for some ( between z., and y.,
= ‘( )‘ ’xzq yzq‘
= \(ff Y (Fa(O)] - 2a|<°| 22y = ¥,

< Bil(fi” 1)( D) 2ae7 M A (o).
On the other hand, we have

Yeprs — &l = 127 O] Y201 — &4

for some 6 € [y.,11,&]. Noting that [y, 11,&] C fa <U|:1q|), we apply Lemma 2.2 and get

s =6 2 I E] e — &
- Ly
B%ng_l) (€1)] - 2ae~2mal4,

A%
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Combining what we know about |z, 1; — v.,+;] and |y. 4+; — &;| we obtain

ety = Yogti| Tt — Yol Y — &
|yzq+j| |yzq+j - 6]’ ‘yzq+]’|
5
€_|mQ| |yzq+J|
< Bi.¢. Aog) . ‘?% :
MIp,) e —e P
since . .
|yzq+j| > |€J| - ‘yzq+j - €J| > e — 6_6]‘
Clearly,
s e—Bi
Z i — o—Bj <0
7j=1
and so Ao
o
B, <as- 4
=" Ny

for some constant a3 = az(a — ).
From the estimates obtained above, we get

v
Ao

S§a4-z/\((l Q)), where a4 = ay + as + as.
q=0 Ma

Defining ¢(m) = max{q : m, = m} and using the fact that A\(o,4+1) > 2A\(0,) (lemma
4.1 part 1), we can easily see that

Z )\(Oq) < 2)\(0q(m)),

{q:mq:m}
and so .,
Z )\(O'q) ]. Z )\ 0' 2A<0-q(m))
2) < _—
Since
Mogm) _ 10
AMI,) — m?’
it follows that 2( 1
Uq“" 20) —
=i )\( =4 m2

which proves that S is uniformly bounded .
Now, if n > 2z, 4+ p, we are left with a last piece of free period to study:

Fopg = Z

J=2y+Dpy

Tj—Yj
Y
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We consider two cases. On the first one we suppose that | f(w)| < e722. Proceeding as
before we have for j = z, +p,,...,n — 1,

Aow) > a7 (5) = £277 (y5)]
= ‘(f”_j)’(gﬂ - |x; — y;], for some ¢ between z; and y;
> e_(A+1)eC°("_j)|xj —y;|, by Lemma 2.1 part 1.
So,

n 6AJrlefco(nfj)/\(O.n)

J

F’H—l <

J=2y+py

n
< E : 62A+lefco(nfj)672A

J=zy+py

o0
<e E e < as,
j=1

where a5 is constant.
On the second case we assume that |f*(w)| > e 22. Let ¢; be the first integer such that
Q1 > 2y + Dy, [P (w)] > e 22, From the previous argumentation we have that
‘ (f&) (x)
(fa") ()
At this point we consider the time-interval [q1, go — 1] (eventually empty) defined to be the
largest interval such that i € [¢1,¢q2 — 1] = y; ¢ U;. Then, using lemma 2.1 part 3 (here
we use for the first time the hypothesis f(w) C Uy),

<C.

q2—1 |.77 o yl q2—1 q2—1
Yo <edy lm—m <3 der I fr(w)
=q1 | Yi | 1=q1 =q

)
15 § —ci
§ o € S ag,
i=1

where ag is a constant.
If g = n the lemma is proved. Otherwise writing:

‘(f?f)’(%‘) (fa— ") (q,) ‘(fé”)’(x)
Y@ (e ™) (yg) |1 () ()
we observe that in order to obtain the result we need only to bound the first factor. We
do this considering again two cases:

1. x4 > 3. Then since |y,| < e™! (by definition of ¢;), we have |24, — yg| > 15
Therefore by lemma 2.1 part 3

Y

decolnmm) L < | (W) < 1,
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which implies that n — g» < 2log (£) (remember that by hypothesis ¢ > 2).
Attending to the facts: |(fI'=%)(z4,)| < 4" % and |(f7792) (yq,)| > 2™~ %) we have

’ (fa—®) (24,)
(fa™ ™) (Ya2)

< ar,

for some constant a;.
2. x4, < 5. We can write (see Lemma 2.2 of [A192] or Lemma 3.3 of [M092] for details)

‘(fff_”)'(xqz) _ L‘( i) (hH(zg,))
(fa™ ") (Ygn) (fa ") (h " (yg))

I — 1_( gti(‘Te‘&)P 1_ng §
1 —a2 1 — (fa 2(yg))? Vl—e =T

h:[-1,1] — [~1,1] is the homeomorphism that conjugates fo(z) to the tent map 1 — 2|z|
and g, = hlo fa o h.
For the second factor, we have (see Lemma 3.1 of [M092] for details)

(R

Note that | & (w)| > e and ze@™= )| fa(w)| < [f™(w)] < 1, from which we conclude
that n — go < n — ¢ <4A. So if a is sufficiently close to 2 in order to have

R

Y

where

then
‘ (fa= ") (2g,)

8
<=,
(fa ™) (Yg) | — 3

5. RETURN DEPTHS AND TIME BETWEEN CONSECUTIVE RETURNS

On this section we justify the preponderance of the depths of essential returns over the
depths of bound and inessential returns, stated on basic idea (I). We also get an upper
bound for the elapsed time between two consecutive essential returns.

As we have already mentioned, there are three types of returns: essential, bounded and
inessential, which we denote by ¢, u and v respectively. Remember that up to time n,

the essential return that occurs at time t; has depth n;, for ¢ = 1,...,s,; each ¢; might
be followed by bounded returns w;;, j = 1,...,u and these can be followed by inessential
returns v; ;, j = 1,...,v.

The following lemma states that the depth of an inessential return is not greater than
the depth of the essential return that precedes it.



20 J.M.FREITAS

Lemma 5.1. Suppose that t; is an essential return for w € Py, with Ly, C fii(w) C I}, .
Then the depth of each inessential return occurring on v, ;, j =1,...,v is not grater than

;-
Proof. By lemma 4.1 part 1 we have

/\{f:” (w)} > 2j/\ {fil(w)} > 2j)‘ (Im,ki>
Thus,
e (1 —et)
R
But, since v;; is an inessential return time we must have fa? (w) C Iy for some

m > A, then out of necessity: m < n;, because fo"’(w) is too large to fit on some I,  with
m > ;. U

M W) = Mk =

On the next lemma, we prove a similar result for bounded returns.

Lemma 5.2. Let t be a return time (either essential or inessential) for w € Py, with
fi(w) C Iy Let p = p(n) be the bound period length associated to this return. Then, for
all x € w, if the orbit of x returns to Upn between t and t + p, then the depth of this bound
return will not be grater than n, if A is sufficiently large.

Proof. Consider a point x € w. We will show that if A is large enough then | fi*7 (z)] > ™",

vjie{l,...,p—1}
|F1D] = | £ ()] < | £ () = F1()] < e

which implies that

!f;ﬂ(l”)‘ > |fg(1)} — e hi BZ e~ — P > gm0 (1 _ e(a—ﬁ)j)
> e (1 — e since a — <0

e (1 — elap

e~ 3o (1 — e(o‘_ﬂ)) , since p < 3n by lemma 2.2

e~ if we choose a large A so that 1 — e®™# > ¢~
e since a < 1

4

v

(BA)

)
)

since j < p

AVARY]

v

U

The next lemma gives an upper bound for the time we have to wait between two essential
return situations.

Lemma 5.3. Suppose t; is an essential return for w € Py, with I, C fli(w) C [;k
Then the next essential return situation t; 1 satisfies:
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Proof. Let v;; < ... < v;, denote the inessential returns between t; and ¢;;;, with host
intervals I\ ;15 Ly ki, s TESPectively. We also consider v;o = ti; vipq1 = tig1; for
j=0,...,0+1,0;= fi"’(w); and for j =0,...,v, ¢; = v; j+1 — (vij +p;), where p; is the
length of the bound period associated to the return v, ;.

We consider two different cases: v =0 and v > 0.

(Hv=0

In this situation ¢;,7 — t; = pg + qo. Applying lemma 4.1 part 2b we get that
|O’1| > e~ 3BImil ceogo—(A+1)
Attending to the fact that || < 2 we have
cogo < 1+58[m| +A+1

3 2
g0 < 88|ni| + §A + 3, since ¢y > 3

3
qo < 96|n;| + iA’ for A large enough so that 3|n;| > 3.

Therefore,
lit1 —ti =Ppo+ Qo
< 3|mi| +98[m:| + ;A
< A|n;| + A, since 96 < %
< 5|mil.
(2)v>0

In this case, t;41 —t; = Z;ZO (pj +q;). We separate this sum into three parts and control

each separately:
v—1 v—1
=t (S o) b
j=1 =0

(i) For py we have by lemma 2.2 that py < 3|n;|.
(ii) By lemma 4.1 we get

|0.1| Z ecoqoe—5ﬁ\m| and M Z BCOqj€(1_5ﬁ)|m’j|7
|
for j=1,...,v— 1. Now, we observe that p; < 3|n, ;| < 4(1 —508)|n; ;| and g; < 4cpq;, for
all 7 =0,...,v. This means that controlling the second parcel resumes to bound

—_

v—

v—1
(1 =58)[mis] + D cog. (5.1)
=0

1

J
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We achieve our goal by noting that (5.1) corresponds to the growth rate of the size of the
o;’s, which cannot be very large since every o;, j = 1,...,v is contained in some I,,, , C Ua.
Writing

|<7j+1\
|0j| 7

v—1
oo = [on T ]
7j=1

and taking into account that o, € I, k., with |n;,] > A and thus |o,| < e it

follows that

1,07

v—1 v—1
exp {—55|77¢| + Zcoq]' + Z(l - 55)|77i,j|} <exp{—(A+1)}

=0 j=1

and consequently

v—1 v—1
> @ =58)misl + > coqy < 5Blmil — (A+1)
j=1 J=0

(iii) For the last term p, + ¢, we proceed in a very similar manner to what we did in the
case v = 0. By lemma 4.1we have

[Tut1] o o= (A1) (1=18) il > peote—(A+1) (A=5B)lml
low| N

From part 1 of the referred lemma 4.1 we have |o,| > 2v7Y oy > |0y, from which we get

g
2> o] > [oy 12

|0
and consequently
exp {—=50]mi| + coqy — (A +1) + (1 = 50) ||} < €87
implying
coqu + (1 = 58)[min] <A+ 2+ 58[n.

Joining the three parts we get
v—1 v—1
=t (S )+t
j=1 5=0

v—1 v—1
<pot+4 {Z(l = 58)Imigl + Y cogj + cogu + (1 — 55)|77i,v|}

=1 =0

<3| +4{58ni| — (A+1) + (A+1)+ 1+ 58|nl}
< 3|ns| +408|n;| + 4

< 4.
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6. PROBABILITY OF AN ESSENTIAL RETURN REACHING A CERTAIN DEPTH

Now, that we know that only the essential returns matter, we prove that the chances of
occurring very deep essential returns, are very small. In fact, the probability of an essential
return hitting the depth of p will be shown to be less than e~ with 7 > 0.

We must make our statements more precise and we begin by defining a probability
space. We define the probability measure \* on I by renormalizing the Lebesgue measure
so that A*(I) = 1. We may now speak of expectations E(-), events and their probability
of occurrence.

For each z € I, let s,(x) denote the number of essential returns of the orbit of x between

land n, let 1 <t < ... <t;,, < n be the instants of occurrence of the essential returns
and let ny,...,ns, be the corresponding depths. Given an integer s < n and s integers
p1,-- -, Ps, each greater than or equal to A, we define the event:
A;1,...,ps(n) = {x €l : sy(x)=s and |fé'(a:)‘ el, ,Vie{l,.. .,s}}.
Proposition 6.1. If A is large enough, then
18 s
)\ (Azl’ s ( )) S e 2 Zz:lpz

Proof. Fix n € N and take wy € Py. We denote by w; = w, k1)...(n:,k,) the subset of wy
belonging to P, that satisfies

fh(w;) C ]Jr I Vie{l,...,i—1} and I, 4, C fhi(w) C I;:lﬁ

Jws|

|Wo|

| H [wi H Jwi where ©;_y = w;_1 N £, (U))

|wol jwioa] T @il

Our next step is to estimate

i ti(,,.
< H CM, by the mean value theorem and lemma 4.2

S 5 o—Inil
5e
<1|C 77—5T771|’ by lemma 4.1 part 3b and definition of w;
L1 e 30mi-
< (H g) ePBInol o= (1=58) 327, mil
1 T
=1

Observe that if @; 1 # w;_; then, because we are assuming that w; # 0, A (fX(©;_1)) >
et —e 8 > el for large A. When wy = I, for some |m| > A and 1 < k < m?,
we consider 79 = m. On the other hand, if wy = [-1, —J) or wy = (J, 1], then t; = 1 and
|fi(wo)| = a(1 — 6%) > 1, for large A, so we can take 1y = 0 on these cases.

Now, the number of components in Py, of the form wgy, k)., for which |n| =
P1,- -, |ns| = ps is at most 25p% - -+ p2.

Having these in mind, we are able to write:
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A (AZL P (n)) (HQ ) (H 5;)0> —(1-58) 325, pi Z Al ||

=1 "t wo€Po

< (100)86—(1—55)Zlem 2(1—68) + Z £55m0 &= mol

Imo|=>A
< 3(10C)%e~ 130 2izPi - for A large enough
S 67# Zf:l Pi,
where the last inequality results from the fact that sA < >~7 | p; and the freedom to choose
a sufficiently large A. O

Fix n € N, an integer s < n and another integer j < s. Given an integer p > A, consider
also the event

Ar(n)={z el : s,(x)=s and |fii(z)| €1,}
Corollary 6.2. If A is large enough, then

, 1-5
N (AP(n)) <e 2 °
Proof. Since A%*(n) =, > A

Pips i1 (1), then by proposition 6.1 we have
i%5

1-58
as long as A is sufficiently large so that 3 7% \e” 2 " < 1. O

Remark 6.1. Observe that the bound for the probability of the event Agﬁs(n) does not
depend on the 57 < s chosen.
7. CONCLUSION OF THE PROOF OF THEOREM A
According to section 3 to finish the proof we only need to show that
A(Ei(n)) <e ™ ¥n> Ny

for some constant 7 («, ) > 0 and an integer Nf = Ny (A, 7).
In order to accomplish this we define the following events:

As(n)={zel: sy(x)=sand Ije{l,....s}: |fi(z)] € ,},
forﬁxednEN,sgnandpzA;
Ay(n) = {x € I:3t <n:tis essential return time and |f(z)| € I,},
for fixed n and p > A.
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Now, because A?(n) = (J5_; A%*(n), by corollary 6.2, we have

i : 1-53
A (A3(n)) <D N (Al (n)) <se” 2 P (7.1)
j=1
Observing that A,(n) = J,_, 45(n), then by (7.1) we get
- S\ _1-58 (nt1) _1=58
N (Ap(n) <D N (A3n) < se 2 p <, (7.2)
s=1 s=1

Since we know, by lemmas 5.1 and 5.2, that the depths of inessential and bound returns
are not greater than the depth of the essential return preceding them we have, for all
n > N, where V] is such that aN] > A,

Ein)={xel: Jie{l,...,n}, |filx)l <e "} C | An),

p=an
_ 1-58
and consequently, for 7, = >«
o 1-58

N (By(n)) < M N " om0

p=an
const - Mtl g=2mn

2

for n > Ny, where Ny is such that Ni > N| and for all n > N} we have

n(n—l—l)e

const hn <. (7.3)

8. CONCLUSION OF THE PROOF OF THEOREM B

As referred on section 3, we are left with the burden of having to show that for all n € N,
N{Bs(n)} < \* {z  Fo(z) > %} < e VR

in order to complete the proof.

We achieve this goal, by means of a large deviation argument. Essentially we show that
the moment generating function of v/F}, is bounded above by 1; then we use the Tchebychev
inequality to obtain the desired result.

Lemma 8.1. For 0 <t < % and a sufficiently large A we have that E (etm> <1.
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Proof.
B(eVF) =B (VERT) = 3T VIR ()
p1 ..... S

< Z etV i1 P} e_?’tzl':lpi, by proposition 6.1
5,(P15e-5P5)

S Z et Zf:l Pi€*3t Zf=1 Pi
S’(pl 7777 pg)

<Y (s, Rye ™,
s,R

where ((s, R) is the number of integer solutions of the equation x; +...+xs = R satisfying
x; > A for all 7.
We have

—1
((s, R) < #{solutions of 1 + ...+ 2, = R,z; € No} = <R—|—sl )
S_

By the Stirling formula, we have
1
V2rmm™e ™™ < m! < V2rmm™Me™™ (1 + 4—)
m

which implies that
(R+s— 1)1
RE(s — 1)1

R+s—1
s—1
So, if we choose A large enough we have

> < const

1 s—1\ R
((s;R) < <ConstR (1+ =34 (1+ &) R> < R,

The last inequality derives from the fact that sA < R, and so each factor on the middle
expression can be made arbitrarily close to 1 by taking A sufficiently large.
Recovering where we stopped,

E ( etm> < Z IR 2R
s,R
R _ir
< Z N because sA < R

<1, for A sufficiently large.

Now, observe that, for all n € N

A { By (n )}<)\*{x F, >%}:)\*{x:\/m> %}
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so we only need to find an upper bound for the last probability. If we take ¢ = % then
we have

A" (\/Fn > V%) < VI E <etm) , by Tchebychev’s inequality
< e_t\/?, by lemma 8.1.

Thus, \*{F(n)} < e~V = eV where 1 = (6, €) =

~~
B
m

Remark 8.1. The problem of obtaining only sub-exponential volume decay of Ey(n) is due
to the fact that we can only bound the moment generating function of v/F, and not the
moment generating function of F},. This is connected to our inability of providing a better
bound for the time spent by the orbit of a point x € I inside Up, between two consecutive
essential returns. Any attempt on improving the result of lemma 5.3, resulted again on a
bound of order 7 (yn for a positive small constant «y), where n > 0 stands for the depth of
the first essential return considered. We note that, for example, the length of the bound
period following the first essential return is also of order 7, so it seems hopeless to obtain
a significantly tighter bound for 7,, than 2 Y7  7? that we used on the proof.

n

Remark 8.2. Since the growth properties of the space and parameter derivatives along
orbits are equivalent (see lemma 4 of [BC85| or lemma 3.4 of [M092]), it is possible to
build a similar partition on the parameters as Benedicks and Carleson ([BC85, BC91])
did when they built Q.. Then, using the same kind of arguments of sections 6 and
8 it is not difficult to bound, on a full Lebesgue measure subset of €2, the value of
SF.(&) = 237 n?, where 1; stands for the depth of the i-th essential return of the orbit
of &. In fact, when Benedicks and Carleson ([BC85]) computed the distribution of the
returns they managed to control %Zle n;, for Lebesgue almost all parameter a € .
If one remembers that they accomplished this with sub-exponential estimates e~ "V7 for
the probability of occurrence of an essential return hitting the depth 7, it is not hard
to convince ourselves that it is also possible to control %Fn(ﬁo) having the exponential
estimate e~7" for the depth probability and thus obtain the validity of condition (1.2) for
the critical point &y, on a full Lebesgue measure subset of (2.

9. UNIFORMNESS ON THE CHOICE OF THE CONSTANTS

As referred on remark 1.1 all constants involved must not depend on the parameter
a € (). Because there are many constants in question and because they depend on each
other in an intricate manner we dedicate this section to clarify their interdependencies.

We begin by considering the constants appearing on (EG) and (BA) that determine the
space €, of parameters. So we fix ¢ € [%, log2] and 0 < a < 1073,

Then we consider § > 0 of definition 2.1 concerning the bound period, to be a small
constant such that o < 3 < 1072. A good choice for 3 would be considering that 3 = 2a.

Afterward we fix a sufficiently large A such that we have validity on all estimates through-
out the text. Most of the times the choice of a large A depends on the values of a and
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(. Note that at anytime does the choice of a large A depends on the parameter value
considered.

After fixing A we choose % < ¢g < log2 (take, for example, ¢y = ¢), and compute ag
given by lemma 2.1 and such that (4.3) holds. Note that this might bring some contraction
on the set of parameters since we will only have to consider parameter values on ., N[ag, 2]
which still is a positive Lebesgue measure set. If necessary we redefine Q. to be 2.Nlao, 2].

Finally, we fix any small € > 0 referring to (1.2) and explicit the dependence of the rest
of the appearing constants on the table below

Constant | Dependencies Main References
d a, B (1.1) and (3.2)
y A section 2
T1 a, 3 theorem A and section 7

1* A, 1 (73)

Ny A, a, By, d, Ny section 3
C, Ny, 71 theorem A and (3.6)
Ty 0, € theorem B and section 8
Cy Ty theorem B and section 3
By a, B lemma 2.2
C a, lemma 4.2

TABLE 1. Constants interdependency

In conclusion, all the constants involved depend ultimately on «, 3, A and €, which

were chosen uniformly on Q.,, thus we may say (fu)ecq., is a uniform family in the sense
referred on [A103].
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