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Physical measures



Physical measures

Let f: M — M be defined on a Riemannian manifold M with Lebesgue measure m.
An f-invariant probability measure p on the Borel sets of M is called a physical measure
if, for a positive m measure set of points x € M,

1 n—1 .
" 'Zo: i) ni—cxj s (%)
=

or equivalently, for all continuous ¢ : M — R

im_ 23 p(7(x) = [oan

n—+oco N

We define the basin of u as
B(p) = {x € M: (%) holds}

Exercise 1.1

Show that the mean of the Dirac measures supported on the points of an attracting
periodic orbit is a physical measure.




Absolutely continuous measures

Proposition 1.2

Let M be a compact metric space and f : M — M a Borel measurable map. If p is an
ergodic f-invariant probability measure, then the basin of 1. covers p almost all of M.

See Proposition 2.12 in [Alves 2020] for a proof.

Exercise 1.3

Prove Proposition 1.2.
Hint: use that C°(M) has a countable dense subset and Birkhoff Ergodic Theorem.

Corollary 1.4

Any ergodic absolutely continuous (wrt Lebesgue measure) invariant probability measure
is a physical measure.

Remark 1.5
A physical does need to be ergodic [Mufioz-Young, Navas, Pujals, and Vésquez 2008].




Toy model I: Doubling map

Consider f : S — S given by

f(x) =2x (mod 1).

It is clear that f preserves the length of intervals, and so (...)
f preserves the Lebesgue (length) measure m on the Borel sets of S*.

Exercise

Show that m is ergodic.
Hint 1: Use Fourier series and the fact that f is ergodic iff for all ¢ € L?(m)

pof =¢ = ¢ = const.

Hint 2: Use that any interval becomes the whole interval after a finite number iterates, the fact
that f preserves proportions and Lebesgue Density Theorem.




Toy model Il: Solenoid attractor

Consider the unit disk D C C, the map
F:S'x D — S x D given by

F(t,z) = <2t(mod 1), % + %GZﬂ'it

and the attractor

n>0
Some well-known facts:
@ A is a uniformly hyperbolic set; F
. s A — A
@ each x € A has a stable disk °(x) and an unstable

disk v“(x);

@ there exists a unique F-invariant ergodic probability st s st
measure u such that m.u = m.




Some more facts:

(1) A'is foliated by unstable manifolds;

(2) the conditionals of p on unstable disks are equivalent to the conditionals of
Lebesgue measure on those disks;

(3) for any continuous ¢ : A — R and any £ € +*(&)
n—1

lim fZgi) (F/(§) = lim %Zcﬁ(Fj(&))
j=0

(4) the stable foliation is absolutely continuous.

It follows that

1 ergodic supported on A
| (1)+Prop 1.2
fu almost every point in an
unstable disk v belongs in B(u)
L)
myu almost every point in an
unstable leaf v belongs in B(u)
I (3)+(4)

14 is a physical measure



Rohlin disintegration

Let X be a compact metric space, 3 the o-algebra of Borel sets and ;1 a Borel probability
measure. Given a partition PP of X into Borel sets, let w: X — P assign to each x € X the
element w € P such that x € w. Consider the probability measure space (P, m«P, T« ), where

P ={QCP: 7 Q) c B}

and m.u is given by

map(Q) = p(r~1(Q)), forall Q € m.P.
A disintegration of p with respect to the partition P is a family {uw }ep of probability
measures on X such that

@ pu(w) =1, for mep almost every w € P;
@ given any continuous ¢ : X — R, the function P 3 w — [ ¢du. is measurable and

oo [ (o) o

We refer to the measures p,, as the conditional measures of p with respect to P.

Every Borel probability measure has a disintegration with respect to any measurable partition.

Theorem 1.6 (Rohlin 1952) J

A partition P into Borel sets is a measurable partition if there is a sequence (E,), of Borel sets
and Xp C X with full © measure such that, for all w € P,

wNXo=XoNEfNE;yN---,

where each E;¥ is either E, or its complement X \ Ej.



Lyapunov exponents
Let f : M — M be a diffeomorphism of a smooth manifold M.
Given x € M and v € TyM, set
. 1 n
Alx,v) = n~I>I$oo - log || DF"(x)v||,

if these limits exist and coincide.

Theorem 1.7 (Oseledec 1968)

Let f preserve an invariant probability measure p. There exist measurable functions \; and a
Df -invariant splitting TxM = @®;E;(x) with A(x,v) = X\;i(x) for u almost every x € M and every
v € Ei(x). In addition, if p is ergodic, then \; and dim(E;) are constant p almost everywhere.

Each \; is called a Lyapunov exponent of f (with respect to p). The regular set R C M is the
set of points for which the Lyapunov exponents are defined.

Theorem 1.8 (Pesin 1976)

If x € R has at least one positive Lyapunov exponent, then there is a small disk v"(x) C M
tangent to ®x,>oE;j(x) such that for all y € v"(x)

1
lim sup - logd(f~"(y), f~"(x)) < 0.

n—oo

~v¥(x) is called an unstable disk of x € R. A stable disk v°(x) can be obtained similarly for a
point x € R with at least one negative Lyapunov exponent.
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SRB measures

Assume x € R has at least one positive Lyapunov exponent.
We define the unstable manifold of x

Wi(x) = [J (" (F"(x)).

n>0

A measurable partition P of a set X C M is said to be subordinate to unstable manifolds
if f has at least one positive Lyapunov exponent u almost everywhere and, for 1 almost
every x € X, the element of P containing x is a subset of W"(x).

A probability measure p is called a Sinai-Ruelle-Bowen (SRB) measure if, for any
measurable partition P subordinate to unstable manifolds, the conditionals {jw }wer

of u are absolutely continuous with respect to the conditionals {m., }..e» of the Lebesgue
measure m.

11



Absolute continuity of the stable foliation

Given embedded disks D, D’ C M intersecting

transversally a set {7°(x)}« of stable disks, v (@)
define the holonomy map

h:UA (x)ND — U (x)ND’ D
assigning to z € v°(x) N D the unique point in v*(x) N D’.
h(z
The stable foliation is called absolutely ) D'
continuous if for any A C |J,7°(x) N D, we have
mp(A) =0 < mp/(h(A)) =0.

Theorem 1.9 (Pesin 1976)

Let f : M — M be a C? diffeomorphism having all Lyapunov exponents nonzero with
respect to an ergodic invariant probability measure . Then the stable foliation is
absolutely continuous.

Corollary 1.10

Every ergodic SRB measure with non-zero Lyapunov exponents is a physical measure.

12



Existence of SRB measures
Endomorphisms:
@ Uniformly expanding [Krzyzewski and Szlenk 1969]
@ Quadratic [Jakobson 1981]
@ Viana [Alves 2000]
@ Nonuniformly expanding [Alves, Bonatti, and Viana 2000; Pinheiro 2006]
@ Partially hyperbolic [Tsujii 2005]
Diffeomorphisms:
@ Anosov [Sinai 1972; Bowen 1975]
Axiom A [Bowen and Ruelle 1975; Ruelle 1976]
Hénon [Benedicks and Young 1993]
Partially hyperbolic EY @ E [Pesin and Sinai 1982; Bonatti and Viana 2000]

Partially hyperbolic E<“ @ ES [Alves, Bonatti, and Viana 2000; Alves, Dias, Luzzatto, and
Pinheiro 2017]

@ Nonuniformly hyperbolic [Climenhaga, Luzzatto, and Pesin 2021; Ben Ovadia 2021]
Methods:

@ Lebesgue iteration

@ Markov partitions

@ Inducing schemes
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Decay of correlations
The correlation of observables p,9: M — R is defined as

Coru(p, 9o f") = ‘/w(wof”)du—/@du/wdu'~

Assuming Cor,(p,1 o f") — 0 for ¢ and v characteristic functions of Borel sets, we
obtain the usual notion of mixing:

u(ANF"(B)) = p(A)u(B).

We are interested in rates at which Cor, (¢, o f") converges to zero with n.
In general, we need some regularity of the observables.

Remark 1.11

In some cases, p is equivalent to Lebesgue measure m. Assuming m normalised and
taking ¢ = dm/dpu, we have

Coru(pyro ") = ‘ [utrdm- [ wdu‘-

So, the decay of Cor, (g, o f") gives information on the speed at which the
push-forwards f.’m approach the physical measure p.

The push-forward is defined as £,"/m(A) = m(f~"(A)), for any measurable set.A.
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Other statistical properties

Here, we will use Young Towers to obtain Decay of Correlations for SRB measures of
some specific classes of dynamical systems. The same approach has been used to deduce
other statistical properties of those systems:

Central Limit Theorem [Young 1998; Young 1999];
Local Limit Theorem [Gouézel 2005];
Berry-Esseen Theorem [Gouézel 2005];

Almost Sure Invariance Principle [Melbourne and Nicol 2005; Melbourne and Nicol
2009];

Large Deviations [Melbourne and Nicol 2008; Melbourne 2009; Rey-Bellet and
Young 2008];

Escape rates [Demers and Young 2006; Demers, Wright, and Young 2010; Demers,
Wright, and Young 2012]

Entropy Formula [Alves and Mesquita 2021].

15



Endomorphisms
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Induced maps
Consider f : M — M and a measure m on M. Given Ag C M with m(Ag) < oo, we say
that F : Ao — Ay is an induced map for f if there exist

@ a countable m mod 0 partition P of Ap

@ a function R: P — N
such that

Flo, = ff)),, vweP.

We frequently denote the induced map F by £R.

Proposition 2.1

Let fR: Ay — Ag be an induced map for f : M — M and vo < m an fR-invariant
probability measure vy. If

)
v="> fwl{R>}),
then =0
@ v is an f-invariant measure with v|a, > vo;
Q v finite <= > Z v{R>j} <o < RE€ L*(w);
Q 1y ergodic = v ergodic;
Q@ ftm<Km = v m

See Theorem 3.18 in [Alves 2020] for a proof.
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Gibbs-Markov maps

Let (Ao, A, m) be a finite measure space and F : Ag — Ao a measurable map. Given a
mod 0 partition P, set

F7"P={F "(w): weP} n>0.
Assuming F.m < m, it follows that F~"P is a mod 0 partition of M, for all n > 1.

In this case, we have mod 0 partitions

n—1
\/ Fp = {wo N Ffl(wl) N---N F7"+1(wn,1): Wo, .-+, Wno1 € 77}
j=0

and

§7F7"P:{woﬂFfl(wl)ﬂ-n:w,,€73fora||nZO}.

n=0

18



We say that F : Ag — Ag is a Gibbs-Markov map if there is an m mod 0 countable
partition P into measurable subsets of Ag such that:

(G1) Markov: F maps each w € P bijectively to Ao.
(G2) Nonsingular: 3 JF > 0 such that for each AC w € P

m(F(A)) = /A Jrdm.

This in particular implies F.m < m.
(Gs) Separable: the sequence (\/7—) F~'P), is a basis of Ao:

o (\/".';01 F~'P), generates A (mod 0);
@ (VZ, F~/"P)n is the partition into single points (mod 0).
In particular, m almost all x,y € Ao have defined the separation time:

s(x,y) =min{n>0: F"(x), F"(y) lie in distinct elements of P}.
(G4) Gibbs: 3C >0 and 0 < 8 < 1 such that for all x,y € w € P

JF(X) s(F(x),F(y))
lo < Cp YD
$ () =

19



Piecewise smooth maps

Lemma 2.2

Let Ao be a manifold (possibly with a boundary) and m Lebesgue measure on the Borel
sets of Ag. Let P be a countable m mod 0 partition of Ay into open sets whose closures
have smooth boundary, and F: Ag — Ao be such that, for all w € P, the restriction of F
to w has an extension to the boundary of w which is a C* diffeomorphism onto its image.
Then,

Q F is nonsingular and Jg(x) = | det DF(x)|, for m almost all x € Ao;

@ if there is 0 < a < 1 such that ||(DF|,) (x)|| < a, for all x € F(w), then F

satisfies the separability property;

© if there are C,{ > 0 such that, for all w € P and x,y € w,

o8 Ser prcy < CAF(). FUY)),

then F satisfies the Gibbs property.

See Lemma 3.3 in [Alves 2020] for a proof.
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A space for invariant densities

Consider the space

Fs(Do) = {Lp Do = R st |plg = supM < oo}.

XAy Bstxy)

endowed with the norm
lels + llelloos

and
Fi (Do) = {¢ € Fs(Ao) : ¢ > c for some ¢ > 0}.

Lemma 2.3

Fs(Do) is relatively compact in L' (Ao).

See Proposition 3.8 in [Alves 2020] for a proof.

Exercise 2.4

Prove Lemma 2.3.
Hint: mimic the proof of Ascoli-Arzela Theorem in Wikipedia.
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An F-invariant probability measure is called exact (= mixing = ergodic) if

A€NsoF "(A) and v(A)>0 = v(A)=1

Theorem 2.5

If F: Ay — Ag is a Gibbs-Markov map, then F has a unique absolutely continuous
invariant probability measure v. Moreover, v is exact, dv/dm belongs in F3(Ao) and

there is K > 0 such that

dv

< T <K

X| =
Q.
S|

See Theorem 3.13 in [Alves 2020] for a proof.
The idea is to show that the sequence of densities of the measures

n—1
1 .
n = Fi .
12 nj:EO m

is bounded in F3(Ao). By Lemma 2.3, it has an accumulation point in L'(Ao), which is
the density of an absolutely continuous F-invariant finite measure. The first item in the
separability property (Gs) is used to obtain the exactness of v.
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Proposition 2.6

Let fR : Ag — Ag be a Gibbs-Markov map and vy K m be its unique fR-invariant
probability measure. If f.m < m and v =377, fl(v|{R > j}), then
Q v is an f-invariant ergodic measure with v < m and v|a, > vo;
@ v is finite if, and only if, R is integrable with respect to m;
@ dv/dm|a, is bounded from below by some positive constant;
Q ifv is finite, then u = v/v(M) is the unique ergodic f-invariant probability measure
such that p < m and u(Ag) > 0.

See Corollary 3.21 in [Alves 2020] for a proof.

Corollary 2.7

Assume M is a Riemannian manifold, m is Lebesgue measure on M and f : M — M is
such that fm < m. If f has an induced Gibbs-Markov map % : Ay — Ao with
R € L'(m|a,), then f has a unique SRB measure ;i with (o) > 0.
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Decay of correlations
Let f : M — M have an induced Gibbs-Markov map f*: Aq — Ag with R € L}(m|a,)
and p be the unique ergodic f-invariant probability measure such that

w<<m and wu(Ao) > 0.
Our next goal is to obtain estimates on the decay (with n — o) of

Coru(p, o ") = ‘/s@(wo F)dpu — /sodu/wdu‘-

The general idea is that

‘ the decay of Cor,,(p,1 o ")\, 0 is given by the decay of m{R > n} \, 0 ‘

Unfortunately, this statement cannot be proved with this generality and only in specific
cases (polynomial, stretched exponencial, exponential) for observables with some
regularity (Holder continuous ¢ and ¢ € L°°(m)) will be proved here. Given n > 0, we
say that ¢ : M — R is n-Holder continuous if

le(x) — ()]

|y = sup < 00
K XAy d(X7y)n

Set
H, ={p: M —=R| ¢ is n-Hdlder continuous}.
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Extension

The decay of correlations for system (f, 1) with p will be obtained through an extension
(T,v) of (f,u): we are going to introduce maps T : A — A and 7: A — M and a
T-invariant probability measure v such that

for=moT and mw=yp (2)

Exercise 2.8
Show that if (2) holds, then

Corp (@, o f") = Cor,(pompomroT"), 3)

for all p,9 : M — R for which the expressions make sense.

We also need a suitable space F of observables in A such that

pEHy, = pome F. (4)

Having (2), (3) and (4), our problem on decay of correlations for (f, 1) with observables
€ Hr, will be reduced to a problem with respect to (T, v) with observables ¢ € F.

25



Tower extension

Consider the partition P = {Ao,;}; associated

with an induced Gibbs-Markov map % : Ay — Ao.

Set the tower [\.

A={(x,0): x€ Noand 0 <? < R(x)}, B
and the tower map T : A — A given by T [\c
(x5, e41), ifL<R(x)-1; e
T(x0) = { (FR(x),0), if €= R(x)—1. to N
Define m: A — M by . . . .
7(x,0) = f*(x) (5) R=3 R=2 R=1

Exercise 2.9

Show that 7 is measurable and for =7mo T.

Remark 2.10

The tower construction can be carried out for any Gibbs-Markov map F : Ay — Ay
(not necessarily an induced map) and any R : Ao — N, provided R is constant in the
elements of the partition associated with F.
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The (™" level of the tower is the set
Ay ={(x,?) € A}.
The 0™ level is naturally identified with the set Ag C M. Under this identification we
have that TR = fR : Ag — Ag is an induced Gibbs-Markov map for T.
The ™ level of A is a copy of {R > £} C Ao. This allows us to extend to A
@ the o-algebra A;
@ the reference measure m;

@ the m mod 0 partition P to an m mod 0 partition
Q9 ={A}.

Finally, we extend the separation time to A x A in the following way:
if x,y € Ay, then there are unique xo, yo € A such that x = TZ(XQ) and y = Te(yo);
set

S(Xa y) = S(Xo,yo).

Set s(x,y) = 0 for all other points x,y € A.

27



Existence of equilibrium
Set
Fod) ={p: A 5 RIFC>0:[p(x) — w(y)| < CHH, vx,y € A}
and for p € Fp
C. — sup [PX) = 9 ()|
e SR B
Set also
f;(A):{Lprg(A)|3c>O:QOZC}.

1
Q:mw{@wwwHﬂL}

and for ¢ € Fj(A)

Theorem 2.11

If R € L'(m), then T : A — A has a unique invariant probability measure v < m.
Moreover, dv/dm € F;(A), v is ergodic, v is exact iff gcd{R} = 1, and m.v = p.

See Theorems 3.24 & 3.25 and Proposition 3.27 in [Alves 2020] for a proof.
Existence and uniqueness of v follows from Corollary 2.6.

(Note that TR = f® is a Gibbs-Markov induced map for T).

Exercise 2.12

Show that gcd{R} > 1 = (T,v) not mixing.




Space of observables

Assume now f : M — M defined on a metric space M with a reference measure m.
Let fR: Ag — Ao be an induced map and P the partition of Ag associated with £F.
We say that ¥ is expanding if there are C > 0 and 0 < 8 < 1 such that, for all w € P
and x,y € w:

o dist(f"(y), f(x)) < CH;

o dist(f/(x), fi(y)) < Cdist(fR(x), fR(y)), forall 0 <j < R.

Lemma 2.13

If T : A — A is the tower map associated with an expanding Gibbs-Markov induced
map, then
p EHy = @om € Fpn(A).

We need to show that there is K > 0 such that, for all x,y € A,

lp(r(x)) = plr(y))] < KB™), (6)

If s(x,y) =0 (in particular, if x, y belong in distinct levels of A), then (6) is an easy
consequence of the fact that ¢ is bounded. Consider now £ > 0 and x,y € A, with
s(x,y) > 1. By definition, there are w € P and xo, yo € w such that

s(xo0, yo) = s(x,y) > 1. This gives in particular R(x0), R(y0) > ¢.



Using that ¢ € H,, we get

lp(m(x)) = @(m(¥))l (7 (0, £)) = (7 (y0,€))]
lo(F(x0)) = @(F* (%))

el ad(F*(x0), £ (%0))"- (7
Since R is expanding, there is C > 0 such that

d(f*(x0). f*(y0)) Cd(* (x0), " (w))
27 00) R 00)

IN

IN

IN

C265(X0 ¥0)—1
_ C2Bs(x,y)71. (8)
It follows from (7) and (8) that
l(m(x)) = @(x(¥))] < |y C*"5~"5"C),

This yields (6) with K = |¢|,, C2737". u
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Decay of correlations for tower maps
At this point, we have reduced the correlation problem on (f, 1) with observables

p€E€Hy, and P € L™(m)
to a problem on the tower system (T,v) with
p € Fgn(A) and o € L™(m).
Recall Exercises 2.8 and 2.9, Theorem 2.11, Lemma 2.13, and note that
P el™(m) = Yomel™(m).

Theorem 2.14 (Young 1999; Gouézel 2006)

Let T : A — A be the tower map of a Gibbs-Markov map f® with R € L*(m) and v the
unique ergodic T-invariant probability measure such that v < m. If gcd(R) =1

Q ifm{R > n} < Cn~® for some C >0 and « > 1, then for all p € F(A) and
W € L>°(m), there is C' > 0 such that

Cory(p,po T") < C'n—tt

Q@ ifm{R > n} < Ce™" for some C,c>0and0< a<l, given0< <1 there
is ¢’ > 0 such that, for all o € Fg(A) and v € L>°(m), there is C' > 0 such that

Cory(p,9p 0 T") < Cle ",
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Non-exact case

Corollary 2.15

Let T : A — A be the tower map of a Gibbs-Markov map f* with R € L*(m) and v be
the unique ergodic T-invariant probability measure such that v < m. If gcd(R) = q,
then there are exact T9-invariant probability measures v1, . ..,vq such that

1
Tir=va,..., Tavg-1 =vq, Thavg =11 and v==(vi+--+vg).
q

Moreover, for all 1 < i < q,
Q ifm{R > n} < Cn~® for some C >0 and « > 1, then for all p € Fg(A) and
W € L°°(m) there is C' > 0 such that
Cor,. (¢, 0 TT) < C'n~ ",

@ ifm{R > n} < Ce™" for some C,c>0and0< a<l, given0< 3 <1 there
is ¢’ > 0 such that for all ¢ € Fs(A) and ) € L>(m) there is C' > 0 such that

]

Cory,(p, o T") < C'e ™.
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Reduction to the exact case

Let T : A — A be the tower map of f®: Ay — Ag. Set g = gcd(R) and, for each

1<i<q,
T = U As.

L=i—1(mod q)

We have that {T1,..., T4} is a partition of A. Moreover,
T(Tl) = 'T\27 ey T(qul) = Tq and T(Tq) = 'T\l. (9)

Since v is a T-invariant measure, we have that 1/|~r,. is an invariant measure for
T9:T; — T, for each 1 < i < q. Setting

1
vi = I/(T,‘)(VlTi)’
we have v = (v1 + -+ - + 14)/q. Note that
vi<m, foralll<j<gq. (10)

It follows from (9) and the T-invariance of v that

Tivi=v2,..., Tavg—1 =vg and T,vg=r1.
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Let now T’ : A’ — A’ be a tower map with base map f* and recurrence time R’ = R/q;
recall Remark 2.10. By Theorem 2.11, the tower map T’ has a unique invariant
probability measure v’ < m, which is an exact measure, since gcd(R’) = 1.

Exercise 2.16

Show that the map S; : A" — T, given by Si(x,£) = (x,ql + i — 1), is a bimeasurable
conjugacy between T' and T, forall1<i<gq.

Hence, Si.v' is an exact invariant probability measure for T9|v,. Since S; and 5!
preserve sets with zero m measure, using (10) we get

5,';11/,' < m.

Uniqueness gives S;;'v; = v/, and so v; = S;,1/' is exact.
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Back to the original dynamics

Theorem 2.17

Let f : M — M be defined on a metric space M with a reference measure m such that
f.m < m. Let ff: Ay — Ay be a Gibbs-Markov expanding map with R € L*(m) and
w be the unique ergodic f-invariant probability measure p < m such that p(Ao) > 0.
If gcd(R) = q, then 9 has p < q exact probability measures p, . .., pip with

1
fipr = p2, .y fpp—1 = pp, fuptp =y and p = ;(m + o+ )

Moreover, for all 1 < i < p,

Q@ ifm{R > n} < Cn~? for some C > 0 and a > 1, then for all ¢ € H,, and
1 € L°°(m) there exists C' > 0 such that

Cory; (¢, 0 f1") < C'n 7

Q@ if m{R > n} < Ce " for some C,c >0 and a > 1, then given 1) > 0, there is
¢’ > 0 such that, for all p € H,, and ¢ € L=(m), there is C' > 0 for which

Cory, (¢, 0 f") < Cle ",
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Corollary 2.18
Let f : M — M be defined on a metric space M with a reference measure m such that
fom < m. Let fR . Ay — Aq be a Gibbs-Markov expanding map with R € [*(m) and
1 < m be the unique ergodic f-invariant probability measure such that p(Ag) > 0.
If i is ergodic for all f", then
@ ifm{R > n} < Cn~? for some C > 0 and a > 1, then for all ¢ € H,, and
W € L°°(m) there exists C' > 0 such that

Cor, (@, o f") < C'n~ 7t

Q@ if m{R > n} < Ce " for some C,c >0 and a > 1, then given 1) > 0, there is
¢’ > 0 such that, for all p € H, and ¢ € L>°(m), there is C' > 0 for which

Cory(p, o f1y < Cle™'".

Proof. Consider 1 < p < g and probability measures p and p1, ..., 1p as in
Theorem 2.17. In particular, pui < p, for all 1 < < p.

Exercise 2.19
If vo, 11 are f-invariant probability measures with vy ergodic and 11 < v, then 11 = vy.

Since p is ergodic for f9, it follows that p; = p, for all 1 <7 < p. The expected
conclusions for Cor, (¢, o f9") then follow from Theorem 2.17. Apply these conclusions

to the observables ¢ o f,--- 1 o f971 in the place of . |
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Back to the exact tower
Now we sketch the proof of Theorem 2.14. Given ¢ € L°°(m) with ¢ # 0, set

. 1
' = —f(go+2|\go||oo)dv(“0+2”“0”°°)' (11)

Note that ¢ is strictly positive and its integral with respect to v is 1.
Next we reduce the proof of Theorem 2.14 to obtain convenient estimates for |T/X — v/|.

Lemma 2.20

For all ¢ € Fg(A) \ {0}, we have
Q@ v e Fi(A)and1/3< 9" <3;

Q@ Cory(p, ¢ 0 T") < 3||@llooc[¥[loo] TA — | for all 4 € L>(m),
where X is the probability measure on A such that d\/dv = ¢*.

Proof. We have
lelloe < @+ 2[¢lloo < 3llloo- (12)

Since v is a probability measure, we get

1 1 1
< < :
Bllelle = Jlp+2lello0)dr ~ Il

From (12) and (13) we get 1/3 < ¢* < 3.

(13)
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For all x,y € A we have

" (x) —¢"(v) 1 e(x) = »(y)

Fe T Jlo+2lpl=)dy B

Since p* >1/3,
¢ € Fa(D) = " € F5 (D).

Setting a = [(¢ + 2||¢||oo)dv, we may write

Corp (0 T") = '/g@(m T")du—/c,ody/z/;du
— . /gp*(on")dz/—/cp*du/wdu
:a/(q/;oT”)d)\f/wdy
:a/wdT:)\—/z/)dy

< alltplleo| TYA = w].

Observing that a < 3||¢||oc, we obtain Lemma 2.20.

(14)
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Convergence to equilibrium

Theorem 2.21
Assume that gcd{R} =1 and X is a measure such that ¢ = d\/dm € Fj(A).

Q Ifm{R > n} < Cn™¢ for some C >0 and { > 1, then for some C’ >0
|TIA—v| < C'n= T,

Q@ Ifm{R>n} < Ce="", then for some C,c>0and0<n<1
|T/X—v| < Cle e,

for some C',c’ > 0;

Moreover, ¢’ does not depend on ¢ and C' depends only on C}.

The proof of this result uses a coupling argument developed in [Young 1999]T,
based on a careful study of returns to the base of the tower.

Remark

There are (infinitely many) probability measures A on A with d\/dm € F;(A) such that

for some ¢ > 0
ITIA=v|>cd m{R>1(}.

£>n

1See also [Gouézel 2006] for an optimal estimate in the stretched exponencial case.




Coupling
Let A\, \" be probability measures in A whose densities wrt m belong in F5 (A). Set
d\

p=— and ¢ = .
m dm

Consider the product map
TxT:AXA—AXA,

and the product measure P=Xx X on A x A. Let m, 7’ : A x A — A be the
projections on the first and second coordinates respectively. Consider also the partition
O x Qof Ax A. Foreach n>1, let

n—1

(@x Q)= \(TxT)(2x Q).

i=0

and (Q x Q)a(x, x") be the element of (Q x Q). containing (x,x’) € A x A.
Since gcd{R} =1, then (T,v) is mixing. Using that dv/dm is bounded, we find np € N
and o > 0 such that

m(T_n(Ao) n Ao) > Yo, Vn > np.
Consider R : A — 7 defined as

R(x) = min{n>0: T"(x) € Ao}



We introduce a sequence of stopping times0 =70 <71 < 2 < ... in A X A by

n(x,x) = no+R(T™(x)),
m(x,x') = 7+ no+ R(T™(X)),
n(x,x) = m+n+ ﬁ( T2t (%)),

with returns to the ground level Aq alternating between the first and second coordinate
and a spacing between returns of at least np iterations. We define the simultaneous
return time S : A x A — N by

S(x,x")=min{7: (T7(x), T"(x)) € Do x Ao} .

Exercise 2.22
Show that (T,v) mixing = (T X T,v X v) mixing.

In particular, (T x T,v X v) is ergodic, and so S is defined m x m almost everywhere.
Note that

S(x,x')=n = S|axg)xx)=n and (T x T)"((Q x Q)a(x,x")) = Ao x Ao.
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A simplified model
Assume that J7 and the densities d\/dm and d)\'/dm are constant on each element of Q.
We may write

| TN = TN | =[ma(T x T)2P — x,(T x T)2P|
Sl (T x TYHPHS > n}) = wl(T x T)I(PHS > n})|

+ Z e (T x T)U(PHS = i}) = m(T x T)I(PHS = i})
=|me(T x T)2(PI{S > n}) = 7l(T x T)I(PI{S > n})|
+Z‘T" (T x TIPS = i) = 7l(T x TIPS =ih)|  (15)

In the last equality we have used that
T or=7n0(TxT) and T'"ox' =7"0o(T xT).

Exercise 2.23
Show that if S(x,x")=i, then

P((2 x Q)i(x;x"))

m(Bo) (mlDo) = 7l (TxT),(PI(Q x Q)i(x,x)).

s (T X T) (P|(Q x Q)i(x, x )) =

It follows that the terms in the summation (15) are all equal to zero, and so
|TIN = T2N| < 2P{S > n}.

Taking A = v we have Tv = v, and so we are reduced to find an upper bound for P{S > n}. 49



General case

Lemma 2.24 (Young 1998)

There are 0 < 1 and K > 0 such that for all n > 1

TIA—TIN| <2P{S > n}+KZ(9"(i+1)P{5> H’Zl}.
i=1

See Proposition 3.45 in [Alves 2020] for a proof.

Since T.v = v, taking A’ = v we get an upper bound for | T/\ — v|.

In the polynomial and (stretched) exponential cases, the second term in the sum above
decays at the same speed of the first one. Hence, Theorem 2.21 follows from

Lemma 2.25 (Young 1998; Gouézel 2006)
O If m{R > n} < n ¢ for some ¢ > 1, then P{S > n} < n~ ¢,

Q If m{R > n} < e for some ¢ >0and 0 <n<1,then P{S > n} < e " for
some ¢’ > 0.

See Propositions 3.46 & 3.48 in [Alves 2020] for a proof.
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Application: Intermittent maps

Here, we exhibit two examples of transformations with indifferent fixed points, associated
with phase transitions from stable periodic behaviour to a chaotic one, related in [Pomeau
and Manneville 1980] to an intermittent transition to turbulence in convective fluids.

We consider first an interval map, introduced in [Liverani, Saussol, and Vaienti 1999],
where it is relatively easy to define a Gibbs-Markov induced map, and then deduce some
interesting statistical properties of the original system.

The second example is a circle map introduced in [Young 1999]. The construction of the
Gibbs-Markov induced map is a little more intrincate, but using it as the base dynamics,
a solenoid with intermittency was built in [Alves and Pinheiro 2008], providing an
example of a diffeomorphism with a Young tower with polynomial recurrence times.

See [Hu 2004; Thaler 1980] for more results on one-dimensional maps with neutral fixed
points or [Bahsoun, Bose, and Duan 2014] for a skew product map on a square.
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Interval map

Given a > 0, consider | = [0, 1], the Lebesgue
measure m on | and the map f : | — [, given by

aa+l H < < .
F(x) = X 4 2%x%T !fO_X_1/2,
2x — 1, if 1/2<x<1.

Note that f‘[g’l/z]
is C2 fora>1and C™ for 0 < a < 1.

Theorem 2.26

@ For a < 1, the map f has a unique SRB measure p. Moreover, p is exact, the
support of u coincides with /, its basin covers m almost all of / and, for each Holder

continuous ¢ : | — R and ¢ € L*°(m),

Corp(p, o f") < l/nl/("*l.

@ For a > 1, the Dirac measure at 0 is a physical measure for f and its basin covers m

almost all of /.

v
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Local behaviour
Note that !
(c1) f(0)=0and f'(0) =1;
(c2) f>10n/1\{0,1/2};
(c3) fis C*>on I\ {0,1/2} and
xf"(x) = |x|*, for x close to 0.

It follows from (c1) and (c3) that

fl(x)—1~x* and f(x)—x~x*"

Let (z,)n be the sequence in [0,1/2]
defined recursively for n > 0 as

1
Z0 = 5 and  f(zn11) = zp.

Lemma 2.27 J

(2a)n has the same asymptotics of the sequence (1/n*/%),.

See Section 3.5.1 of [Alves 2020] for a proof.
The proof uses only the information given by (c1)-(c3).
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Induced map
Set
Jo=1(1/2,1) and J, = (2zs,2s-1), forn>1.
It follows that
m(J,) ~ n~ et/ (16)
Set
R|;,,=n+1, foralln>0. (17)

Since ™ (J,) = (0,1), we have an induced map
fR 1 = I. Moreover, Lemma 2.27 gives

m{R>n}~> m)~> (18)
k>n k>n
Lemma 2.28
fR .1 — I'is a Gibbs-Markov map with gcd(R) = 1 and m{R > n} ~ n~ /2. J

See Lemma 3.60 in [Alves 2020] for a proof.
Note that f* is always a Gibbs-Markov map, regardless of the value of o > 0.
It follows from (18) that

Rel'(m) < 0<a<l.
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O<axl

We know that
0<a<l = Rel'(m).

From Corollary 2.7 and Lemma 2.28
f has a unique SRB measure p.
Recall that the domain of 7 is the whole interval /. Proposition 2.6 gives that
1 is equivalent to m.
Together with Proposition 1.2, this implies that
B(p) covers m almost all of /.

Since gcd(R) = 1, Theorem 2.17 gives the exactness of p and the conclusion on the
decay of correlations in the first item of Theorem 2.26.
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a>1

By Theorem 2.5, f* has a unique ergodic SRB measure v which is equivalent to m.
Moreover, dv/dm is bounded from above and below by positive constants. Then,

a>1 2 ReY(m) = R¢ L)

Proposition 2.29

Let M be a compact metric space and m a finite measure on the Borel sets of M.
Assume that f : M — M has an induced map % : M — M such that

@ 3 ergodic fR-invariant probability measure v equivalent to m with R ¢ L'(v);
@ I xo € M with f(x0) = x and neighbourhoods M = Uy D U; D - -+ of xo such that
MNoso Un = {x0} and, for all n > 0 and Jy = Un \ Un41,

f(Jos1) CJn and R|;, =n+1.

Then, m almost every x € M belongs in the basin of d,.

See Proposition 3.61 in [Alves 2020] for a proof.
The second item of Theorem 2.26 follows from Proposition 2.29 with xp = 0 and
U, = [0, z,—1], for each n > 1.
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Circle map
Given a > 0, let

f:s'—= 5! (19)
be a degree d > 2 map of S’ = R/Z so that
(c1) f(0)=0and f'(0) =1,
(c2) f'>1on S\ {0};

(c3) fis C% on S*\ {0} and
xf"(x) = |x|*, for x close to 0.

Theorem 2.30

@ For a < 1, the map f has a unique SRB measure . Moreover, p is exact,

equivalent to m, its basin covers m almost all of St and, for every Holder continuous
©:S" = Rand ¢ € L=(m),

Coru(p, o f7) S1/n/o7

@ For a > 1, the Dirac measure at 0 is a physical measure for f and its basin covers m
almost all of S.

v
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Natural partition

Let {h,...,ls} be an m mod O partition
of St into intervals such that, for 1 < i < d

fl;, - Il — S*\ {0} is a diffeomorphism.

Take these intervals in the natural order, with

inf /1 =0= supld.

£l 2l
Consider I
zo=suph, zyinfly

and (z,)s and (z},)» sequences in /; and Iy, respectively, defined for n > 0 as
f(zor1) =z, and  f(zp41) = zp.

Set for each n>1
o= (20,20-1) and  J, = (zh_1,2).

Note that
f(dnt1) =Jdn and f(Jpy) = . (20)
Consider the m mod 0 partition of S?
P={hy... g1} U{Jn, Jy:n>1}, (21)

ignoring, of course, the first part of the union above for d = 2.



Weak Gibbs-Markov induced map
Foreach2<i<d—1(ifd>3)and n>1, set
R|; =1 and R|, =Rl =n.

Up to m mod O sets, we have for all w € P
fR(w)e{sl,/lu-..u/d,l,/zu---u/d}. ]
See Lemma 3.64 in [Alves 2020] for a proof of the next Iéﬁw'lr]na. e

Lemma 2.31

R .S — S is a weak Gibbs-Markov map.

By weak Gibbs-Markov we mean (G2)-(Ga) hold and (G1) replaced by
(G}) there is 5o > 0 such that the image of every w € P is a union
of elements in P with m measure > .
The argument used to prove Theorem 2.5 also gives that weak Gibbs-Markov maps also
have absolutely continuous invariant probability measures, but not necessarily unique.

Lemma 2.32

fR . S' — S' has a unique SRB measure v. Moreover, v is ergodic and dv/dm is
bounded from above and below by positive constants.

See Lemma 3.65 in [Alves 2020] for a proof.



SRB measure

Moreover, by Lemma 2.27
1 1+1/
m{R > n} =~ Z (m(Jd) + m(Jy)) = Z (;) ~n e
k>n k>n

This implies R € L'(m) for 0 < o < 1. Using Proposition 2.1 and Lemma 2.31 we
deduce the existence of an ergodic SRB measure p for f.

Exercise 2.33
Show that the B(y1) covers m almost all of S*, and so yu is the unique SRB measure for f.J

Using £ it is possible to build an induced Gibbs-Markov map f° with gcd(S) = 1 and
m{S > n} <n /"

This will provide us with the expected estimate on the decay of correlations and the
exactness of p.
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Decay of correlations
Consider functions 0 = 19 < 71 < 72 < - - -, defined inductively for i > 1 by
Ti =71+ Rof7-1

Notice that _
(FRY = f7, foralli>1.

Now, consider ly the union of two consecutive intervals in the sequence (J,)n.
The reason for taking two consecutive intervals is to ensure that the greatest common
divisor of the recurrence times is equal to one. Set for each x € S*

S(x) = r,nzl? {Ti(X) F(x) e Io}.

Proposition 2.34
f° Iy — Iy is a Gibbs-Markov map and gcd(S) = 1. J

See Proposition 3.67 in [Alves 2020] for a proof.

The exactness of i and the conclusion about the decay of correlations in the first item of
Theorem 2.30 are finally a consequence of Theorem 2.17 together with Proposition 2.34.
The second item of Theorem 2.30 follows from Proposition 2.29.
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Diffeomorphisms
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Young structures

Let M be a Riemannian manifold and f : M — M a diffeomorphism onto its image. We
say that a compact set A C M has a product structure if there exist a family * = {~°}
of stable disks and a family 'Y = {+“} of unstable disks in M such that

o A= (Uy")N(Uy’);
e dim~Y +dim~° = dim M;
e each 7° and 7" meet in exactly one point;

Given x € A, let v*(x) denote the element of I'" containing x, for x = s, u.

I\.S

I"LL
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Given disks v,v" € T¥, define ©, /: YN A =~ N A by
(S (x) =7°(x) N, (22)

and ©, : A = yNA by
04(x) = Oqu(x,4(x)- (23)

We say that the hyperbolic product structure is measurable if the maps ©, ./ and © are
measurable, for all v,y € I'“.

5

I\S

No C Ais called an s-subset if Ao =g NTY for some 5 C I'°.
No C Ais called a u-subset if Ag =g NT° for some I'g C Y.
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A set A with a measurable product structure for which (Y1)-(Ys) below hold will be
called a Young structure.

(Y1) Markov: 3 pairwise disjoint s-subsets A1, Az, -+ C A such that
> my(AN~)>0and my(A\UjA;)N~) =0 for all v € T'¥;
> Vi >1 3R; € N such that fRi(A;) is a u-subset and, for all x € A;,

FRi(7(x) € 7 (FRi(x)) and  FRi(5"(x)) D 7(FF (x))-

7
We define the recurrence time R : A — N and the return map R : A — A

Rln, =R and 8|5 = 5.

The separation time for s(x, y) for x,y € A is the smallest n > 0 such that (f%)"(x) and
(FF)"(y) lie in distinct A;'s.

J'Originally in [Young 1998], with improvements in [Alves and Pinheiro 2008] and [Korepanov, Kosloff, and
Melbourne 2019] (the latter based on an oral communication from Gouézel).
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Let C > 0 and 0 < 8 < 1 be constants depending only on f and A .

(Y2) Contraction on stable disks: for all v € I'* and x,y €

> dist(FR(y), F7(x)) < Bdist(x, y);

» dist(F/(y), F(x)) < Cdist(x, y), for all 1 < j < R(x).
(Y3) Expansion on unstable disks: for all v € 'Y, all A; and x,y € yNA;

> dist(x, y) < ﬂdist(fR(y), R(x));

» dist(f(y), F(x)) < Cdist(FR(x), FR(y)), for all 1 < j < R(x).
(Ys) Absolute continuity of I'*: for all 7,7 € ', we have (0, ,/).m, K m,/.

Moreover, letting &, 4/ = d(@%ﬂ,/)*mv/dmﬂ,/, we have for all x,y € v' N A
1
= <& (x)<C and 577( )<CB x)
C 'Y v’ ( )

(Ys) Gibbs: for all v € T and x,y € %o NA

det DFF| Tovo s(FR(x),FR(v))
log———— < C AW
%% Get DFR|T,y0 = P

The Young structure has integrable recurrence times if for some (hence for all) v € "

/ Rdm, < oc.
yNA

In many cases, the unstable disks v € ' are totally contained in A. In such case, we say
that A has a full Young structure.
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SRB measures
Theorem 3.1

The return map fR of a set with a Young structure has a unique ergodic SRB measure v.
Moreover, the densities of its conditionals with respect to Lebesgue on unstable disks are
bounded above and below by constants.

Similar to Theorem 2.5, controlling the densities of the measures
n—1

1 Ryj
n — f 5 fi re.
Vn = JEZO( Y.m.u, for some v €
Theorem 3.2

If f has a Young structure \ with integrable recurrence times, then f has a unique
ergodic SRB measure with p(A) > 0.

he measure is given by
b= =s—5—— E fI(w{R > j 24

Proposition 3.3

If f: M — M has a set \ with a full Young structure contained in some compact
transitive set Q C M, then the support of p coincides with Q.

See Section 4 in [Alves 2020] for proofs of the results above. 60



Decay of Correlations
Let H be the space of Holder continuous functions from M to R.

Theorem 3.4 (Young 1998)

Let f have a Young structure \ with integrable recurrence time R and p be the unique ergodic
SRB measure of f with p(A) > 0. If ged(R) = 1, then

Q@ ifmy{R > n} < Cn—? for some~y € TY and C > 0,a > 1, then for all p, € H there exists
C’ > 0 such that Cor,(p,v o f") < C’'n=3t1;

Q@ ifmy{R>n}< Ce=°" for some v € 'Y and constants C,c > 0 and 0 < a < 1, then for
all p,v € H there exists C' > 0 such that Cor, (¢, o f") < Cle=<'n",

Theorem 3.5
Let f have a Young structure \ with integrable recurrence time R and u be the unique ergodic
SRB measure of f with u(A) > 0. If gcd(R) = q, then f9 has p < q exact invariant probability
measures [11, . .., fp With fupy = po, ..., fapp = p1 and p = (p1 + - - + pp)/p. Moreover, for all
1<i<p,
Q@ ifmy{R>n} < Cn? forsome~y €T", C>0 anda>1, then for all ¢, € H, there is
C’ > 0 such that Cor, (¢, o f9") < C'n—2+1;

Q@ ifm{R>n}< Ce="" for some yerlY, C,c>0and0< a<1, then given n > 0, there
is ¢’ > 0 such that, for all ¢, € H,, there is C' > 0 for which

Cory; (0, 0 FI7) < Cle=<'r",

The proof of Theorem 3.4 will be sketched here using a tower extension. Theorem 3.5 can then
be deduced as in Corollary 2.15; see Section 4.4.4 in [Alves 2020]: 61



Tower extension
Let f : M — M have a Young structure A with recurrence time R : A — N. As before, we

define a tower
{(x Z):xe/\and0<€<Rx)}

and a tower map T : A= A as

7 _ (x+1), ifL4+1<R(x);
bef) = { (FR(x),0), if£+1=R(x).

A
—

The /-level of the tower is

A, = {(x,¢) € A}
The 0- Ievel of the tower Ao is naturally identified with A. We have a partition of Ao into
subsets Ao, = Ai. This gives a partition {Ae i}i on each level . Collecting all these sets
we obtain a partition O = {Ay;}s; of A.
Setting A

T A — M
(x,0) — f(x)

we have for=mo T.

Theorem 3.6

T has a unique ergodic SRB measure ©. Moreover, p = .0 is the unique ergodic SRB
measure of f with u(A) > 0.

See Theorem 4.11 in [Alves 2020] for a proof.



Quotient return map
Given 7o € Y, define the quotient map of £F

F : ~vwNA — ~ynNA
X — O, 0 fF(x).

Proposition 3.7

F is Gibbs-Markov with respect to the m,, mod 0 partition P = {1y N A1,7%0NA2,...}
of Yo N A.

See Proposition 4.2 in [Alves 2020] for a proof. Since f* sends stable disks into stable
disks, by (Y1), it follows that
Fo®, =06,0fF (25)

Lemma 3.8

If v is the SRB measure for £, then 1y = (©.,)+v is the F-invariant probability measure
such that vp K m,,.

See Lemma 4.5 in [Alves 2020] for a proof.
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Quotient tower
Consider 79 € I'” and the quotient map

F:vnNA—=vnNnA.

Consider the tower map T : A — A of F with recurrence time R.
Notice that for all i > 1
Rlyorn = Rl = Ri.

Since v NA C A, it easily follows that for all £ > 0 we have
ArCAy and T =T|a.
Moreover, from (25) we get To© = Qo T, where
o A — A
(0 — (O5(x),0).

Proposition 3.9

If ¥ is the ergodic SRB measure of T, then ©.0 is the unique ergodic T-invariant
probability measure absolutely continuous with respect to m.,.

(26)

(27)

See Proposition 4.13 in [Alves 2020] for a proof.
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Decay of correlations

We have
7ol =fom and ©@oT =To0O.

Given @, € H, set )
Yp=v%om and ¢=¢pom.
Let
@ U be the unique ergodic SRB measure of T;

t

@ 1 be the unique ergodic SRB measure of
such that u(A) > 0;

@ v be the unique ergodic T-invariant measure
such that v < my,.

§<i[>>£>>
y
§<iD>£>

@
By Theorem 3.6 and Proposition 3.9, we have f >
— — R.
pu=m and v=0.D.

By Exercise 2.8,

Coru(p, 1) o f") ro(p, 00 T7).

orp
It is enough to obtain estimates for Cor, (3, 'i\' ). The idea is to reduce to a problem
on the quotient tower T : A — A.
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Reducing to the quotient tower
Take an arbitrary n > 1 and k = n/4. Set

k—1
o=\ 0. (28)
Jj=0

Define the discretisation o : A - R of @, setting for each Q € Oa

oklo = inf{@g o TH(x): x € Q}. (29)
Since Q € ng contains full stable disks, ¢x may also be thought of as a function on A.
Proposition 3.10

Forall p,vp € Hand 1 < k < n,
Cors(@,% 0 T") < Cory (r, o o T")

+2llellolld o T — gills + 2/I¢lloll@ o 7% — il

Here, || ||1 denotes the L'-norm with respect to the probability measure © on A.
See Proposition 4.16 in [Alves 2020] for a proof.

We are left to control the correlation term and the L'-norms on the right hand side of the
inequality in Proposition 3.10.
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Correlation term

Suppose ¢« # 0 and consider @} associated with @i as in (11). Let A} be the probability
measure on A whose density with respect to v is ). It follows from Lemma 2.20 that

Cory (px, ¥u 0 T") < 3llollo]|¥llo| T Ak — v/ (30)
Set Ay = T2¥)\; and ¢y the density of \x with respect to m,,. We have

2k y * *
b D dTEN AN

= — * 1
dm’yg dm.m dm’yo PkPs (3 )

where p = dv/dm.,. Since T"\; = T772k)\, it follows from (30) that

Cory (i, 0 T7) < 3llpllollllol T2~ N = v/. (32)

Proposition 3.11
There is C > 0 such that ¢x € F5(A) and C;, < C, for all k > 1. J

See Proposition 4.18 in [Alves 2020] for a proof.
The conclusion of Proposition 3.11 makes it possible to apply Theorem 2.21% to obtain
estimates on the decay of | T/ %\« — v|. Note that k ~ n/4 = n— 2k ~ n/2.

tThis is the only place where the assumption gcd(R) = 1 is used.
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L1-norm terms
Set for x € A and k > 1
bi(x) = #{1 < j < k: TI(x) € Ag}.
Given x,y € Q € Oay, we have by (y) = bax(x) and, in particular, b(y) = by (x).
Taking z € Q such that z € v/(x) N¥*(y), we may write

dist(m(T*(x)), 7(TH(y))) < dist(n(T*(x)), 7(T*(2))) + dist(r(T*(2)), 7(T*(¥)).

Lemma 3.12
For every ¢ € H there are C > 0 and 0 < o < 1 such that for all k > 1 and x € A

(80 T4(x) — ou()] < € (%0 4 BT D)

Since by is constant on stable disks, it follows from Proposition 3.9 and (65) that
/kadﬁ = /abk 00Odp = /Ubkd@*f/ = /Ubkdlj.
Set Ry = Zj;ol Ro FJ, for each k > 1.

Proposition 3.13
Given 0 < o < 1, there exists C > 0 such that for all k > 1 we have

/a’bkdugc Z mWO{R2€}+CkZa'£m70 {Rg>§}.

>k/3 >1

See Section 4.4.1 in in [Alves 2020] for proofs of these results.
They yield the desired estimates in polynomial and (stretched) exponential cases.
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Application: Solenoid with intermittency

Now, we consider a diffeomorphism introduced in [Alves and Pinheiro 2008], obtained by
replacing in the solenoid map introduced in (1) the expanding map in the base S* by a
map with a neutral fixed point. Consider an intermittent circle map

f: 5t 5 st

as in (19). Recall that f is C? on S*\ {0} and depends on a parameter & > 0 such that,
for x near 0,

xf"(x) = |x|*.

Consider the solid torus M = S' x D?, where D? is the unit disk in R?. Let F: M - M
be defined by

2

Flxoy2) = (100, 5 cos(emn) + 1y,

sin(2mx) + %z) (33)

Note that F is a C'™* diffeomorphism.
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F has a compact attractor

Q=)F"(M)

n>0

It is easily verified that po = (0,5/8,0) is a fixed point for F, naturally belonging in Q,
and 1 is an eigenvalue of DF (po). Therefore, Q is not a hyperbolic set for F.

Theorem 3.14

Q@ For a <1, the map F has a unique ergodic SRB measure p. Moreover, u is exact,
the support of p coincides with , its basin covers m almost all of M and, for all
Holder continuous ¢, : M — R,

Cor (9,0 F") S 1/nt/72,

@ For a > 1, the Dirac measure at po is a physical measure for F and its basin covers
m almost all of M.

Let 7 : M — S* be given by 7(x,y, z) = x. Recalling (33), we easily see that

for=moF. (34)
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a>1

In this case, Theorem 2.30 gives that do is a physical measure for f and its basin B
covers my almost all of S. It follows that 7—!(B) has full m measure in M. For each
n>1and p € !(B), set

n—1
1
) S
j=0
The next result gives the second item of Theorem 3.14.

Lemma 3.15 J

For each p € 7=*(B), any weak* accumulation point of (iip,»)n is Opy-

Proof. Assume that (pp,n, )k converges to a probability measure i on M. Since the
push-forward 7, is continuous, we have that 7. ftpn, — T«p, when k — oco. Using the
linearity of m, and (34), we get

ne—1 ne—1 n—1
1

1 1
Tabtpn = 1o D Te0pi(p) = 1o D Onirite) = - D (o)
j=0 Jj=0 j=0

Since m(p) € B, this last sequence converges to do, when k — co. Therefore, T, = do
and so p is an F-invariant measure with its support contained in the stable disk v*(po).
Since F is a contraction on v°(po), with po its unique fixed point, it must be = d,,. B
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0<axl
Consider an interval ly C S* such that .
lo = Jng U Jngt1

and f° : Iy = Iy the induced Gibbs-Markov map
given by Proposition 2.34. Let Q be partition
of Iy associated with f°. Considering the elements

. ] 0 B g Jo 1
of Q listed as w1, w2, w3 ..., set for i > 1
Q;
Q;:{pEQ: 7r(p) Eu),-} and 5,':5([4.),'). ,_.
Given p € M, define the cone :
w; Sl

Cl = {(vl,vz,V3) € T,M: 15 > v5 + v32}

Lemma 3.16

For all p € Q we have DF(p)C5" C Cg(,) and the angle between any two nonzero vectors
in DF(F~"(p))Cgn, converges to zero as n goes to infinity. Moreover,

Q ||IDF(p)v|| > ||v||/4, forallp € M and v € C;";
Q@ ||DF®(p)v|| > 5||v||/4, forallp € Qi, v €CL and i > 1.

See Lemma 4.29 in [Alves 2020] for a proof.
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Partially hyperbolicity

Corollary 3.17

There is a DF-invariant splitting ToM = E® @& E® such that
Q |IDF(p)v|| < ||vll/5, forall p € Q and v € E;;
Q |[DF(p)v|| > ||v||/4, forall p € 2 and v € ES".

See Corollary 4.30 in [Alves 2020] for a proof.

Thus, Q is a partially hyperbolic set for F. It follows from Theorem IV.1 in [Shub 1987]
that each p € Q has an embedded centre-unstable C* disk W“(p) such that

T, W (p) = E5* and

F(W(p)) N B=(F(p)) € W:*(F(p)), (35)

where B.(F(p)) denotes the ball of radius € > 0 around the point F(p) € Q. In addition,
the disks W“(p) depend continuously on p € Q in the C' topology. Note that these
centre-unstable disks are not unique, in general.
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Positive Lyapunov exponent

Let v be the ergodic SRB measure for f provided by Theorem 2.30. Using Bowen's
argument to lift measures we obtain

Lemma 3.18

There exists an F-invariant Borel probability measure © on M such that w.0 = v.
Moreover, the support of I coincides with 2.

See Lemma 4.31 in [Alves 2020] for a proof.

Lemma 3.19

There is a set A C Q with D(A) = 1 such that F has a positive Lyapunov exponent in the
direction of E;", for all p € A. Moreover, the local unstable disk v"(p) through p € A is
contained in W:*(p) N Q and Tyv"(p) = E;".

See Lemma 4.32 in [Alves 2020] for a proof. Since the support of p coincides with Q,
this lemma provides us with a dense set of points in £ for which the conclusion holds.
Recall that WS¥(p) is the centre-unstable disk through a point p € Q and satisfies (35).
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Young structure

Now, we introduce a compact set A with a Young structure given by continuous families
of C! disks I'* and I and deduce the first item of Theorem 3.14. We define ' by mean
of an inductive process that we describe below. First, take ng sufficiently large so that,
for any p € Q with 7(p) belonging in Iy = Jny U Jny+1, we have

T(WE(p)) O .

Lemma 3.20
There exists an unstable disk o C S such that © projects o diffeomorphically to Iy. J

Proof. By Lemma 3.19, there is po € Q s.t. v“(po) C W(po) N Q2 and Tpv"(po) = Eg-
Choosing v"(po) small enough, we may have

To7"(po) C Gy, for all p € v%(po). (36)

Hence, m maps v“(po) diffeomorphically onto its image. In particular, m(v*“(po)) contains
some open interval in S'. Since f is topologically conjugate to x — dx (mod 1), there is
an interval | C 7(v"(po)) and n1 > 1 such that f™ maps / diffeomorphically to I.
Take v C v“(po) such that 7 projects ~ diffeomorphically to /, and set o = F™ (7).
Notice that o is an unstable disk contained in Q and 7(y0) = k. It follows from (36)
and Lemma 3.16 that

Toyo C G, forall p €. (37)

This implies that 7 projects 7o diffeomorphically to /. |
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The set A

This disk 7o given by the previous lemma will be used as the first element of the inductive
construction leading to I'“. For that, we use some properties of f: S — S'. Recall that,
by Proposition 2.34, the map f has an induced Gibbs-Markov map 5: Iy — /.

Consider the sets (€2;); in Q and the

respective sequence of times (S5;); as in (72). 2 3 X
We define inductively families of unstable P L i,
disks [, 1, Set F7 (82 10)
Fo = {10} -
o

Assuming I,_1 is defined for some n > 1, set

— % (Ql n ’}/0)

M= U {FS'(Q,' N Yn-1) : Yoo1 € rnfl} LT T (Q3N)
i>1
Observe that m maps each vy, € [, Iy

diffeomorphically to Iy and ~y, is the forward
iterate of a subset of 7. Since the union of all disks in the families [, with n > 0 is not
necessarily a compact set, we still need to take the accumulation points of that union. Set

n>0~,€l,
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Lemma 3.21 J

A is a union of centre-unstable disks.

Proof. Given any q € A, there are n1 < np < -+, disks v, € 'n, and points gk € v,
converging to g, when k — oo. As we have seen above, for each k > 1, there are px € Q
and a centre-unstable disk W“(px) D 7n,. Taking a subsequence, if necessary, we may
assume that (px)« converges to some point p € Q. Since the centre-unstable disks
WE(px) depend continuously on px € Q in the C' topology, then the disks vj, converge
in the C' topology to a disk oo C W<(p) containing g, when k — oo. |

We define ' as the set of all these disks 7. Note that

/\:U7.

yery

Finally, set
Fs:{{x}xDz:XGSI}. (38)
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A has a full Young structure with recurrence time S. Moreover, gcd(S) =1 and

Proposition 3.22
my{S > n} <1/n'/°. J

See Proposition 4.33 in [Alves 2020] for a proof. Using Proposition 3.22, Theorem 3.2
and Theorem 3.4, we obtain an exact SRB measure p such that, for every Holder
continuous ¢, : M — R,

Cory (g, o F") S 1/nt/ 7N,
Since F is topologically conjugate to the solenoid map, then € is a transitive set for F.
By Proposition 3.3, the support of u coincides with €.
Lemma 3.23 J

m almost every point in M belongs in the basin of p.

Proof. Proposition 1.2 gives that y almost every point in M belongs in B(p). From
Theorem 3.1 and the formula for  in (24) the density dp,/dm, is bounded from below
by some uniform constant, for almost all v € I'". Hence, 3y, € I'" such that m,, almost
every point in v belongs in B(u). Since f is topologically conjugate to x — dx (mod 1),
there is ng > 1 such that f™(m(v0)) = S*. Therefore

©(F™ (7)) = f*(m(%)) = §". (39)
Since B(p) is invariant, mgn () almost every point in the curve F™ (o) belongs in B(s).

It follows from (39) and the fact that M = S' x D? is foliated by.stable disks that-m
almost every point in M belongs in B(u). H7s



Inducing schemes
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A general framework

Let f : M — M be a map of a finite dimensional Riemannian manifold M, and ¥ be a
submanifold of M (possibly equal to M, possibly with a boundary). Consider dist the
distance on X and m the Lebesgue measure on the Borel sets of ¥, both induced by the
Riemannian metric. For each n > 0, denote

dist, = distnsy  and  m, = men(s),

where dist¢n(yy is the distance in the submanifold f”(¥X) and myn(sy is the Lebesgue
measure on the Borel sets of f"(X), both induced by the Riemannian metric on M.
Assume that there exists a disk Ao C X with the same dimension of X for which
conditions (I1)-(I3) below hold:

(l1) There is a sequence (H,)n of compact sets in Ag such that mg almost every point
in Ao belongs in infinitely many H,'s.

(I2) There is 61 > 0 such that every x € H, has a neighbourhood V,,(x) of x in X that "
maps diffeomorphically to a disk of radius d; around f"(x). Moreover, there are
Co,m > 0 and 0 < o < 1 such that, for all V,(x) and y,z € V,(x),

> dist,_ k(" (y), F"7*(2)) < ok dista(f"(y), f"(2)), forall 1 < k < n.

det Df"| T, % _
= LYE < Godist, (F7(y), £7(2))" .
%8 GetDfr [T,z = 09 (f"(y), f"(2))
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(I3) There exist L,d0 > 0 such that, for each x € H,, there are 0 < ¢ < L and
Wn,e C Wnye C V,,(X)7
so that ™ maps wy ¢ (resp. @y.¢) diffeomorphically to a disk of radius do (resp.
2d0). Moreover, there are Ci,n > 0 such that, for all @, and y,z € f"(Wne),
1 . .
> = dista(F(y), F(2)) Sdistay o(£(), F(2)) < Cd(y, 2), for all 0 < j < 6
1
det DFY| T, X
og ————, — —
det DFY| T,%
Note that V;(x) is a neighbourhood of the point x in ¥, but not necessarily x € @, ¢. For
simplicity, we will often denote the sets w, ¢ as w and W, ¢ as W. In such case, we also set

< Gudistyao(F4(y), F1(2))"-

Vo(w) = Vi(x) and £, =¢. (40)

In the applications, V,(x) will be defined using

@ expanding properties for points in Hp;
@ transitivity to assure that forward iterates of a part of V,(x) returns onto

> Ay (endomorphisms);
> an unstable disk of a Young structure containing Ag (diffeomorphisms).

81



In many cases, typical points in Ag belong in (Hn)n with
@ positive frequency: there is 0 < 6 < 1 such that for mg almost every x € Ap
limsup = #{1<J<n x € H;j} > 0. (41)
n—oo

@ strong positive frequency: there is 0 < 6 < 1 such that for mg almost every x € Ag
oo 1 .
liminf =#{1<j<n:x€H}>0. (42)
n—oco N
In the latter case, set hg(x) = min{no : #{1 <j<n:x€ Hj} >0n, Vn> nm}.

Theorem 4.1
If (h)-(ls) hold, then there is an my mod 0 partition P of Ag into domains wy ¢ as in (I).
Moreover, setting R(x) = n+ £ for each x € wn¢ € P,
© there are C > 0 and an arbitrarily small 0 < 8 < 1 such that, for all x,yeweP,
@ disto(x,y) <6d|stR(fR( ), FR());
@ dist;(f/(x), fi(y)) < CdlstR(fR(x) fR(y)), forall0 < j < R;

det DfR| T, =
G 1 IX% < Cdistr(FR(x), FR
€ detDFRIT, =~ ° RUFECA, FE )™

Q there are 51,52, -+ C Ao with 37 -, mo(Sn) < oo such that, for all n > 1,
H.N{R > L+ n} C Sp;

@ if typical points belong in (H,)» with strong positive frequency, then there are
Ei, E,--- C Ao with mo(E,) — 0 exponentially fast with n such that, for all n > 1,

{R>n+L} C {ho > n}UE,.
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Inductive construction

Now, we describe an inductive process leading to an mg mod 0 partition of the disk Ay
under the assumptions of Theorem 4.1. Our approach is closely related to constructions
performed in [Alves, Dias, and Luzzatto 2013; Alves, Dias, Luzzatto, and Pinheiro 2017;
Alves and Li 2015; Pinheiro 2006], based on ideas from [Gouézel 2006].

We will define inductively sequences (Pr)n, (An)s and (Sn)n, using the objects given by
(11)-(I3), in such a way that
@ P, is the family of elements of the partition constructed at step n;

@ A, is the set of points which do not belong to any element of the partition
defined up to time n;
@ S, contains points in H, not taken by elements of Px’s constructed until time n.
A key point in our argument is the conclusion of Lemma 4.2 below, which asserts that

every point in H, either belongs to an element of the partition constructed until that
moment or to an S,.
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First step
We start our inductive process at time Np, for some large Ny. Since Hy, is a compact
set, there is a finite set Fy, C Hp, such that

Ho ©€ | Vi ().

XEFNO
Consider x1,..., X, € Fn, and, for each 1 </ < ji,, a set wny,e; C Vi (xi) as in (I3),
such that P, = {wno,t15 - - -, Whp,e;,, } is @ maximal family of pairwise disjoint sets
0

contained in Ag. For each wyy,¢ € Py, set
Sn(w) = { Y € e 1 0 < distag e (FO(y), FYOM (w)) < 2510%} .

and for A§ =X\ Ao
Snp (D) = {x € Ao : dist(x, 9A)

Finally, set
Sy = U Snp(w) U SNO(A(C))
wEPNO
and
ANO = Ao\ U w.
w€EPp,
For

definiteness, set A, = S, = A for each 1 < n < Np. 84



General step

Given n > Np, assume that Pk, Ak and Sk have already been defined for all k with
No < k < n—1. Let F, be a finite subset of the compact set H, such that

Ha C | Va(x). (43)

Consider xi,...,x;, € F, and, for each 1 < i < ji,, a domain wy,s; C Via(x;) as in (I3) for
which P, = {w,,,gl, . ,w,,,gjn} is a maximal family of pairwise disjoint sets contained
in A,_1, such that for each 1 < i <,

n—1
w0 | U U w) =0 (44)

k=N wePy

The sets in P, are the elements of the partition P obtained in the n-th step of the
construction. Set

A, = Do\ U U w- (45)

k=Np wePy
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Given wy ¢ € Py, for some Ny < k < n, set

Sn(w) = {y €@ : 0 < distyo(FF(y), FFH(w)) < 2510"*} : (46)
Set also
Sn(AG) = {x € Ay : dist(x,0A¢) < §10"} .
and )
So=J U Si(w)US.(AF).
k=Ny wePy
Finally, set
P=J P
n>Ny

By construction, the elements in P are pairwise disjoint and contained in Ay.
However, there is still no evidence that the union of these elements covers a full mg
measure subset of Ag.
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Metric estimates

Lemma 4.2

H,NA, C S, for all n.

Lemma 4.3
There exists C > 0 such that for all n > k > Ny and w € Px we have

mo (Sn(w)) < Co" *mo(w).

Lemma 4.4

oo

Z mo (Sn) < 0.

n=Np

Corollary 4.5

P is an mg mod 0 partition of A,.

See Section 5.2 in [Alves 2020] for proofs of these results.
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Recurrence times

We have constructed an m mod 0 partition P = Un>N0 P, of the disk Ay, where each
element of P, is a domain w, ¢ related to some point in H, as in (I3). Set

R(x)=n+1¢ (47)
for each n > Np and x € wn¢ € P,. For all n > Ny, we have
H.Nn{R>n+ L} CS,. (48)

Indeed, if R(x) > n+ L for some x € H,, then by (47) we necessarily have x € A, since
£ < L. It follows from Proposition 4.2 that x € S,,, and therefore (48) holds. Finally,

@ the conclusions of first item of Theorem 4.1 follow from the conditions in (I2)
and (I3), provided Nj is sufficiently large;

o the second item of Theorem 4.1 is given by Lemma 4.4 and (48);
@ for a proof of the third item, see Subsection 5.3.2 in [Alves 2020].
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Integrability of the recurrence times

Theorem 4.1 will be useful to build

(a) Gibbs-Markov maps: we choose each w € P in such a way that f?(w) = A, for all
w € P, thus obtaining from Theorem 4.1 that f® : Ag — Ag is a Gibbs-Markov map.

(b) Young structures: we take the set Ag in a family of unstable disks I'* and each
fR(w) an unstable disk in . Then, using a quotient map as in (63) with
domain Ap, we have again a Gibbs-Markov map F : Ay — Ay.

Set for each k> 1
k—1

Rk:ZRon and Ry, =0.

Jj=0

We say that a sequence (H;, ). of sets in Ag is F-concatenated in (H,), if
x € Hf = F'(x) € H,_g,, (49)

whenever Ri(x) < n < Ri;1(x), for some i > 0.1

tin case (a), we will actually take H, = H,, for all n > 1. The possibility of having this new sequence
(H,)n will be particularly useful in case (b).
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Proposition 4.6
Let F : Ao — Ao be a Gibbs-Markov map with respect to a partition P and R : Ao — N
constant in the elements of P. Assume that there exist
@ a sequence (H;)n such that typical points in Ag belong in (H; ), with positive
frequency and (H,)n is F-concatenated in (Hn)n;
@ a sequence (Sy)n such that Y~ mo(S,) < co and L € N such that
H.Nn{R>n+ L} CS,, foralln.

Then R is integrable with respect to my.

Proof. Consider the ergodic F-invariant probability measure v < mg given by

Theorem 2.5. Since dv/dmg is bounded above and below by positive constants, it is
enough to check the integrability of R with respect to v. Assume by contradiction that
R ¢ L*(v). Since R is a positive function, it follows from Birkhoff Ergodic Theorem that

lim Il(;R(Ff(x)) —>/Rdu=oo7 (50)

k— o0

for v almost every x € Ag. Since > mo(S,) < o0, it follows from Borel-Cantelli Lemma
that v almost every x € Ay belongs in only a finite number of sets S,.
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Set for x € Ay
s(x)=#{n>1:x€S,}.

Using that dv/dmg is bounded above by a positive constant and Birkhoff Ergodic
Theorem, we have for v almost every x € Ag

%is(Fi(x)) = /sdz/ =3 u(s) < . (51)
i=0 n

Exercise 4.7
Show that
(Hy)n is F-concatenated in (Ha)n == # {Ri <j < Riy1:x € H} <1+ s(F'(x)).

Given n > 1, set r(n) = min{R; : R; > n}. For each n > 1, we have

r(n)
#{1<j<n:xeH'} < Zl+sF(x +ZS(F(X
i—0
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Therefore,
r(n 1 &
7#{J<n x€eH'} < (— s(F'(x))

i=0

Observe that if r(n) = k, then by definition we have Rc_1 < n < Rx. Hence,

Ri_1 n R« R« 1
e AL S AL S -
PR k+1(1+k>’

which together with (50) gives

k—
n . Ry 1
lim — = Ilm—_llm ;Z (F'(x)) =

n—o00 r(n) k— 00 k—o0

It follows from (51), (52) and (53) that

lim 7#{1<J<n XGH}— lim @:O,

n—oo n n—oco N

which clearly contradicts the fact that (H, ). is a frequent sequence.

(52)

(53)
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Nondegenerate sets

Consider f: M — M a C'*" local diffeomorphism out of a set C C M, possibly C = (.
In practice, C can be a set of points where the derivative of f is not an isomorphism
(critical set), a set of points where the derivative simply does not exist (singular set), or
even the boundary of M. We say that C is a nondegenerate set if m(C) = 0 and
(C1)-(C3) hold:

(C1) If Ais Borel set, then f(A) and f~!(A) are both Borel sets and
m(A)=0 = m(f "(A)) =0 and m(f(A))=0.
We also assume that there exist K, a > 0 such that
(Co) IDF(x)|| < Kdist(x,C)™, for every x € M\ C;
(C3) for every x,y € M\ C with dist(y, x) < dist(x,C)/2 we have

o |log || Df(x) || — log || Df (y) dist(x, y)";

_ K
1 PO
1= S0y

o |log|det Df(x)| — log | det Df (y) dist(x, y)".

<
= dist(x,C)«

93



Nonuniform expansion and slow recurrence

We say that f is nonuniformly expanding (NUE) on H if there exists A > 0 such that, for
some choice of a Riemannian metric on M and all x € H,

— 1 j -1
liminf ~ ; log ||[DF(F/(x)) || < —A. (54)

We say that f has slow recurrence to C (SR¢) on H if, for every € > 0, there is r > 0
such that for all x € H

n—1
limsup = 1 Z log dist,(/(x),C) < e, (55)
n—-+oo

with dist,(x,C) is the truncated distance, defined for x € M\ C as

1, if dist(x,C) > r;
dist(x,C), otherwise.

dist,(x,C) = {
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Hyperbolic times

Let f : M — M be a C**" local diffeomorphism out of a nondegenerate set C C M. Fix
b > 0 small, only depending on the constants in the definition of a nondegenerate set.
Given o € (0,1) and r > 0, we say that n is a (o, r)-hyperbolic time for x € M if

n—1
[TIDF(F )M <o and  dist (F (x),C) > ™", Vo< k<n.
j=k

Proposition 4.8 (Alves, Bonatti, and Viana 2000)

Let f : M — M be a C*'" Jocal diffeomorphism out of a nondegenerate set C.
Given \ > 0, there exist (¢1,n), (g2, r2) and 6 > 0 such that if, for x € M and i = 1,2,

n—1 n—1
1 N < — 1S~ oedist. (F :
- glog IDf(f'(x)) || < =X and - ; log dist, (f/(x),C) < &i,

/4

then x has (e~"/*, rn)-hyperbolic times 1 < n; < --- < ng < n with £ > 0On.

See Proposition 6.3 in [Alves 2020] for a proof, which is based on the next result.

Lemma 4.9 (Pliss)

Let0 < c< Aandai,...,an < A be such ZJ'.'ZI aj > cn. There are £ > cn/A and
1§n1<~~<nz§nsuchthatzj'.’;kaj20, forall1< k<n;and1l<i</.




Proposition 4.10 (Alves, Bonatti, and Viana 2000)

Let f : M — M be a C*" local diffeomorphism out of a nondegenerate set C. Given
o € (0,1) and r > 0, there exists 51 > 0 such that for all x € M with a (o, r)-hyperbolic
time n there is a neighbourhood V,(x) of x such that
Q 1" maps V,(x) diffeomorphically to Bs,(f"(x));
@ forall y,z € V,(x),
0 dist(f"K(y), f"k(2)) < o*/2dist(f"(y), f"(2)), for all 1 < k < n;

| det DF"(y)| _ Cdist (F"(y), f"(2))" .

| =" NI
® %8 et DFr(z) =

See Proposition 6.6 in [Alves 2020] for a proof.

Theorem 4.11

Let f : M — M be a C**" Jocal diffeomorphism out of a nondegenerate set C.

If f is NUE and has SRc on H C M with m(H) > 0, then there are transitive invariant
sets Qi,...,Qs C M such that, for m almost every x € H, there is 1 < j < { such that
w(x) = Q;. Moreover, for each 1 < j < ¢, there is a ball X; C Q; such that f is NUE and
has SRc on m almost all of X;.

The proof uses ideas from [Pinheiro 2011]. See Theorem 6.9 in [Alves 2020].
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Transitive sets

Let Q be a transitive set and ¥ C 2 a ball as in the previous theorem.

Consider H C X with m(H) = m(X) such that f is NUE and has SR¢ on H.

By Proposition 4.8 there are o, r > 0 such that every point in H has infinitely many
(o, r)-hyperbolic times. Setting for n > 1

H, = {x € H: nis a (o, r)-hyperbolic time for x}, (56)

Proposition 4.8 also gives 6 > 0 such that for all x € H

Iimsupl#{lgjgn:erj}ZG, (57)
n—oo N
In particular, m almost every point in X belongs in infinitely many H,'s, thus ensuring the
validity of (I1) in any ball Ag C X. Taking the sets V,(x) and the constant d; > 0 as in
Proposition 4.10 we obtain (l2). Assuming € a transitive set, we find L > 0, a ball
Ao C X and sets
Wne CWnyp C Vi(x), withf <L

as in (I3) for which f™(w,¢) = Ao.
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Gibbs-Markov structure and SRB measure
Setting R|o, , = n+ £ as in (47), we obtain a Gibbs-Markov map

R Do — Ao
By the definition of hyperbolic time, for all 0 < j < n
x € Hy, = F(x) € Haj, (58)

and so (H,)n is fR-concatenated in (H,),. Moreover, (57) implies that typical points in
Ay have positive frequency in (Hp),. Using Theorem 4.1 and Proposition 4.6, we obtain:

Theorem 4.12

Let f : M — M be a C**" local diffeomorphism out of a nondegenerate set C and

Q C M a transitive set. If f is NUE and has SRc for m almost every point in a ball

Y C Q, then f has a Gibbs-Markov induced map with integrable recurrence times defined
on some ball Ay C X.

A first version of this result was proved in [Pinheiro 2006] under global assumptions of
NUE and has SR¢. See Theorem 6.13 in [Alves 2020] for details.

Corollary 4.13

Let f : M — M be a C**" local diffeomorphism out of a nondegenerate set C and
Q C M a transitive set. If f is NUE and has SRc on H C Q with m(H) > 0, then f has a
unique ergodic SRB measure ;. whose support coincides with Q.

For the decay of correlations we need a stronger version of the nonuniform expansion. 98



Strong nonuniform expansion

Let f: M — M be a local diffeomorphism out of a nondegenerate set C C M. We say
that f is strongly nonuniformly expanding (SNUE) on H C M, if there exists A > 0 such

that, for all x € H,
n—1

I|m sup 1 ZlogHDf( i(X))71|| < —A (59)

i=0

Clearly SNUE = NUE. Fixing A > 0 as in (59), we may define for each x € H

5(x):min{N>1 ZlogHDf (x))~ |<—)\,Vn>N}.

Suppose, in addition, that f has SR¢ on H. Considering (€1, 1), (g2, r2) as in
Proposition 4.8, we may also define for x € Hand i =1,2

n—1
Ri(x) = min {N >1: %Z — log dist,, (/(x),C) < &i, ¥n > N} .

Jj=0

Set for each x € H
hu(x) = max{€(x), R1(x), R2(x)} . (60)

Obviously, hy(x) = £(x) when C = (), that is, when f : M — M is a local diffeomorphism.
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The Gibbs-Markov map f* : Ag — A of the next result was obtained in Theorem 4.12,
under the weaker assumption of NUE.

Theorem 4.14

Let f : M — M be a C**" local diffeomorphism out of a nondegenerate set C and

Q C M a transitive set. If ¥ C Q is a ball such that f is SNUE and has SRc on H C
with m(H) = m(X), then there are L > 0 and a Gibbs-Markov induced map f® defined
on a ball Ay C X such that {R > n+ L} C {hy > n} U E,, for some sequence of sets
(En)n in Ao with m(E,) — O exponentially fast, as n — oco.

Taking 0 < 8 <1 as in Proposition 4.8, it follows from the definition of hy that, for all
x € H and n > hy(x), there are £ > 6n and (o, r)-hyperbolic times
1<m<---<ng<nforx, witho=e >*and r=r. Foreach n> 1, set

H, ={x € H: nis a (o, r)-hyperbolic time for x} .
Clearly,
n> hy(x) = %#{1§j§n:x€Hj}20,
and so typical points in Ag has strong positive frequency in (H,),. Thus, hg as in (42)
can be defined and, moreover, hg < hy. By the third item of Theorem 4.1, we have
{R>n+ L} C {ho > n} UE,,

for a sequence (E,), of sets in Ag such that m(E,) decays exponentially fast with n.
Since {hg > n} C {hy > n}, we are done.
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Corollary 4.15
Let f : M — M be a C**" Jocal diffeomorphism out of a nondegenerate set C and
Q C M is a transitive set. If X C Q is a ball such that f is SNUE and has SRc on H C X
with m(H) = m(X), then there is a Gibbs-Markov induced map " defined on a
ball Ao C ¥ such that
@ ifm{hy > n} < Cn~? for some C > 0 and a > 1, then there is C' > 0 such that
m{R > n} < C'n~7;
Q@ if m{hy > n} < Ce " for some C,c > 0 and a > 1, then there are C',c’ > 0 such
that m{R > n} < C'e=<'"".

By the previous theorem, there are L > 0 and a Gibbs-Markov induced map ¥ defined
on a ball Ag C X C Q for which

{R>n+ L} C{hy>n}UE,, (61)

where (E,)n is a sequence of sets in Ag such that m(E,) — 0 exponentially fast with n.
Since we consider {hy > n} decaying no faster than exponential, it follows from (61)
that m{R > n} decays (at least) at the same speed of m{hy > n}.
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Decay of correlations

Let H be the space of Holder continuous functions defined on M. Under the assumptions
of the next results, the existence of a unique ergodic SRB measure p whose support
coincides with Q has already been obtained in Theorem 4.13. Actually, under the weaker
assumption of NUE.

Corollary 4.16

Let f : M — M be a C*" local diffeomorphism out of a nondegenerate set C and Q C M
an transitive set containing a ball ¥ such that f is SNUE and has SRc on a set H C X
with full m measure in X. If u is the unique ergodic SRB measure for f whose support
coincides with 2, then there are 1 < p < q and exact SRB measures p, ..., up for f9
with fup1 = po,. .., fiprp = p1 and p = (1 + - - - + pp)/p such that, for all 1 <j < p,
Q@ if m{hy > n} < Cn~? for some C >0 and a > 1, for all p € H and ¢ € L*°(m),
there is C' > 0 such that Cor,,,(¢,v o f9") < C’'n~2t;

Q@ if m{hy > n} < Ce™" for some C,c >0 and a > 1, given p > 0, there is ¢’ >0
such that, for all ¢ € H and ) € L>°(m), there is C' > 0 such that
Cor,,, (g, p o FI") < Cle™ ",

Under assumptions of topologically mixing or ergodicity of the powers of f, we may
deduce p = g = 1. See Section 6.5 in [Alves 2020].
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Viana maps

Let ao € (1,2) be such that x = 0 is pre-periodic for Q(x) = a0 — x*. Let S’ = R/Z and
b:S* — R be a Morse function, e.g. b(s) = sin(27s). For small a > 0, define

f. S'xR, — S'xR
(s, x) > (&(s),4(s,x)),
where g : S' — S is given by g(s) = ds (mod 1), for some d > 161, and
G(s,x) = a(s) — x> with a(s) = ap + ab(s).
It is easily verified that, for any small a > 0, there exists an interval | C (—2,2) for which
F(S" x 1) Cint(S* x 1).

This implies that any f sufficiently close to f in the C° topology still has S* x / as a
forward invariant region. Consider the attractor

Q=) F(S" x 1.
n>0
We define the family V of Viana maps as the set of C3 maps in a sufficiently small
neighbourhood of f : S* x I — S x I in the C? topology.

tThis has been weakened to d > 2 in [Buzzi, Sester, and Tsujii 2003], but only for open sets of maps in the
C*° topology.
10



Theorem 4.17

For every f € V, there is a set H with full m measure on S* x | such that f is SNUE and
has SRe, on H. Moreover, there are C,c > 0 such that m{hy > n} < Ce=“V" and f is
topologically mixing on Ss.

The strong nonuniform expansion and the measure estimate for {hy > n} have
essentially been obtained in [Viana 1997]'; see also [Alves and Araiijo 2003]. The fact
that Viana maps are locally eventually onto on the attractor was proved in [Alves and
Viana 2002] using previous estimates from [Alves 2000].

Corollary 4.18

Each f € V has a unique ergodic SRB measure ;1 whose basin covers m almost all
of S* x I. Moreover, given n > 0, there exists ¢ > 0 such that, for all ¢ € H,, and
¥ € L=(m), there is C > 0 for which Cor,(p,1 o f") < Ce™ V™,

The existence of an ergodic SRB measure and the stretched exponential decay of
correlations with respect to this SRB measure have been obtained in [Alves 2000]

and [Gouézel 2006], respectively. The uniqueness of the SRB measure and the continuity
of its density in the L*-norm with the map f € V (statistical stability) was obtained

in [Alves and Viana 2002].

tit remains an interesting open question to know whether the estimate for {hy; > n} is optimal or just a
limitation of the method used in [Viana 1997].
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Partial hyperbolicity

We say that a forward invariant compact set K C M for f € Diff'(M) has a dominated
splitting if there are a Df-invariant decomposition Ty M = E“ ® E® and 0 < A < 1 such
that, for some choice of a Riemannian metric on M,

IDFIEE|| - [|1DF THER || < A, for all x € K.
We say that E is uniformly contracting if
IDFIES|| < A, forall x € K
and E is uniformly expanding if
|DfF Y EfGyll < A, for all x € K.

If E€ (resp. E) is uniformly contracting (resp. expanding), we simply denote it by E°
(resp. EY). We say that K C M is partially hyperbolic if it has dominated splitting
TkM = E< ® E for which

E® is uniformly contracting or E® is uniformly expanding.

We say that Q2 C M is an attractor if there exists some compact neigbourhood U of K
such that f(U) C int U and
Q=) f"().

n>1
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Case E°S @ E<Y

Let K C M have a dominated splitting T« M = E< & E. We say that f is nonuniformly

expanding along EY (NUE) on a set H C K if there exists ¢ > 0 such that

n—+oo N <

liminf - > log || DF HEg |l < —c, forall x € H.
Jj=1

Given o < 1, we say that n is a o-hyperbolic time for x € K if

n
II I HES )l <o* forall1<k<n.

Jj=n—k+1
The next result is an easy consequence of Pliss Lemma.

Lemma 4.19
Given ¢ > 0, there exists 6 > 0 such that if for x € K we have

1 1y e
- > "log ||DF T Efiill < —e,

j=1

then x has e=</?

-hyperbolic times 1 < m < --- < ng < n with £ > 0n.

(62)

(63)
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By the continuity of Df, we may fix 61 > 0 sufficiently small such that, for all x € K,

1D (F VI < o~ IDF E8y ],
whenever dist(x, y) < d; and v € C;“(y).

Proposition 4.20 (Alves, Bonatti, and Viana 2000)

Given a cu-disk D, there exist C,( > 0 such that for all x € KN D with a
a>/*_hyperbolic time n there exists a neighbourhood Vi(x) of x in D such that
Q 1" maps V,(x) to a cu-disk of radius 61 around f"(x);
Q@ nisa 01/2—hyperbolic time for all y € V,(x);
@ forall y,z € Vi(x) we have
© disten—i(p)(F"K(y), F"*(2)) <o*/2 disten(p) (F"(y), F"(2)), for all L < k < n;
det Df"| T, D

Y2 < Cdisten(p) (F"(y), F"(2))° .
det DF"[T,D — isten(p) (F7(y), £"(2))

9 log

(64)

See Proposition 7.3 in [Alves 2020] for a proof.
Theorem 4.21 (Alves, Dias, Luzzatto, and Pinheiro 2017)

Let f € Diff't"(M) and K C M be such that f(K) C K and TkM = E° @ E“. Iff is
NUE®™ on H C K with m(H) > 0O, then there are transitive sets Q,...,Q, C K such
that, for m almost every x € H, there is 1 < j < ¢ for which w(x) = ;. Moreover, each

Q; contains a cu-disk ¥; such that f is NUE™ for ms; almost every point in % ;.

See Theorem 7.9 in [Alves 2020] for a proof.
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Young structure
Let Q2 be a transitive set and X C Q a cu-disk as in the previous theorem. Consider
H C X with full ms measure such that f is NUE® on H. By Lemma 4.19, there are
0 <o <1and @ >0 such that, for every x € H,
lim sup %#{1 <j < n:jis a o-hyperbolic time for x} > 6. (65)

n—oo

Set foreach n>1
H, = {x € H: nis a 0**-hyperbolic time for x} . (66)
From the definition of hyperbolic time,
x € Hy = Ff(x) € H,_j, forall0<j<n. (67)
Since o-hyperbolic time —- 03/4—hyperbo|ic time, it follows from (65) that ms almost
every point in X belongs in infinitely many H,'s. Moreover, by Proposition 4.20, each
x € H, has a neighbourhood V,(x) in X that grows to a disk of radius d; in n iterates. A

priori, we do not know where this image disk is located. Using the transitivity in Q we
bring it close to X in a finite number of iterates.

Theorem 4.22 (Alves, Dias, Luzzatto, and Pinheiro 2017)

Let f € Diff**"(M) and Q C M be a transitive set with ToM = E* @ E. If there is a
cu-disk ¥ C Q such that f is NUE® for ms almost every point in X, then f has a set
N C Q with a full Young structure and integrable recurrence times.
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Integrability of recurrence times

Let F: Ag — Ap be the Gibbs-Markov quotient map
associated with the Young structure. To apply

Proposition 4.6, we need that typical points in A have
positive frequency in a sequence (H, ), that is F-concatenated
in (Hn)n; recall (49) and (41). Set for each n > 1

H, = {x € Ao: nis a o-hyperbolic time for x}.
It follows from (65) that, for ma, almost every x € Ag, we have

1
li - 1<j<n: H'Y > 0.
|msupn#{ <j<n:xe J}_

n—o00o

Thus, (H;)» is a frequent sequence of sets in Ag. Choosing € < 1, from (64) and (67)
x€eH, yeri(f(x) = y&Hnj, forall0<j<n;
recall that H, is the set of points x such that nis a 03/4-hyperbo|ic time for x.

Theorem 4.23

Let f € Diff'*"(M) and Q C M be a transitive set with ToM = E* @ E®. If Q contains
some cu-disk X such that f is NUE™ on a subset of X with positive my measure, then f
has a unique ergodic SRB measure ;. whose support coincides with Q.

See Theorem 6.17 in [Alves 2020] for a proof. A first version of this result was obtained
in [Alves, Bonatti, and Viana 2000] under the stronger version of NUE.
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Decay of correlations
We say that f is strongly nonunlformly expanding along E< (SNUE®) on H C K if

Jec>0: limsup= ZlogHDf |Efipoll < —c, forall x € H.

n—+00

Clearly, SNUE® — NUE®. F|xmg ¢ > 0 as above, set for each x € H
n—1
. . 1 —1 cu
hu(x) = min {N >1: - 270 log || Df " |Efj |l < —c, Vn > N }

Theorem 4.24 (Alves and Li 2015)

Let f € Diff**"(M) and Q C M be a transitive set with ToM = E* @ E“ for which there
is a cu-disk ¥ C S such that f is SNUE™ on H C ¥ with ms(H) = ms(X). If p is the
unique ergodic SRB measure for f with supp(u) = Q, then there are 1 < p < q and
exact SRB measures pa, . .., up for f9 with fipr = po,. .., fipp = p1 and
= (u1+ -+ wp)/p such that, for all1 < i < p,
Q@ if mg{hy > n} < Cn~? for some C > 0 and a > 1, then for all ¢, € H, there is
C’ > 0 such that Cor,,, (¢, o f77) < C'n=a,
Q@ ifmg{hy > n} < Ce " for some C,c>0and0< a<1, then given n > 0, there
is ¢’ > 0 such that, for all p,v) € H,, there is C' > 0 for which
Cor,,, (¢, 0 FI") < Cle™ "

Under assumptions of topologically mixing or ergodicity of the powers of f, we may
deduce p = g = 1. See Section 6.5 in [Alves 2020]. 11(



Case E€ @ EY: SRB measures

Theorem 4.25 (Pesin and Sinai 1982)

Let f € Diff'**"(M) and Q C M be an attractor such that ToM = E< @& E". Then there
are ergodic SRB measures with support contained in €.

To prove that the SRB measures are physical measures, some contraction in the E
direction is needed. Giving a point x € A, consider its largest Lyapunov exponent in the
E< direction:

X5 (x) = limsup % log || DF"|ES|.

We say that E€ is mostly contracting if for any unstable manifold v* we have A$(x) < 0
for a positive m,« measure set of points x € v".

Theorem 4.26 (Bonatti and Viana 2000)

Let f € Diff'*"(M) and Q C M be an attractor with ToM = E* @ E" with E< mostly
contracting. Then there are ergodic SRB measures (i1, ..., pe supported on Q such that
for m almost every x with w(x) C Q we have x € B(u;) for some 1 < j < {. Moreover, if
the leaves of the unstable foliation are dense in 0, then there is a unique SRB measure
supported on Q.
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Case E< @ EY: decay of correlations

Let f € Diff'**"(M) and Q C M be an attractor such that ToM = E @ E“. Assume the
unstable manifolds of points in Q are dense in Q (in particular, the SRB in Q is unique).

Theorem 4.27 (Dolgopyat 2000)

Ifdim(M) = 3 and E< = E° @ E° with ES mostly contracting, then the SRB measure
has exponential decay of correlations for Holder continuous observables.

Theorem 4.28 (Castro 2002)

If f has a finite Markov partition and E® is mostly contracting, then the SRB measure
has exponential decay of correlations for Holder continuous observables.

Theorem 4.29 (Castro 2004)

If dim(E<) =1 and E€ is mostly contracting, then the SRB measure has exponential
decay of correlations for Holder continuous observables.
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