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Resumo

Nesta tese estudamos bifurcacoes secundarias de ponto de equilibrio e bifurcagao de Hopf
em sistemas com simetria Sy .

Estudamos um sistema geral de equagoes diferenciais ordinarias que comuta com a
accao de permutacio do grupo simétrico Sz, em R?". Usando resultados de teoria de sin-
gularidades, econtramos condigoes suficientes nos coeficientes da truncagem de grau cinco
de um campo de vectores C*° geral Ss,-equivariante para a existéncia de um ramo se-
cundario de equilibrio préximo da origem com simetria S,, X S,, X S,, do sistema. Provamos
também que sob estas condigoes as solugdes sao (genericamente) globalmente instéveis ex-
cepto nos casos em que duas bifurcagoes tercidrias ocorrem ao longo do ramo secundério.
Nestes casos, o resultado sobre a instabilidade mantém-se apenas para o equilibrio préximo
dos pontos de bifurcacao secundaria.

Estudamos bifurcacao de Hopf com simetria Sy para a accao standard absolutamente
irredutivel de Sy obtida da ac¢ao de Sy por permutagao de N coordenadas. Stewart (Sym-
metry methods in collisionless many-body problems, J. Nonlinear Sci. 6 (1996) 543-563)
obteve um teorema de classificacdo para os subgrupos C-axiais de Sy x S!. Usamos esta
classificacao para provar a existéncia de ramos de solugoes periddicas com simetria C-axial
em sistemas de equacoes diferenciais ordinarias com simetria S postas numa soma directa
de duas representacoes Sy-absolutamente irredutiveis, como resultado de uma bifurcagao
de Hopf que ocorre quando um parametro real é variado. Assumimos que os termos de
grau cinco na expansao em série de Taylor do campo de vectores estdo na forma normal de
Birkhoff e como tal comutam com a accdo de Sy x S'. Derivamos, para N > 4 a funcao
geral Sy x Sl-equivariante com componentes polinomiais até grau cinco. Usamos o Teo-
rema de Hopf Equivariante para provar a existéncia de tais ramos de solucoes periddicas
(com simetria C-axial). Determinamos ainda as condigdes (genéricas) nos coeficientes do
campo de vectores Sy x Sl-equivariante de grau cinco que descrevem a estabilidade e
a criticalidade desses ramos de solucées. Encontramos que para alguns grupos C-axiais,
em algumas direccoes, a truncagem de grau cinco do campo de vectores é necesséria para
determinar a estabilidade das soluc¢oes. Além disso, em alguns casos, mesmo a truncagem
de grau cinco é demasiado degenerada (origina um valor préprio nulo que nao é for¢ado
pela simetria do problema). Incluimos, entao, dois capitulos sobre, respectivamente, bi-
furcagao de Hopf com simetria S e S5. Estudamos estes dois casos pelas seguintes razoes.
Quando N = 4 temos que a truncagem de grau trés do campo de vectores é suficiente
para determinar a estabilidade das solugoes periddicas garantidas pelo Teorema de Hopf
Equivariante. Classificamos todos os diagramas de bifurcacao possiveis para bifurcacao
de Hopf com simetria S, e procuramos possiveis ramos de solucoes periddicas que podem
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bifurcar com isotropia submaximal. Terminamos esta tese com o estudo de bifurcagao de
Hopf com simetria S;. Este é o primeiro caso em que necessitamos da truncagem de grau
cinco do campo de vectores em algumas diregoes de forma a determinar a estabilidade das
solucoes periddicas com simetria C-axial.
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Abstract

In this thesis we study secondary steady-state bifurcations and Hopf bifurcation in systems
with Sy-symmetry.

We study a general system of ordinary differential equations commuting with the
permutation action of the symmetric group Ss, on R3". Using singularity theory results,
we find sufficient conditions on the coefficients of the fifth order truncation of the general
smooth Sj,-equivariant vector field for the existence of a secondary branch of equilibria
near the origin with S,, x S,, X S,, symmetry of such system. Moreover, we prove that
under such conditions the solutions are (generically) globally unstable except in the cases
where two tertiary bifurcations occur along the secondary branch. In these cases, the
instability result holds only for the equilibria near the secondary bifurcation points.

We study Hopf bifurcation with Sy-symmetry for the standard absolutely irreducible
action of Sy obtained from the action of Sy by permutation of N coordinates. Stew-
art (Symmetry methods in collisionless many-body problems, J. Nonlinear Sci. 6 (1996)
543-563) obtains a classification theorem for the C-axial subgroups of Sy x S!. We use this
classification to prove the existence of branches of periodic solutions with C-axial symme-
try in systems of ordinary differential equations with Sy-symmetry posed on a direct sum
of two such Sy-absolutely irreducible representations, as a result of a Hopf bifurcation oc-
curring as a real parameter is varied. We assume that the degree five terms in the Taylor
series expansion of the vector field are in Birkhoff normal form and so commute with the
action of Sy x S'. We derive, for N > 4, the general Sy x S'-equivariant map with poly-
nomial components up to degree five. We use the Equivariant Hopf Theorem to prove the
existence of such branches of periodic solutions (with C-axial symmetry). Moreover, we
determine the (generic) conditions on the coefficients of the fifth order Sy x S!-equivariant
vector field that describe the stability and criticality of those solution branches. We find
that for some C-axial groups in some directions the fifth degree truncation of the vector
field is needed to determine the stability of the solutions. Furthermore, in some cases, even
the fifth degree truncation is too degenerate (it originates a null eigenvalue which is not
forced by the symmetry of the problem). We then include two chapters with respectively
Hopf bifurcation with S4 and S5 symmetry. We include these two cases for the following
reasons. When N = 4, we have that the third degree truncation of the vector field is
enough to determine the stability of the periodic solutions guaranteed by the Equivariant
Hopt Theorem. Moreover, we classify all possible bifurcation diagrams for Hopf bifurca-
tion with S4 symmetry and we look for possible branches of periodic solutions that can
bifurcate with submaximal isotropy. We finish this thesis with the study of Hopf bifurca-
tion with Sy symmetry. This is the first case where we need the fifth degree truncation
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of the vector field in some directions in order to determine the stability of the periodic
solutions with C-axial symmetry.



Résumé

Dans cette these nous étudions bifurcations secondaires du point d’équilibre et bifurcation
de Hopf dans systemes avec symétrie Sy .

Nous étudions un systeme général d’équations différentielles ordinaires qui commutent
avec l’action de permutation du groupe symétrique Sz, sur R3". Employant les résultats de
la théorie de singularités, nous trouvons des conditions suffisantes sur les coefficients de la
troncation de degré cinq du champ de vecteurs C*° général Sg,,-equivariant pour I’existence
d’une branche secondaire des équilibres pres de 'origine avec symétrie S,, x S, x S,, d’'un
tel systeme. D’ailleurs, nous montrons que dans de telles conditions les solutions sont
(génériquement) globalement instables sauf dans les cas ou deux bifurcations tertiaires
se produisent le long de la branche secondaire. Dans ces cas, le résultat d’instabilité se
mantient seulement pour les équilibres pres des points secondaires de bifurcation.

Nous étudions bifurcation de Hopf avec symétrie Sy pour l'action absolument irré-
ductible standard de Sy obtenu a partir de ’action de Sy par la permutation de N coor-
données. Stewart (Symmetry methods in collisionless many-body problems, J. Nonlinear
Sci. 6 (1996) 543-563) a obtenue un théoreme de classification pour les sous-groupes
C-axial de Sy x S' . Nous employons cette classification pour prouver 'existence des
branches des solutions périodiques avec symétrie C-axial dans les systemes des équations
différentielles ordinaires avec symétrie Sy posées sur une somme directe de deux telles
représentations absolument irréductibles de S, comme résultat d’une bifurcation de Hopf
qui se produit pendant qu’un parametre réel est changé. Nous supposons que les termes de
degré cing dans ’expansion de la série de Taylor du champ de vecteurs sont sous la forme
normale de Birkhoff et ainsi commute avec I'action de Sy xS!. Nous dérivons, pour N > 4,
la fonction générale Sy x S'-equivariant avec les composants polynomes jusqu’au degré
cinqg. Nous employons le théoreme d’ Hopf Equivariant pour prouver l'existence de telles
branches de solutions périodiques (avec symétrie C-axial). D’ailleurs, nous déterminons
les conditions (génériques) sur les coefficients du cinquiéme ordre du champ de vecteurs
Sy x S'-equivariant qui décrivent la stabilité et la criticalité de ces branches de solutions.
Nous constatons que pour certains groupes C-axial dans certaines directions la cinquieme
troncation du champ de vecteurs est nécessaire pour déterminer la stabilité des solutions.
En outre, dans certains cas, méme la troncation de degré cing est trop dégénérée (elle lance
une valeur propre nulle qui n’est pas forcée par la symétrie du probléeme). Nous incluons
alors deux chapitres avec respectivement la bifurcation de Hopf avec symétrie S, et Ss.
Nous incluons ces deux points pour les raisons suivantes. Quand N = 4, la troncation de
degré trois du champ de vecteurs est assez suffisante pour déterminer la stabilité des solu-
tions périodiques garanties par le théoreme d’Hopf Equivariant. D’ailleurs, nous classons
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tous les diagrammes possibles de bifurcation pour la bifurcation de Hopf avec symétrie Sy
et nous recherchons les branches possibles des solutions périodiques qui peuvent bifurquer
avec l'isotropie submaximale. Nous finissons cette these avec ’étude de la bifurcation de
Hopf avec symétrie S5. C’est le premier cas ol nous avons besoin de la troncation de
degré cinq du champ de vecteurs dans certaines directions afin de déterminer la stabilité
des solutions périodiques avec symétrie C-axial.
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Chapter 1

Introduction

“Ao destino agradam as repeticoes, as variantes, as simetrias.”
Jorge Luis Borges, o Fazedor

In the sentence of Borges, the argentine writer, to the destiny please the repetitions,
the variants, the symmetries. This sentence is by itself a motivation to this work. In this
thesis we study bifurcation of dynamical systems with symmetry.

In the general theory of symmetric dynamical systems [23] we study a system of ordi-
nary differential equations (ODEs)

dz
i f(z, ), (1.1)
with z € V,\ € R, where V is a finite-dimensional vector space, A is the bifurcation
parameter and f is a symmetric function.

We say that v (an invertible n x n matrix) is a symmetry of (1.1) if f(yz, ) = vf(z, A)
for all z € V, A € R. A consequence of this is that if () is a solution to (1.1), then so it
is yx(t). We say that « is a symmetry of the solution z(t).

There is a similar consequence for periodic solutions: if z:(¢) is a T-periodic solution of
(1.1), then so is yz(t). Uniqueness of solutions to the initial problem for (1.1) implies that
the trajectory of z(t) and ~yx(t) are either disjoint, in which case we have a new periodic
solution, or identical, in which case x(t) and ~vx(t) differ only by a phase shift, that is

z(t) = ya(t — o)

for some t(. In this case we say that the pair (v, tp) is a symmetry of the periodic solution
z(t). Thus, symmetries of periodic solutions have both a spatial component v and a
temporal component .

Bifurcation Theory describes how solutions to differential equations can branch as a
parameter is varied. It turns out that the symmetry of f imposes restrictions on the
bifurcations that can occur. Generically there are two types of bifurcation:



(a) Steady-state bifurcation, when an eigenvalue of (df)o  passes through 0 (without
loss of generality at A = 0).

(b) Hopf bifurcation, when a pair of conjugate complex eigenvalues of (df ) crosses
the imaginary axis with nonzero speed at +wi,w # 0.

In this work we study both kinds of bifurcation, stated in (a) and (b). We study
steady-state secondary bifurcations and Hopf bifurcation in systems with Spy-symmetry.

This work is organized as follows. In Chapter 2 we present the Background needed for
the present work.

In Chapter 3 we study secondary bifurcations in systems with all-to-all coupling. The
original motivation for the work carried out in this chapter came from evolutionary bi-
ology. Cohen and Stewart [7] introduced a system of S y-equivariant ordinary differential
equations (ODEs) that models sympatric speciation as a form of spontaneous symmetry-
breaking in a system with Sy-symmetry. Elmbhirst [17, 15, 16] studied the stability of
the primary branches in such a model and also linked it to a biological specific model of
speciation. Stewart et al. [40] made numerical studies of relatively concrete models. Here
the population is aggregated into IV discrete ‘cells’, with a vector x; representing values of
some phenotypic observable - the phenotype - the organisms form and behavior. If the ini-
tial population is monomorphic (single-species) then the system of ODEs representing the
time-evolution of the phenotypes should be equivariant under the action of the symmetric
group Sy; that is, the model is an example of an all-to-all coupled system. Symmetry-
breaking bifurcations of the system correspond to the splitting of the population into two
or more distinct morphs (species).

Dias and Stewart [11] continue the study of the general cubic truncation of a center
manifold reduction of a system of that type, which takes the form

d:ZZZ'

o= ATt B(Nz? — ) + C(Nz} — m3) + Daymo (1.2)

fori=1,...,N. Here \, B,C,D € R are parameters, z; € R for all 4, the coordinates
satisfy z1 4+ -+ + a2y =0 and m; = 2] 4+ --- + @, for j = 2,3. They study the existence,
branching geometry and stability of secondary branches of equilibria in such systems.
Their study was motivated by numerical simulations showing jump bifurcations between
primary branches. These jumps correspond to the loss of stability of the primary branches,
see Stewart et al. [40]. Primary branches in such systems correspond to partitions of N
into two parts p, ¢ with p + g = N. Secondary branches correspond to partitions of NV
into three parts a,b,c with a + b+ ¢ = N. They remarked that the cubic-order system
(1.2) is too degenerate to provide secondary branches if a = b = ¢. We focus our work
in this case. We begin by observing why this case is special. When looking for steady-
state solutions with symmetry ¥ =S, x S, X S,, we restrict the original Sy-equivariant
vector field, where N = 3a, to the fixed-point subspace of ¥. These equations are now
equivariant under the normalizer of ¥ inside Sy. Moreover, the group of symmetries
acting nontrivially on that fixed-point subspace is the quotient of that normalizer over X
and it is isomorphic to D3, the dihedral group of order six. Solutions with ¥-symmetry of
the original system correspond to solutions with trivial symmetry for the D3-symmetric
restricted problem. Using singularity results for D3-equivariant bifurcation problems, see
Golubitsky et al. [23], we find solutions of that type, by local analysis near the origin,



assuming nondegeneracy conditions on the coefficients of the fifth order truncation of the
system.

In this chapter, we consider a general smooth Sy-equivariant system of ODEs posed
on the Sy-absolutely irreducible space, V1 = {z € R" : 1 + - -+ + zny = 0}, which takes
the form

dx
i G(z,\) (1.3)
where
Gi(x,\) = Ax;+ B(Nz? —m)+ C(Nz} — 73) + Da;ma +

E(Nz} — m4) + F(Na?my — 72) + Gayms +

+ H(NzP — 75) + I(Nx}me — m3m2) + (1.4)

J(N$127T3 — 7T37T2) + La;my + Ma:ﬁr% +

terms of degree > 6

for i = 1,...,N. Here \,B,C,...,M € R are parameters, r; € R for all i (and the
coordinates satisfy z1 +--- +ay =0). Also mj = +--- + 2 for j =2,...,5.

In Sections 3.1 and 3.2 we obtain, respectively, the isotropy subgroups for the natural
representation of the symmetric group and the general fifth order truncation of (1.3) of
any smooth Sy-equivariant vector field posed on the Spy-absolutely irreducible space V.
In Section 3.3 we present a brief description of the singularity theory of Ds-equivariant
bifurcation problems.

In Section 3.4 we suppose N = 3a and ¥ = S; x S, x S,. We look for secondary
branches of steady-state solutions for the system (1.3) that are ¥-symmetric obtained by
bifurcation from a primary branch of solutions with isotropy group (conjugate to) S, X Sag.
The restriction of (1.3) to the fixed-point subspace of ¥ is D3-equivariant. Dgs-singularity
results imply that the existence and stability (in Fix(X)) of such a secondary branch of
solutions near the origin depends only on certain non-degeneracy conditions on the coeffi-
cients of the fifth order truncation of the vector field G. Theorem 3.3 describes sufficient
conditions on the coefficients of the vector field for the existence of a secondary branch of
solutions of (1.3) with that symmetry. Corollary 3.4 describes the parameter regions of
stability of those solutions (in Fix(X)). Finally, in Section 3.5 we discuss the full stability
of such a secondary branch. In Theorem 3.8 we obtain the expressions of the eigenvalues
that determine the full stability of those solutions. We prove in Theorem 3.9 that these
solutions are (generically) globally unstable except in the cases where two tertiary bifur-
cations occur along the secondary branch. In these cases, the instability result holds only
for the equilibria near the secondary bifurcation points. We conclude with an example
where two tertiary bifurcations occur along the secondary branch and the solutions along
the branch between those tertiary bifurcation points are stable (Example 3.10).

In Chapter 4 we study Hopf bifurcation with Sy-symmetry. This part of the work
was motivated by two different branches of physics. Our first motivation for studying this
particular group of symmetry came from the ongoing work on series of Josephson junctions
arrays over the past years ([20], [42] - [45]). Josephson junctions are superconducting
electronic devices capable of generating extraordinarly high frequency voltage oscillations,
up to 10" or more. In such devices, it is particularly desirable that the elements oscillate
perfectly in phase, in order that the power output reaches practically useful levels. In [42],
Tsang et al. present a very useful discussion of the symmetries of such systems, noticing



that the ODEs governing the dynamics are in fact symmetric under any permutation of
the N indices.

But, in fact, the greatest motivation for this work was newtonian mechanics. At this
point we want just to conjecture that the results we got in Hopf bifurcation with Sp-
symmetry can be used in order to find periodic solutions of symmetric models of celestial
dynamics. We will discuss this physical motivation with detail in Section 4.1.

The theory of Hopf Bifurcation with symmetry was developed by Golubitsky and
Stewart [25] and by Golubitsky, Stewart, and Schaeffer [23]. Golubitsky and Stewart [24]
applied the theory of Hopf bifurcation with symmetry to systems of ordinary differen-
tial equations having the symmetries of a regular polygon (this is, with D,,-symmetry).
They studied the existence and stability of symmetry-breaking branches of periodic so-
lutions. Finally, they applied their results to a general system of n nonlinear oscillators,
coupled symmetrically in a ring, and describe the generic oscillation patterns. Since the
development of the theory, some examples were studied with detail, we list some:

e Swift [39] studied Hopf bifurcation with the symmetry of the square (this is, with
Dy-symmetry). He found that invariant tori (quasiperiodic solutions with two fre-
quencies) and periodic solutions with “minimal” symmetry bifurcate from the origin
for open regions of the parameter space of cubic coefficients.

e Jooss and Rossi [29] studied Hopf bifurcation with spherical symmetry (SO(3)-
symmetry). In this particular bifurcation the imaginary eigenspace is a direct sum
of two copies of the 5-dimensional irreducible representation of the group SO(3) on
the space of the spherical harmonics of order 2. They obtain five different types of
bifurcating periodic solutions and the stability conditions and direction of bifurca-
tion are proved for all these solutions. They also show that a family of quasiperiodic
solutions may bifurcate directly from an invariant fixed point together with the peri-
odic solutions. Later, Haaf, Roberts and Stewart [26] showed that their results could
be obtained in a simpler manner by realizing the space of the spherical harmonics of
order 2 as the set of symmetric traceless 3 x 3 matrices. They prove the generic exis-
tence of five types of symmetry-breaking oscillation: two rotating waves and three
standing waves and analyse the stabilities of the bifurcating branches, describing
the restrictions of the dynamics to various fixed-point spaces of subgroups of SO(3),
and discussing possible degeneracies in the stability conditions.

e Gils and Golubitsky [19] proved that in general, degeneracies arising from Hopf bi-
furcation in the presence of symmetry, in situations where the normal form equations
decouple into phase/amplitude equations lead to secondary torus bifurcations. They
apply this result to the case of degenerate Hopf bifurcation with triangular (D3) sym-
metry, proving that in codimension two there exist regions of the parameter space
where two branches of asymptotic stable 2-tori coexist but where no stable periodic
solutions are present.

e Silber and Knobloch [38] studied Hopf bifurcation on a square lattice (D4 x T2-
symmetry) and Dias and Stewart [12] studied Hopf bifurcation on a primitive cubic
lattice.



e Dias and Paiva ([8], [9]) proved the nonexistence of branches of periodic solutions
with submaximal symmetry in Hopf bifurcation problems with dihedral group sym-
metry (D,,) when n # 4.

e Abreu and Dias [2] studied Hopf bifurcation on Hemispheres. They considered Hopf
bifurcations for reaction-diffusion equations defined on the hemisphere with New-
mann boundary conditions on the equator. They showed the effect of hidden sym-
metries on spherical domains for the type of Hopf bifurcations that can occur. They
obtain periodic solutions for the hemisphere problem by extending the problem to
the sphere and finding then periodic solutions with spherical spatial symmetries
containing the reflection across the equator. The equations on the hemisphere have
O(2)-symmetry and the equations on the sphere have spherical symmetry.

We consider the natural action of Sy on CV given by

O‘(Zl, ce ,ZN) = (2071(1), .. .,ngl(N))

for 0 € Sy and (z1,...,2n) € CN. The decomposition of C" into invariant subspaces for
this action of Sy is
cV = cNgn

where
cNo = {(21,...,21\7)ECN221+"'+ZN:0}
and
i = {(2...,2): z€ C} = C.

The action of Sy on V; is trivial. The space CMV is S y-simple:
cNO ~ RNO g RNO
where Sy acts absolutely irreducibly on
RMY = {(z1,...,2xy) e RN 12y + -+ 2y =0} = RNL
Suppose now that we have a system of ordinary differential equations (ODEs)

9T ), (1.5)

dt
where z € CV0 X € R is the bifurcation parameter and f : CV0 x R — CN:0 is a smooth
mapping commuting with the action of Sy as defined above. Note that Fixgno(Sy) = {0}
and so f(0,\) =0.

We suppose that (df)o,o has eigenvalues £i. Our aim is to study the generic existence
of branches of periodic solutions of (1.5) near the bifurcation point (z,A) = (0,0). We
assume that f is in Birkhoff normal form and so f also commutes with S!, where the
action of S on CN0 is given by

0z = ¢?z (0eS' zeCN).



In Section 4.1 we give an overview of the physical motivation for this work.

In Section 4.2 we recall the classification of the C-axial subgroups of Sy x S! acting
on CNV0 given by Stewart [41]. There are two types of isotropy subgroups, Zép and Eél .

In Section 4.3 we calculate the cubic and the fifth order truncation of f in (1.5) for
the action of Sy x S! extended naturally to C. We obtain the cubic and the fifth order
truncation of f in (1.5) on C™-0 by restricting and projecting onto CV:0.

After describing the C-axial subgroups of Sy xS!, we use in Section 4.4 the Equivariant
Hopf Theorem to prove the existence of branches of periodic solutions with these symme-
tries of (1.5) by Hopf bifurcation from the trivial equilibrium at A = 0 for a bifurcation
problem with symmetry I' = Sy. The main result of this chapter is Theorem 4.13, where
we determine the directions of branching and the stability of periodic solutions guaranteed
by the Equivariant Hopf Theorem. For solutions with symmetry Eél the terms of the de-
gree three truncation of the vector field determines the criticality of the branches and also
the stability of these solutions (near the origin). However, for solutions with symmetry
Ef,,q, although the criticality of the branches is determined by the terms of degree three,
the stability of solutions in some directions is not. Moreover, in one particular direction,
even the degree five truncation is too degenerate (it originates a null eigenvalue which is
not forced by the symmetry of the problem).

The remaining two chapters in this thesis are devoted to the study of Hopf bifurcation
with S4 and with S; symmetry. From Theorem 4.13 we have that for one of the isotropy
subgroups, namely meq? the stability of solutions in some directions is determined by the
fifth degree truncation of the vector field. Furthermore, in one particular direction, even
the fifth degree truncation of the vector field is too degenerate. We include these two
cases (Hopf bifurcation with S; and with S5 symmetry) with details for the following
reasons. When N = 4, the directions in which we need the fifth degree truncation of the
vector field do not appear in the isotypic decomposition for the action of each isotropy
subgroup on C*Y. This means this is the case (in fact the only one) we only need the third
degree truncation of the vector field to compute the stability in all directions. We obtain
conditions depending on the coefficients of the third order truncation of the vector field that
determine the stability and criticality of the branches of periodic solutions guaranteed by
the Equivariant Hopf Theorem. This allow us to classify the possible bifurcation diagrams.
The case when N = 5 is slightly different. In this case, the directions in which we need the
degree five truncation of the vector field are present in the isotypic decomposition for some
of the isotropy subgroups. Although for the other values of N, the fifth degree truncation
of the vector field is still degenerate to determine the stability of the periodic solutions,
in the case N = 5, the degree five truncation of the vector field determines the stability
of all the periodic solutions guaranteed by the Equivariant Hopf Theorem.

In Chapter 5 we study Hopf Bifurcation with Ss-symmetry. We start this Chapter
with the study of the branching and stability of periodic solutions with maximal isotropy.
The conjugacy classes of isotropy subgroups for the action of S; x S! and the equivariant
vector field are derived from the general theorems presented in Chapter 4. In Section 5.1
we look for branches of periodic solutions that can bifurcate with maximal isotropy (C-
axial solutions) and we determine the directions of branching and the stability of periodic
solutions guaranteed by the Equivariant Hopf Theorem. Although this example has been
studied in [4], in this thesis we obtain explicit expressions for the stability which allows



us to classify the possible bifurcation diagrams. We do this in Section 5.2, moreover, we
give two examples, assigning specific values for the parameters. We finish this chapter
by looking for possible branches of periodic solutions that can bifurcate with submaximal
isotropy.

In Chapter 6 we study Hopf Bifurcation with Ss-symmetry. This is the first case
where the fifth degree truncation of the vector field is necessary in order to determine
the branching equations and the stability of the periodic solutions guaranteed by the
Equivariant Hopf Theorem. Again, we determine the directions of branching and the
stability of periodic solutions guaranteed by the Equivariant Hopf Theorem.






Chapter 2

Background

When we study a one-parameter family of systems of ordinary differential equations

(ODEs)

dx

== f(z, ), (2.1)

with € V, A € R, where V is a finite-dimensional real vector space, A is the bifurcation
parameter and f commutes with the action of a compact Lie group I' on V, it turns
out that the symmetry of the problem imposes restrictions on the type and the way that
solutions can bifurcate from an invariant steady-state equilibrium.

We begin this chapter presenting a few results concerning representation of compact
Lie groups.

If Fix(I") = {0}, it follows that f(0,A) = 0 and = = 0 is an equilibrium of (2.1) for
all parameter values of A\. Moreover, if the action of I' on V is absolutely irreducible, as
the Jacobian of f at (0, ), (df)(o,x), commutes with I, it follows that (df)(, ) is a scalar
multiple of the identity. Thus (df) ) = c¢(A)Idy where ¢: R — R is smooth. Suppose
that (df)(o,») is singular, say, at A = 0. Then we have that c¢(0) = 0 and (df)( o) = 0. In
Section 2.2 we introduce the Equivariant Branching Lemma [23, Theorem XIII 3.3], which
states that if c/(O) # 0, then for each axial subgroup of I' there exists a unique branch of
equilibria of (2.1) bifurcating from the trivial equilibrium at A = 0 with that symmetry.

When the derivative (df)po has purely imaginary eigenvalues, then under an addi-
tional hypothesis of nondegeneracy, the Equivariant Hopf Theorem [23, Theorem X VT 4.1]
states that we can expect bifurcating branches of periodic solutions. These correspond to
solutions of (2.1) restricted to two-dimensional fixed-point subspaces of groups that are
related now with symmetries that involve the original symmetry group of the problem and
an extra group of symmetries called phase-shift symmetries. These extra symmetries can
be related to the circle group S!. See Section 2.3.

2.1 Group Theory

Let GL(n) denote the group of all invertible linear transformations of the vector space
R" into itself, or equivalently, the group of nonsingular n x n matrices over R. As in
Golubitsky et al. [23, Chapter XII], we define a Lie group to be a closed subgroup I' of



GL(n). A Lie group I' is compact or connected if it is compact or connected as a subset
of R™. Equivalently, I' is compact if and only if the entries in the matrices defining I" are
bounded.

Let I" be a Lie group and let V' be a finite-dimensional real vector space. We say that
I" acts (linearly) on V' if there is a continuous mapping (the action), from I' x V to V such
that to each (v, v) makes correspond = - v satisfying:

(a) for each v € T' the mapping p, : V' — V defined by p,(v) = - v is linear;
(b) if y1,72 € I then vy - (y2 - v) = (y172) -v for allv € V.

The mapping p : I' = GL(V') such that p(v) = p, is called a representation of I' on
V. Here GL(V) is the group of invertible linear transformations V" — V.

Let N be a positive integer. The set of all permutations of 1,2,..., N, under the
product operation of composition, is a group. It is called the symmetric group, and we
write Sy. The number of elements in a group I' is called the order of I', so, the order of
Sy is N

Remark 2.1 It is easy to see that I' = Sy acting on V = R by permutation of coordi-
nates

0T = (To-1(1) Ta=1(2)s - - - To-1(n)) (0 € SN, @ = (71,%2,...,ZN) € RY)

is an action:

plox) = p(o(21,22,...,2N)) = p(Tg-1(1)s - - To-1(N))
~—— ——
Y1 Y2

with

p(yl, e ,yN) = (yp71(1 goes ,yp—l(N)) = (.’L'o.—lp—l(l), e ,nglpfl(N))
= (aj(pa)—l(l)v PN ,x(pa)_1(N)) == (pa)a:

<

Let T be a Lie group acting on the vector space V. A subspace W C V is called
T-invariant if yw € W for all w € W,~v € I'. A representation or action of I' on V is
irreducible if the only I'-invariant subspaces of V are {0} and V. A subspace W C V is
said to be I'-irreducible if W is I-invariant and the action of I' on W is irreducible.

The study of a representation of a compact Lie group is often made easier by observing
that it decomposes into a direct sum of simpler representations, which are said to be
irreducible.

Proposition 2.2 Let T’ be a compact Lie group acting on' V. Let W C 'V be a I'-invariant
subspace. Then there exists a I'-invariant complementary subspace Z C 'V such that

V=Wwae~Zz

Proof: See [23, Proposition XII 2.1]. O

It follows from this that every representation of a compact Lie group may be written
as a direct sum of irreducible subspaces.
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Corollary 2.3 (Theorem of Complete Reducibility). Let I' be a compact Lie group
acting on V. Then there exist I'-irreducible subspaces Vi,..., Vs of V' such that

V=& --aV,. (2.2)

Proof: See [23, Corollary XII 2.2]. O

In general, the decomposition of V' in (2.2) is not unique. The reason for this nonunique-
ness in the decomposition of Corollary 2.3 is the occurrence in V' of two isomorphic irre-
ducible representations.

Theorem 2.4 Let I' be a compact Lie group acting on V.

(a) Up to T isomorphism there are a finite number of distinct I'-irreducible subspaces of
V. Call these Uy, ..., U,.

(b) Define Wy, to be the sum of all T'-irreducible subspaces W of V' such that W is T'-
isomorphic to Ug. Then

V=W&- - -&W.
Proof:  See [23, Theorem XII 2.5]. O
The subspaces Wy, for k = 1,...,t, are called the isotypic components of V', of type

Uy, for the action of I'.
We say that a mapping g : V — V is I' — equivariant or commutes with I if

g(y-v)=7v-g(v)

forallyeT'and v € V.
A special kind of commuting mappings are the linear ones:

Definition 2.5 A representation of a group I' on a vector space V' is absolutely irreducible,
or the space V is said to be absolutely irreducible, if the only linear mappings on V' that
commute with I' are the scalar multiples of the identity. <&

Remark 2.6 When working with complex representations of compact Lie groups then
Schur’s Lemma implies that the complex versions of irreducibility and absolute irreducibil-
ity are equivalent concepts; however, this is not true for real representations. <&

Lemma 2.7 Let ' be a compact Lie group acting on V. If the action of I is absolutely
irreducible then it is irreducible.

Proof: See [23, Lemma XII 3.3]. O

We present now some results about linear maps that commute with the action of a
compact Lie group.

11



Lemma 2.8 Let I be a compact Lie group acting on V, let A : 'V — V be a linear
mapping that commutes with T, and let W C V' be a T'-irreducible subspace. Then A(W')
is T-invariant, and either A(W) = 0 or the representation of I' on W and A(W) are
1somorphic.

Proof:  See [23, Lemma XII 3.4]. O
Lemma 2.8 implies:

Theorem 2.9 Let ' be a compact Lie group acting on the vector space V. Decompose V
into 1sotypic components

V=W - - oW,

Let A:V — V be a linear mapping commuting with I'. Then
A(Wy) € Wy (2.3)

fork=1,...,s.

Proof: See [23, Lemma XII 3.5]. O

Let V and W be n-dimensional real vector spaces and assume that the Lie group
acts both on V and W. The actions are said to be isomorphic, or the spaces V and
W are I' — isomorphic, if there exists a (linear) isomorphism A : V. — W such that
A(y-v) =7v-A(v), for all v € V and v € I'; that is, we get the same group of matrices if
we identify the spaces V and W (via the linear isomorphism).

The symmetry of a mapping imposes restrictions on its form. There are results that
permit the description of the C* functions that are equivariant by I'. We now describe
nonlinear mappings that commute with a group action.

Let T be a (compact) Lie group acting on a vector space V. We say that a real-valued
function f : V — R is invariant under I if

flyz) = f(x) (2.4)

for all v € T, € V. An invariant polynomial is defined in the obvious way by taking f
to be polynomial. Note that it suffices to verify (2.4) for a set of generators of I'.

Denote by P(T") (¢(T")) the ring of polynomials (C*° germs) from V to R invariant
under I'. Note that P(I") is a ring since sums and products of I'-invariant polynomials are
again I'-invariant.

When there is a finite subset of invariant polynomials w1, ..., us such that every in-
variant polynomial may be written as a polynomial function of uq, ..., us, this set is said
to generate, or to form a Hilbert basis of P(T").

Next theorem gives a theoretical foundation for describing invariant polynomials:

Theorem 2.10 (Hilbert-Weyl Theorem) Let I" be a compact Lie group acting on V.
Then there exists a finite Hilbert basis for the ring P(T).

12



Proof: See [23, Theorem XII 4.2]. O

A similar result to Theorem 2.10 holds for real analytic functions, moreover, this result
remains true for C*° germs.

Theorem 2.11 (Schwarz [37]) LetI" be a compact Lie group acting on' V. Letui, ..., us
be a Hilbert basis for the I'-invariant polynomials P(I'). Let f € e(I"). Then there exists a
smooth germ h € 5 such that

F(@) = h (@), ., ug(2)) (2.5)
Here €, is the ring of C* germs R° — R.

Proof:  See [23, Theorem XII 4.3]. O

Note that when P(I") is a polynomial ring in the Hilbert basis uy, ..., us, then every
invariant polynomial f has uniquely the form (2.5). However, even when P(T") is a poly-
nomial ring, uniqueness need not hold in (2.4) for C*> germs.

We now describe the restrictions placed on nonlinear mappings. Next lemma states
that the product of an equivariant mapping and an invariant function is another equivari-
ant mapping:

Lemma 2.12 Let f : V — R be a I'-invariant function and let g : V. — V be a T'-
equivariant mapping. Then fg:V — V is I'-equivariant.

Proof: See [23, Lemma XII 5.1]. O

Denote now by ?(r) the space of I'-equivariant polynomial mappings from V into V'
and £ (I') the space of I'-equivariant germs (at the origin) C* from V into V.

The space ?(F) is a module over the ring P(I"). Similarly, the space  (I') is a module
over the ring e(T").

Let ¢1,...,9, be I'-equivariant polynomial mappings from V to V such that every
gc 7_3>(F)(?(F)) can be written as

g=fign+-+ fron

for f; € P(I')(e(I")). Then g1, ..., g, are said to generate ﬁ(F)(?(I‘)) over P(I")(g(T)).
If the relation

figi -+ frgr =0
where f; € e(I') implies that f; =--- = f, =0, then we say that g1,..., g, freely generate
2 (I) over ¢(T") and € (T) is called a free module over £(T).

Theorem 2.13 Let I' be a compact Lie group acting on V. Then there exists a finite set
—
of I'-equivariant polynomial mappings g1, ..., gr that generates the module P (I') over the

ring P(T).
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Proof:  See [23, Theorem XII 5.2]. O

Next theorem gives a ['-equivariant version of Schwarz’s theorem:

Theorem 2.14 (Poénaru [36]) Let I' be a compact Lie group acting on V and let
=

gi,---,9r generate the module P(T') over the ring P(I'). Then gi,...,g, generate the
module € (T') over the ring e(T).

Proof: See [23, Theorem XII 5.3]. O

2.2 Symmetry-Breaking in Steady-State Bifurcation

Consider the system of ODEs (2.1) where f : V x R — V is smooth, commutes with
the action of a compact Lie group I' on V and A € R is a bifurcation parameter. A
steady-state solution x for some value of \ satisfies

f(xv)‘) =0,

and since f commutes with I', if x is a solution, then « - x is also a solution, for v € T'.
Recall that f commutes with the action of I' (or is I'-equivariant) if

foyw, X) =~ f(x, )

forallyel' and z € V.
We define
l'e={y-z:yeTl}

the orbit of x under I', and
Ye={yel : yz=x}CT

the isotropy subgroup of € V in I'.
Recall that points in V' that are in the same I'-orbit have conjugate isotropy subgroups.
The fized-point space of a subgroup ¥ C I' is the subspace of V' defined by

Fix(¥)={z €V : yo =z, Vye X}
For any I'-equivariant mapping f and any subgroup ¥ C I' we have
f(Fix(¥) x R) C Fix(¥) xR

This follows from the fact that if 0 € ¥ and = € Fix(X), then f(z,\) = f(oz,A); and
as f commutes with X, then f(oz,\) = of(x,\) and so f(z,\) is also fixed by 3. Note
that this result holds even when f is nonlinear. One consequence is that when we look for
solutions with a specific isotropy subgroup X, we can restrict f to Fix(X) xR and then
solve the equation on this space. Another consequence is the existence of trivial zeros of
I'-equivariant mappings f. Suppose that Fix(I')= {0}. Then it follows that f(0,\) = 0
for all A € R.
The larger is the orbit I'z for = € V, the smaller is the isotropy subgroup >,:
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Proposition 2.15 Let I' be a compact Lie group acting on V. Then
(a) If T| < 0o , then |T| = |E4||Tz|
(b) dimI" = dim3,; + dimI'z
Proof: See [23, Proposition XIIT 1.2]. O
An important class of isotropy subgroups are called maximal.

Definition 2.16 Let I' be a Lie group acting on V. An isotropy subgroup > C T is
mazimal if there does not exist an isotropy subgroup A of I' satisfying ¥ C A C T O

An isotropy subgroup of I' is azial if it has a 1-dimensional fixed-point space. An
equilibrium with axial isotropy is called an axial equilibrium, and a branch of axial equi-
libria is an azial branch. Axial subgroups are important because (generically) they lead
to solutions for bifurcation problems with symmetry I'. See Theorem 2.19 below.

Definition 2.17 Let I' be a Lie group acting on a vector space V. A steady-state bifur-
cation problem with symmetry group I' is a germ f € &, ,(T) satisfying f(0,0) = 0 and
(df )o,0 = 0. O

Here (df )o,0 denotes the n x n Jacobian matrix of derivatives of f with respect to the
variables x; evaluated at (z,\) = (0,0) assuming V' is an n-dimensional real vector space.

Proposition 2.18 Let f : RN x R — R" be a one-parameter family of T-equivariant
mappings with f(0,0) = 0. Let V = ker(df)o,0. Then generically the action of T' on V is
absolutely irreducible.

Proof: See [23, Proposition XIII 3.2]. O

We use the assumption of absolute irreducibility as follows: apply the chain rule to
the identity f(yxz,A) =~vf(z,A) to obtain

(df oy = v(df )ox- (2.6)

Absolute irreducibility states that the only matrices commuting with all v € I' are scalar
multiples of the identity. Therefore

(df Yo = e(N)1d. (2.7)

Since (df)op = 0 by the definition of a bifurcation problem with symmetry group I' we
have ¢(0) = 0. We now assume the hypothesis

cr(0) £ 0 (2.8)

which is valid generically.
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Theorem 2.19 (Equivariant Branching Lemma) Let I be a Lie group acting ab-
solutely irreducibly on 'V and let f € ?ZQ\(F) be a I'-equivariant bifurcation problem sat-
isfying (2.8) where (df )o.x is given by (2.7). Let ¥ be an isotropy subgroup of I' satisfying

dimFix() = 1

Then there exists a unique smooth solution branch to f = 0 such that the isotropy subgroup
of each solution is 2.

Proof: See [23, Theorem XIII 3.3]. O

We now discuss the stability properties of equilibria for (2.1) when the mapping f
commutes with the action of a Lie group I

If the action of I" on V is nontrivial and absolutely irreducible then Fixy (I') = {0}.
Moreover, if f commutes with I' it follows then that f(0,\) = 0 and so z = 0 is an
equilibrium for all A € R. In the conditions of the Equivariant Branching Lemma, since it
is assumed that ¢/(0) # 0, there is an exchange of stability of this trivial equilibrium (for A
near 0). We say that the bifurcating solution branch is subcritical if the branch occurs for
parameter values of A where the trivial equilibrium is stable and supercritical otherwise.
We assume that ¢/(0) > 0 and so x = 0 is stable for A < 0 and so subcritical branches
occur for A < 0 and supercritical branches for A > 0.

Suppose now that xg is an equilibrium solution of (2.1) where f commutes with I" and
let ¥ = X, be the isotropy subgroup of xg. The solution z¢ is asymptotically stable if
every trajectory x(t) of (2.1) which begins near z( stays near zq for all ¢ > 0, and also
limy_ z(t) = 2. The equilibrium is neutrally stable if every trajectory x(t) of (2.1) which
begins near x( stays near xzq for all ¢ > 0.

Note that

Tz Lo C ker(df ),

where T,,I'zo denotes the tangent space of 'z at zg. To see this, let y(t) = y(t) - zo
be a smooth curve in the orbit I'zg with y(¢) a smooth curve in I' such that v(0) = 1.
Then %(0) - xo is an eigenvector of (df),, with eigenvalue zero and we have a method for
calculating null vectors of (df)y,-

The equilibrium z is orbitally stable if z( is neutrally stable and if whenever z(t) is a
trajectory beginning near xg, then lim;_,o, () exists and lies in T'zg.

There is a well-known condition for the asymptotic stability known as linear stability:
the eigenvalues of (df),, all have negative real part. Moreover, if some eigenvalue of (df),,
has positive real part, then zg is unstable.

However, if the isotropy subgroup of zg has dimension less than that of I, then neither
linear stability nor asymptotic stability is possible: in this case the orbit I'zg has positive
dimension forcing (df )., to have zero eigenvalues. So, in presence of symmetry the concepts
of linear and asymptotic stability are replaced by linear orbital stability and asymptotic
orbital stability as follows:

Definition 2.20 Let 2y be an equilibrium of (2.1), where f commutes with the action of
I'. The steady state xq is linearly orbitally stable if the eigenvalues of (df)s, (other then
those arising from T,,I'z¢) have negative real part. <
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Theorem 2.21 Linear orbital stability implies (asymptotic) orbital stability.
Proof:  See [23, Theorem XIII 4.3]. O

We now discuss the isotropy restrictions on the Jacobian of f. Let X C I' be the
isotropy subgroup of x. Then for all ¢ € ¥ we have

(df )zo = o(df)x (2.9)

that is, (df), commutes with the isotropy subgroup ¥ of z.
The commutative relation (2.9) restricts the form of (df), as follows. Given 3 we can
decompose V into isotypic components

as in Theorem 2.4. By Theorem 2.9 we have that

(df)=(W;) C W (2.10)

We can always take W; =Fix(X) since Fix(X) is the sum of all subspaces of V' on which
> acts trivially.

We conclude that the group I' affects the form of (df), in two ways:

(a) I'/X forces null vectors of (df),, that is, dim ker(df), >dimI’/%.

(b)(df)s has invariant subspaces as in (2.10).

The restriction of (df), to W; is often subject to extra conditions. For example,
suppose that 3 acts absolutely irreducible on W;. Then (df),|W; is a scalar multiple of
the identity. Even when the action of I' on W; is not absolutely irreducible, the form of
(df)z|W; may be constrained by the symmetry.

In [23, Chapter XIII, Section 4(c)] the authors prove that generically, for certain group
actions, the solutions obtained from the Equivariant Branching Lemma are all unstable.

2.3 Symmetry-Breaking in Hopf Bifurcation

Consider a system of ODEs

@, 0.0=0 (211)
dt
where x € V,; A € R is the bifurcation parameter, f : V x R — V is a smooth (C*)
mapping and f(0,\) =0 for all A\ € R. We say that (2.11) undergoes a Hopf Bifurcation
at A = 0 if (df )0 has a pair of purely imaginary eigenvalues.

When f commutes with a symmetry group I, this symmetry imposes restrictions on
the imaginary eigenspace.

Definition 2.22 A representation V' of T" is I'-simple if either

(a) V.= W@ W, where W is absolutely irreducible for I, or
(b) V is irreducible, but not absolutely irreducible for I'. <&
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Proposition 2.23 Suppose (2.11) where V.= R"™ and f : R" x R — R" commutes
with the linear action of a compact Lie group I' on R"™. Suppose that (df )oo has purely
imaginary eigenvalues +iw. Let G;, be the corresponding real generalized eigenspace of
(df)o,0- Then generically Gi, is I'-simple. Moreover, Gy, = Ej,.

Proof: See [23, Proposition XVI 1.4]. O

Under the conditions of the previous proposition and supposing that R™ is I'-simple,
after an equivariant change of coordinates and a rescaling of time if necessary, we can
assume that (df)o,o has the form

(df)oo = <I(7)n _ém> =J

where I, is the m x m identity matrix and m = n/2. This comes from the following
lemma:

Lemma 2.24 Assume that R" is I'-simple, the mapping f is I'-equivariant and (df)o o
has i as an eigenvalue. Then:

(a) The eigenvalues of (df)o. consist of a complex conjugate pair o(X) £ ip(N), each
with multiplicity m. Moreover, o and p are smooth functions of \.

(b) There is an invertible linear map S : R™ — R"™, commuting with ', such that

(df oo = STS~".
Proof: See [23, Lemma XVI 1.5]. 0
Identify the circle S! with R/27Z and suppose that z(t) is a periodic solution of (2.11)

in t of period 27.
A symmetry of z(t) is an element (v,0) € I' x S! such that

yx(t) = z(t — 0).
The set of all symmetries of x(t) forms a subgroup
Yoy =1{(7,0) €T x 8"t ya(t) = x(t — 0)}.

There is a natural action of I' x S' on the space Ca, of 2m-periodic functions from R into
V', defined by

(7,0) -z =7-z(+0).
This is, the action of I' on Ca, is induced through its spatial action on v and S! acts by
phase shift.

This way, the initial definition of symmetry of the periodic solution z(t) may be rewrit-
ten as

(7,0)x(t) = =(t)
and with respect to this action, X, is the isotropy subgroup of x(t).
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So if we assume (2.11) where f commutes with I' and (df)o,0 = L has purely imaginary
eigenvalues, we can apply a Liapunov-Schmidt reduction preserving symmetries that will
induce a different action of S! on a finite-dimensional space, which can be identified with
the exponential of L|g, acting on the imaginary eigenspace E; of L. The reduced function
of f will commute with ' x S1. See [23, Section XVI 3].

Basically, the Equivariant Hopf Theorem states that for each isotropy subgroup of
I' x S! with two-dimensional fixed-point subspace there exists a unique branch of periodic
solutions of (2.11) with that symmetry (with a nondegeneracy crossing condition of the
eigenvalues):

Theorem 2.25 (Equivariant Hopf Theorem). Consider the system of ODEs (2.11),
where f: R" x R — R™ is smooth and commutes with a compact Lie group T'.

Assume the generic hypothesis that R™ is I'-simple and (df)oo has i as eigenvalue.
Thus, after a change of coordinates, we can assume that (df )oo = J, where m =n/2. By
Lemma 2.2/ the eigenvalues of (df)o.n are o(X)E£ip(X\) each with multiplicity m. Therefore
0(0) =0 and p(0) = 1.

Assume now that

a'(0) # 0,

that is, the eigenvalues of (df )o x cross the imaginary axis with nonzero speed.
Let X C T x S! be an isotropy subgroup such that

dimFix(X¥) = 2.

Then there exists a unique branch of small-amplitude periodic solutions to (2.11) with
period near 2w, having ¥ as their group of symmetries.

Proof: See [23, Theorem XVI 4.1]. O

The basic idea in the Equivariant Hopf Theorem is that small amplitude periodic
solutions of (2.11) of period near 27 correspond to zeros of a reduced equation ¢(z, A, 7) = 0
where 7 is the period-perturbing parameter. To find periodic solutions of (2.11) with
symmetries Y is equivalent to find zeros of the reduced equation with isotropy X and they
correspond to the zeros of the reduced equation restricted to Fix(X).

The main tool for calculating the stabilities of the periodic solutions (including those
guaranteed by the Equivariant Hopf Theorem) is to use a Birkhoff normal form of f: by
a suitable coordinate change, up to any given order k, the vector field f can be made
to commute with I' and S! (in the Hopf case). This result is the equivariant version of
the Poincaré-Birkhoff normal form Theorem. Let Fk(F) be the space of the I'-equivariant
homogeneous polynomial mappings of degree k on R™ and define the linear map ady, :
Pr(I') — P(T) by

adr (Pk) (y) = LPy(y) — (dPg)yLy.
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Theorem 2.26 Let f be I'-equivariant and L = (df)o. Choose a value of k. Then there
exists a I'-equivariant change of coordinates of degree k such that in the new coordinates
the system (2.11) has the form

y=Ly+ fa(y) +-+ fe(y) + A,

where f; € §j,h is of order k+1 and
— —
P;(I) =8 @ adr(P;(T)).
Proof: See [23, Theorem XVI 5.8]. O

In [14] it is proved that there exists a canonical choice for the complement §; in which
the elements of §; commute with a one-parameter group S of mappings defined in terms
of the linear part L of f. In the Hopf case, where the derivative L = J, the action of §
may be interpreted as the symmetries induced by phase-shift S'. That is, it is possible to
choose a complement to ad L(7_7)j (T')) where the elements commute with St (besides I'):

— — 1 —
Pi(T) =P (I x8") ©adr(P;(I))
(see [23, Theorem XVI 5.9]). Therefore, when we suppose f in (2.11) is in Birkhoff normal
—
form we suppose that it was made this choice in the complements adz (P ;(I')) and so

f commutes with I' x S'. This hypothesis will be very important when calculating the
stability of the periodic solutions.

Theorem 2.27 Suppose that the vector field f in (2.11) is in Birkhoff normal form. Then
it is possible to perform a Liapunov-Schmidt reduction on (2.11) such that the reduced
equation ¢ has the form

¢z, A7) = f(2,A) = (L+7)Jz,
where T is the period-scaling parameter.

Proof: See [23, Theorem XVI 10.1]. O

Corollary 2.28 Suppose that the vector field f in (2.11) is in Birkhoff normal form and
that ¢(x, \,T) is the mapping obtained by using the Liapunov-Schmidt procedure. Let
(20, Mo, T0) be a solution to ¢ = 0, and let z(t) be the corresponding solution of (2.11).
Then x(t) is orbitally stable if the n — ds; (where ds; = dimI" + 1 — dimX) eigenvalues of
(@) zo. 20,70 Which are not forced to zero by the group action have negative real parts.

Proof:  See [23, Corollary XVI 10.2]. O
Thus the assumptions of Birkhoff normal form implies that we can apply the standard

Hopf Theorem to & = f(x, \) restricted to Fix(X) x R. In this case, exchange of stability
happens, so that if the trivial steady-state solution is stable subcritically, then a subcritical
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branch of periodic solutions with isotropy subgroup X is unstable. Supercritical branches
may be stable or unstable depending on the signs of the real part of the eigenvalues on
the complement of Fix(3).

Call the system

y=Ly+g2(y)+---+agr(y)

the (kth order) truncated Birkhoff normal form.

The dynamics of the truncated Birkhoff normal form are related to, but not identical
with, the local dynamics of the system (2.11) around the equilibrium z = 0.

On the other hand, in general it is not possible to find a single change of coordinates
that puts f into normal form for all orders. And if it is, then there is the problem of the
first ‘tail’.

The results of Theorem 2.27 and Corollary 2.28 hold when f is in Birkhoff normal
form. So, when discussing the stability of the solutions found using the Equivariant Hopf
Theorem we suppose that the kth order truncation of f commutes also with S and we use
these results. Thus we are ignoring terms of higher order that do not commute necessarily
with S and that can change the dynamics (and so the stability of these periodic solutions
that exist even for the nontruncated system by the Equivariant Hopf Theorem).

However, in some cases, the stability results for the periodic solutions can hold even
when f is of the form

@A) +ollz]*),

where f commutes with I' x S! but o(||z||¥) commutes only with T', provided k is large
enough. We use h(x) = o(||z||*¥) to mean that h(z)/||z|* — 0 as ||x| — O.

Suppose that dim Fix(X) = 2. Following [23, Definition XVI 11.1] ¥ has p-determined
stability if all eigenvalues of (df)(:,/,o’)\o) — (1 + 7p)J, other than those forced to zero by 3,
have the form

pi = aja™ +o(a™)

on a periodic solution z(s) of

&= f(z,\) (2.12)

such that ||z(s)|| = a, where a; is a C-valued function of the Taylor coefficients of terms
of degree lower or equal p in f. We expect that the real parts of the a; to be generically
nonzero: these are the nondegeneracy conditions on the Taylor coefficients of f at the
origin that are obtained when computing stabilities along the branches. In this case, we
say that f is nondegenerate for 3.

Theorem 2.29 Suppose that the hypotheses of Theorem 2.25 hold, and the isotropy sub-
group ¥ C T x S has p-determined stability. Let k > p and assume that f(x,)\) =
F(x,\) +ol||z||*) where f commutes with T x S' and is nondegenerate for . Then for A
sufficiently near 0, the stabilities of a periodic solution of & = f(x, \) with isotropy ¥ are
given by the same expressions in the coefficients of f as those that define the stability of a
solution of the truncated Birkhoff normal form & = f(m, ) with isotropy subgroup 3.

Proof: See [23, Theorem XVI 11.2]. O
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By Theorem 2.26 there always exists a polynomial change putting f in the form
f(z,\) + o(]|z]|¥). Thus, if the p-determined stability condition holds, Theorem 2.29
completes the stability analysis for f.
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Chapter 3

Secondary Bifurcations in Systems
with All-to-All Coupling

A paper with the contents of this chapter has been published [10].

In this chapter we consider a general system of ordinary differential equations commut-
ing with the permutation action of the symmetric group Sz, on R3". Using singularity
theory results, we find sufficient conditions on the coefficients of the fifth order truncation
of the general smooth Ss,-equivariant vector field for the existence of a secondary branch
of equilibria near the origin with S,, x S,, X S,, symmetry of such system. Moreover, we
prove that under such conditions the solutions are (generically) globally unstable except
in the cases where two tertiary bifurcations occur along the secondary branch. In these
cases, the instability result holds only for the equilibria near the secondary bifurcation
points.

Let the symmetric group I' = Sy act on V = R by permutation of coordinates

p(x1,...,xN) = (acp_l(l), . ,:Up_1(N)) . peSn, (z1,...,zn) e RY
and consider the restriction of this action onto the standard irreducible
Vi ={(z1,22,...,2N) €V iz1 + 29+ -+ 2y =0} ~ RN

Note that the action of Sy on Vj is absolutely irreducible. Thus the only matrices com-
muting with the action of I on Vj are the scalar multiples of the identity. Moreover,

V={(z1,21,...,21):x1 e R} d W}

where the action of Sy on {(z1,z1,...,21): 1 € R} is trivial.
Consider a system of ODEs

i G(x,\), (3.1)

where x € V7, the vector field G : V3 x R — Vi is smooth, and A € R is a bifurcation
parameter. Suppose that G commutes with the action of I' on V. As Fix(I') = {0}, it
follows that G(0,\) = 0. Thus = 0 is an equilibrium of (3.1) for all parameter values
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of A\. Moreover, as the action of I" on V; is absolutely irreducible and the Jacobian of G
at (0,A), (dG) (o), commutes with T, it follows that (dG) ) is a scalar multiple of the
identity. Thus (dG) ) = c¢(A)Idy; where c: R — R is smooth. Suppose that (dG) (g y) is
singular, say at A = 0. Then we have that ¢(0) = 0 and (dG)g,0) = 0. By the Equivariant
Branching Lemma [23, Theorem XIII 3.3], if ¢ (0) # 0, then for each axial subgroup of T
there exists a unique branch of equilibria of (3.1) bifurcating from the trivial equilibrium
at A = 0 with that symmetry. Any such branch is called a primary branch.

In Sections 3.1 and 3.2 we obtain, respectively, the isotropy subgroups for the natural
representation of the symmetric group and the general fifth order truncation of (3.1) of
any smooth Sy-equivariant vector field posed on the Sy-absolutely irreducible space V.
In Section 3.3 we present a brief description of the singularity theory of Ds-equivariant
bifurcation problems.

In Section 3.4 we suppose N = 3a and ¥ = S, x S, x S,. We look for secondary
branches of steady-state solutions for the system (3.1) that are Y-symmetric obtained
by bifurcation from a primary branch of solutions with isotropy group (conjugate to)
Sa X Soq. After describing sufficient conditions on the coefficients of the vector field for
the existence of a secondary branch of solutions of (3.1) with that symmetry, we describe
the parameter regions of stability of those solutions (in Fix(X)). Finally, in Section 3.5
we discuss the full stability of such a secondary branch, we obtain the expressions of
the eigenvalues that determine the full stability of those solutions and we prove that
these solutions are (generically) globally unstable except in the cases where two tertiary
bifurcations occur along the secondary branch. In these cases, the instability result holds
only for the equilibria near the secondary bifurcation points. We conclude this chapter
with an example where stability between tertiary bifurcation points on the secondary
branch occurs (Example 3.10).

3.1 Isotropy Subgroups of the Symmetric Group for the
Natural Representation

The isotropy subgroups of Sy for the action on V; are the same isotropy subgroups of Sy

for the action on V, but the the dimension of every fixed-point subspace is reduced by one.

In order to compute isotropy subgroups ¥, of Sy acting on V', we partition {1,..., N}

into disjoint blocks Bi, ..., By with the property that x; = x; if and only if 4, j belong to
the same block. Let b; = |B;|. Then

Ex:Sbl X oo X Sbk
where Sy, is the symmetric group on the block B;. Up to conjugacy, we may assume that

Blz{la"'abl}a
Bgz{bl+1,...,b1+b2},

Bk:{bl—l—bg—l-”-—i-bk,l—}—l,...,N}

where by < by < --- < bg_q1. Therefore, conjugacy classes of isotropy subgroups of Sy are
in one-to-one correspondence with partitions of NV into non-zero natural numbers arranged
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in ascending order. If ¥ corresponds to a partition of NV into k blocks, then the fixed-point
subspace in V' of ¥ has dimension k, and so in V] has dimension k — 1. In particular, the
axial subgroups of Sy are the groups S, x S, where p+¢ = N.

3.2 General Sy-Equivariant Mappings

The ring of the smooth I'-invariants on V is generated by

Wk:xlf+x§+---+x§€v

where k =1,..., N (see Golubitsky and Stewart [21, Chapter 1, Section 5]). Denote by
[fllf] = [:Elfv l‘é, s 7$l]€V]ta
for k =0,...,N — 1. Then the module of the I'-equivariant smooth mappings from V to
V is generated over the ring of the smooth I'-invariants by [z¥] for k = 0,..., N — 1. For
a detailed discussion see Golubitsky and Stewart [21, Chapter 2, Section 6].

It follows then that if G : V — V is smooth and commutes with I then it has the
following form:

N—1
G(z) = pr(me, .. 2] (3.2)
k=0
where each p; : RV — R, for k=0,...,N — 1 is a smooth function.
From (3.2) we obtain the fifth order truncation of the Taylor expansion of G on V. By
imposing the relation m; = 0 and then projecting the result onto V; we obtain
Gi(x,\) = Ax;+ B(Nz? —m)+ C(Nz} — 73) + Da;ma +
E(Nz} — m4) + F(Na?my — 72) + Gaymrs +
+ H(Nz? — m5) + I(Nx}me — mama) + (3.3)
J(N:L’?ﬂ'g — m3ma) + Laymy + Mxm2 +
terms of degree > 6

for i = 1,...,N. Here \,B,C,...,M € R are parameters, z; € R for all i (and the
coordinates satisfy z1 +--- 4+ xy = 0). Also we are taking G such that (dG) ) = Aldy;.
Recall that the I'-equivariance of G implies that (dG)g,y) commutes with I' and so it has
the form ¢(A)Idy, where ¢ : R — R is smooth. We are taking the approximation c¢(\) ~ A
since we are assuming that the trivial equilibrium of (3.1) is stable for A < 0 and unstable
for A > 0 and the study done in this work is by local analysis, for parameter values of A
near zero. We show in Section 3.4 that this fifth order truncation captures the presence of
a secondary branch of equilibria of (3.1) with symmetry S, x S, x S, when N = 3a and
its stability by bifurcation from primary branches with axial symmetry.

3.3 Dsjs-Equivariant Bifurcation Problem

We briefly describe the characterization of Ds-equivariant bifurcation problems obtained
by Golubitsky et al. [23, Sections XIII 5, XIV 4, XV 3].
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Consider the standard action of D3 on C = R? generated by
kz=%, £z=e2/3 (3.4)

where £ = 27/3, D3 = (k,§) and z € C. Up to conjugacy, the only isotropy subgroup of
D3 with one-dimensional fixed-point subspace is Za(k) = {1, k}.
If g: C x R — C is smooth and commutes with this action of D3 on C then

g(z,\) = p(u, v, \)z + q(u, v, \)Z* (3.5)

where u = 22, v = 23+ 2% and p, ¢ : R® — R are smooth functions. Suppose p(0,0,0) = 0
and so the linearization of (3.5) at (z,A\) = (0,0) is zero. Assume the genericity hypoth-
esis of the Equivariant Branching Lemma py(0,0,0) # 0 and the second nondegeneracy
hypothesis ¢(0,0,0) # 0. We have then that the only (local) solution branches to g = 0
obtained by bifurcation from (z,\) = (0,0) are those obtained using the Equivariant
Branching Lemma. That is, those that have Za(k)-symmetry or conjugate. Since there
is a nontrivial D3-equivariant quadratic z2, by [23, Theorem XIII 4.4], generically, the
branch of Zy(k) solutions is unstable. Thus in order to find asymptotically stable solu-
tions to a Dgs-equivariant bifurcation problem by a local analysis, we must consider the
degeneracy hypothesis ¢(0,0,0) = 0 and apply unfolding theory.

We state a normal form for the degenerate Ds-equivariant bifurcation problem for
which ¢(0,0,0) = 0. We begin by specifying the lower order terms in p and ¢ as follows:

p(u,v,\) = Au+ Bo+ G\ + - - -

Q(uava)\):éu+l~?v—|—ﬂ~)\+... (3.6)

A Dgs-equivariant bifurcation problem g satisfying p(0,0,0) = 0 = ¢(0,0,0) is called
non-degenerate if

a#0, A#£0, aC—pBA#0, AD—BC +#0. (3.7)

Theorem 3.1 Let g be a Ds-equivariant bifurcation problem. Assume that p(0,0,0) =
0=¢(0,0,0) and g is nondegenerate. Then g is Ds-equivalent to the normal form

h(z,\) = (eu+ 6Nz + (ou + mv)z? (3.8)
where € :~sgn~f1, § = sgn @& o = sgn (aC — BA)sgn @&, and m = sgn (A)(AD —
BC)a2/(aC — pA)2.

Proof: See [23, Theorem XIV 4.4]. 0

We consider now the bifurcation diagram of bifurcation problems of the type Z +
h(z,\) = 0 where h is given by (3.8). The Equivariant Branching Lemma guarantees
that there is a unique branch of solutions with Zs(x)-symmetry that bifurcate from the
trivial equilibrium at A = 0. Setting § = —1 and ¢ = 1 in (3.8) so that the trivial
solution is asymptotically stable for A < 0 and the Zy(k)-symmetric solutions bifurcate
supercritically, we obtain Figure 3.1 (a). Note that the branch of Zs(k)-solutions splits
into two orbits of solutions. The sign of ¢ = +1 determines which is stable.
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Figure 3.1: (a) Unperturbed Ds-symmetric bifurcation diagram for Z + h(z, A) = 0, where
h is the normal form h(z,\) = (u — A\)z + (ou +mv)z%, 0 = &1 and m # 0. [23, Figure
XV 4.1 (b)]. (b) Bifurcation diagram for z + H(z, A\, u, ) = 0, where H is defined by
Hz, o) =(u—-Nz+ (cu+mw+a)z2, o =1, a<0(oroc=—-1,a>0)and x>0
[23, Figure XV 4.2 (c)].

The next theorem states a universal Ds-unfolding for the D3-normal form of Theorem
3.1.

Theorem 3.2 The D3-normal form h(z,\) = (eu+6A\)z+ (cu+muv)z? where ¢, 6,0 = £1
and m # 0, obtained in Theorem 3.1, has Ds-codimension 2 and modality 1. A universal
unfolding of h is

H(z,\ g, ) = (eu+ 6X)z + (ou + pv + a)z> (3.9)
where (u, ) varies near (m,0).

Proof:  See [23, Theorem XV 3.3 (b)]. O

We show in Figure 3.1 (b) the bifurcation diagram for z + H(z, A, u,«) = 0 where
0=—-1,e=1, ca<0and > 0in (3.9). Observe the change of stability of the Zs(k)-
symmetric solutions along the branch and the appearance (when ca < 0) of a secondary
branch of solutions with trivial symmetry which are asymptotically stable if p > 0.

Figures 3.1 (a) and (b) appear in [23, Figures XV 4.1 (b), XV 4.2 (c)] with oppo-
site signs for the eigenvalues since the authors consider the eigenvalues of (dh)(, ) and
(dH)(.), while we show in Figure 3.1 the signs of the eigenvalues of —(dh) ) and
_(dH)(z,)\)-

3.4 Existence of Secondary Branches

Consider (3.1) where G is defined by (3.3) and suppose N = 3a where a is a positive
integer. Let ¥ =S, x S, x S, and observe that
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Fix(¥)={(-z—-y,..;y,..5xz,...) rx,y € R}
e —
a a a

which is two-dimensional. We look for secondary branches of equilibria of (3.1) with
symmetry ¥ by bifurcation from primary branches with axial isotropy S, x S, where
p+q=Nand ¥ C S, xS,;. We do that by local analysis near the origin using the
singularity results stated in Section 3.3. Any such secondary branch must live in the fixed-
point subspace Fix(3). Moreover, the axial subgroups of Sy where N = 3a containing %
are

Y1 =80, 4} X S{at1.. N}
Yo =851, a2a+1,...N} X S{at1,...24}>
Y3 =3Sq1,.2a} X S{2a+1,..,N}

and the corresponding one-dimensional fixed-point subspaces are

Fix(3) = {(-2=z,..52,...;2z,...) : x € R},
—— N————

a 2a

Fix(X2) = {(z,..; —2z,..;z,...) : x € R},
N N~

a a a
1 1
Fix(X3) ={(—zz,...,——x;z,...,2) : x € R}.
2 2 ~——
_/_/ a

2a

Equations (3.1) where G is defined by (3.3) restricted to Fix(X) are

d
d—f = Mz + B(Nz? — m) + C(Na® — m3) + Drmy

+E(Nzt — 4) + F(N2?my — 73) + Gams

+H(Nz® — m5) + I(Na3my — m3ms) +

J(Nz?n3 — m3my) + Lamy + Mana

+ terms of degree > 6,

(3.10)

d
dilf = \y+B(Ny? - m) + C(Ny® — 73) + Dy

+E(Ny* — m) + F(Ny?*my — 73) + Gyms
+H(Ny® — 75) + I(Nymy — m3ma) +
J(Ny*m3 — myma) + Ly + My

+ terms of degree > 6,

where 7; = N[(—x — y)' + y* + 2%)]/3 for i = 2,3,4,5.

Since 1, X9, X3 are axial subgroups of Sy containing ¥, by the Equivariant Branching
Lemma, generically there exist branches of equilibria of (3.10) (and so of (3.1)) with
isotropy subgroups 31, X9, ¥3. The solutions of equations (3.10) with ¥;-symmetry satisfy
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y = x; those with Yo-symmetry satisfy y = —2z, and finally those with Xs-symmetry
satisfy y = —x/2.

Observe that equations (3.10) correspond to the equations (3.1) where G is defined by
(3.3) restricted to Fix(X) in coordinates z,y corresponding to the basis B = (B, B2) of
the fixed-point subspace Fix(X), where By = (—1,...,—1;0,...,0;1,...,1) and
By =(-1,...,—1;1,...,1;0,...,0). Moreover, those equations are equivariant under the
quotient group N(X)/¥ where N(X) is the normalizer of ¥ in Sy. Thus N(X)/X = D3
where D3 is the dihedral group of order 6.

We consider now the basis

b= (—MBl {Bz,&)

of Fix(2) and denote the corresponding coordinates by X,Y. Thus X = (—v/3z) /2, ¥ =
x/2 +y. Identifying z = X 4+ iY, we have then that the action of N(X)/¥ = D3 on z is
given by (3.4). Moreover, equations (3.10) yield the following equation in z:

%-Fg(z A) =0, (3.11)

where

9(zA) = plu,v,A)z + q(u,v, 07,

N
plu,v,\) = —A— §(3C +2D)u+ ?N(E +G)v
N
—5(9H +6NT + 6L+ 4NM)u? (3.12)
+ terms of degree > 5,
N
glu,0,)) = \fNB + ?N(SE +2NF)u — o (H +NJ)o

+terms of degree > 4,
u =2z and v = 2° + Z°.

Theorem 3.3 Suppose that N = 3a and X = S, X S, X S, and consider (3.1) where G is
defined by (3.3). Assume the following conditions on the coefficients of the terms of degree
lower or equal to five of G:

3C +2D <0, (3C +2D)(H + NJ) — (E+ G)(3E +2NF) #0 (3.13)

and
B(BE+2NF) <0. (3.14)

Then for sufficiently small values of B # 0, equations (3.10) (and so (3.1)) have a sec-
ondary branch of equilibria with symmetry X bifurcating from the primary branches with
symmetry ;. This is described by:
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N
A+ S B0+ 2D) (2 + 12 + xy) — N(E + G)(xy® + 2°y)

N
+ 5 (9H +6NT +6L + ANM)(2? + y* + zy)?,

+ terms of degree > 5 =0,

(3.15)
1
B+ gBE+2NF)(@* +y* +ay) - (H+ NJ)(@y + 2y°),

+ terms of degree >4 =0.
Proof: The equivariance of equations (3.10) under the group N(X)/% = D3 enables us
the choice of coordinates X, Y in Fix(X) such that the action of N(X)/¥ on z = X +iY is
given by (3.4) and equations (3.10) correspond to one equation in z given by (3.11) where g

is defined by (3.12). Thus we obtain 2+g(z, ) = 0 where g(2, A) = p(u, v, \)z+q(u, v, \)Z?
and

p(u,v,\) = =X+ Bru+ Pov + Pzu® + terms of degree > 5,
(3.16)
q(u,v,\) = B4+ PBsu+ Pev + terms of degree > 4,
where
N 3
6= ~2(sc +2D), = LN(E+G)
V3 (3.17)

Bs=—(9H +6NI + 6L +ANM), B4 = ?NB,

Bs = BNBE+2NF), s = —X(H + NJ).

Note that p(0,0,0) = 0 and p)(0,0,0) # 0. Thus by the Equivariant Branching Lemma
there are three branches of steady-state solutions with symmetry Zs(k) or conjugate of
equation (3.11) obtained by bifurcation from the trivial equilibrium z = 0 at A = 0. These
correspond to the primary branches with ¥;-symmetry, for i = 1,2, 3, of equations (3.10)
(and so of (3.1)). Observe that solutions of (3.1) with ¥-symmetry correspond to solutions
of the Ds-symmetric equation (3.11) with trivial symmetry. Also, note that

Q(O)())O) = ﬂ4 = \ggNB
and so ¢(0,0,0) = 0 if and only if B = 0.

We prove the existence of a secondary branch of solutions with trivial symmetry bi-
furcating from the primary branches with Zs(k)-symmetry of (3.11) by showing that g as
defined by (3.11) and (3.12) is one of the perturbations contained in the universal unfold-
ing H in Theorem 3.2, where a secondary branch of trivial solutions exist bifurcating from
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the primary branches with Zs(k)-symmetry. We do that by considering g with B = 0 and
finding conditions on the corresponding coefficients such that it is D3z-equivalent to the
normal form h of Theorem 3.1.

Comparing (3.6) with (3.16) where 4 is set to zero (thus B = 0), we obtain

a=-1, A=p, aC—-pBA=-05, AD—BC = p1fs— (2.

Thus g with B = 0 is nondegenerate if

Br#0, B5#0, BB — [2fs #0

and in that case, by Theorem 3.1, it is D3-equivalent to

h(z,A\) = (u— Nz + (ou + mv)z2, (3.18)

where

B186 — B25
2
Note that the condition 3C'+2D < 0 implies that e = 1 = sgn f; in the equation (3.8).

By Theorem 3.2, the function g for 34 ~ 0 (thus B ~ 0), corresponds to a perturbation
of (3.18) of the type

o =sgn b5, m=

H(z,\ py ) = (u— Nz + (ou + pv + )z (3.19)

where (u, ) varies near (m,0). Moreover, if condition (3.14) is satisfied and so G105 <
0, then g corresponds to a perturbation of the type as above where ac < 0 and so
there is a secondary branch of solutions of trivial symmetry for dz/dt + H(z, A\, p, ) =0
varying A and bifurcating from the Zy(k)-branch of solutions. Observe that solutions of
H(z,\, i, @) = 0 with trivial symmetry satisfy Re(z3) # 0 and so solving H (2, \, i, ) = 0
is equivalent to solving u — A = 0, ou+ puv + a = 0. Now for small enough values of
a # 0 the solutions of ou + pv + a = 0 (near the origin) form a circlelike curve in the
XY -plane of radius approximately \/|a/o]|. It follows that in the (X, Y, A)-space this curve
intersects the Y = 0 plane at two points (X~,A7) and (X*,A") where X~ < 0 < X+
that correspond to the intersection points of the branch with trivial isotropy (for the
D3-problem) and solutions with isotropy Zsa(k).

The branch of steady-state solutions with trivial symmetry for the Ds-symmetric bi-
furcation problem Z + g(z,\) = 0 is then given by the equations

p(u,v,\) = =X+ Bru+ Bov + Bzu® + terms of degree >5 =0, (3.20)
q(u,v,\) = L4+ Bsu+ Pev + terms of degree >4 = 0. (3.21)

Now recalling that z = X +4Y where X = (—v/3z) /2, Y = z/2+y, equations (3.20) and
(3.21) in the z,y coordinates are given by (3.15).
O
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Corollary 3.4 Suppose the conditions of Theorem 3.3 and assume that
(3C+2D)(H+ JN)— (E+G)(BE+2FN) > 0. (3.22)

Then the secondary branch of solutions with ¥-symmetry of (3.1) where G is defined by
(3.3) and guaranteed by Theorem 3.3 is stable in Fix(X).

Proof: We recall equations (3.11), (3.12) and the notation of (3.16), (3.17) in the proof
of Theorem 3.3 corresponding to the equations (3.1) restricted to Fix(X). Equations (3.20)
and (3.21) describe the secondary branch in the z = X + Y coordinate. The stability of
these solutions is determined by

tr ((dg)(z,)\)) = 2 [upu + %(32% + QU) + 3U2Qu]
= 2[Biu+ (362 + B5)5 + (263 + 306)u?]
+ terms of degree > 5,

det ((dg)(z,)\)) = 3(pUCIu - quv)(Zg - 53)2
= 12(B1fs — s + 2030u) (Im (2%))”

+ terms of degree > 10

and so the solutions (near the origin) are stable if 51 > 0 and (185 — (205 > 0, that is, if
conditions (3.13) and (3.22) are satisfied.

The same conclusion can be derived from the fact that Ds-equivalence preserves the
asymptotic stability of the solutions with trivial symmetry [23, Section XV 4]. Note
that (3.12) corresponds to a perturbation of (3.18) of the type (3.19) where ac < 0
(by (3.14)). Thus the secondary branch is stable if 4 > 0. As p varies near m and
sgn(m) = sgn(B10s — P2f5), if condition (3.22) is satisfied then (185 — (G285 > 0 and
so m > 0. Thus the local bifurcation diagram of equation (3.11) corresponds to the
bifurcation diagram of dz/dt+ H(z, A, i, &) = 0, where H is defined by (3.19), that appear
in Figure 3.1 (b). Therefore the secondary branch of steady-state solutions with trivial
symmetry bifurcating from the branch of steady-state solutions with Zs(k)-symmetry is
stable. a

Observe that Theorem 3.3 guarantees the existence of the secondary branch if ¢(0, 0, 0)
is sufficiently small. We finish this section by considering (3.1) truncated to the fifth order.
We specify in the next corollary a sufficient condition on the coefficients of the truncated
vector field that guarantees ¢(0,0,0) to be sufficiently small.
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Corollary 3.5 Suppose that N = 3a and X =S, X Sy; X S, and consider

dx

— 2
o G(z, ) (3.23)
where G is defined by

Gi(z,\) = Az;+ B(Na? —m) + C(Na} — m3) + Da;mo
+ E(Nz} —m4) + F(Na2my — n3) + Gayms
+ H(Nz? — 75) + [(Nadmy — m3ma)
+J(Na?ry — m3ma) + Lamg + Max;m3
fori =1,....N. Here \,B,C,...,M € R are parameters, z; € R for all i (and the
coordinates satisfy x1 +---+xn =0). Also m; = le 4+ 4 LE?V for 3 =2,...,5. Assume
the following conditions on the coefficients of G:

(3.24)

3C 42D < 0,
(3C +2D)(H + NJ) — (E+ G)(3E + 2NF) # 0, (3.25)
B(3E +2NF) <0,

and

H+ NJ #0. (3.26)
Then for small values of B # 0 such that

3B N (3E+2NF)?
3E+2NF  9(H + NJ)?

>0 (3.27)

equation (3.23) has a secondary branch of equilibria with symmetry X bifurcating from the
primary branches with symmetry ¥;. This is described by:

N

A+ =0 +2D)(2® +y* +ay) — N(E + G)(zy* + 2%y)

+ —(9H 4+ 6NTI + 6L + ANM)(2* + y* + zy)* = 0,

©| 2w

(3.28)
1
B+ BE+ INF) (2% + o + xy) — (H + NJ)(zy + zy?) = 0.

Proof: As before, we take coordinates X,Y in Fix(X) so that equations (3.23) restricted
to Fix(X) yield one equation in z = X + ¢Y. This is given by dz/dt + g(z,\) = 0,
where g(2,A) = p(u, v, \)z + q(u, v, \)Z2, p(u,v,\) = =\ + Bru + Bav + B3u?, q(u,v,\) =
B4 + Psu + Bgv and i, ..., [ are defined by (3.17). By Theorem 3.3, if the conditions
(3.25) are satisfied, provided B # 0 is sufficiently small, (3.23) has a secondary branch of
solutions that correspond to the solutions of the D3-equivariant problem dz/dt+g(z,\) = 0
with trivial symmetry. Moreover, the branch is described by the following two equations
in z:

—\+ Biu+ Bov + B3u® =0, (3.29)
B+ Bsu+ Bev =0 (3.30)
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and recall that solutions with Zs(k)-symmetry satisfy ¥ = 0.

Set 5 5
4 2 6 3
r(X)=—+X"+2—-X
&0 Bs Bs
and recall that 5405 < 0 by (3.25). We describe now generic conditions on the f3;’s such

that 7(X) has three real zeros. We have that

r(X) =2X (1 + 356)()
s
Assume (3.26) and so G # 0. As r(0) = B4/05 < 0 by (3.25), if r(—35/(30s)) > 0 we have
that 7 has three real solutions, X, X, X* where X~ <0< X and X* < —f35/(3535) <
X~ if Bg/B5 > 0, or X* > —35/(336) > XT if Bs/P5 < 0. Thus if r(—35/(33s)) > 0 then
in the (X, Y, A)-space the curve given by (3.30) intersects the Y = 0 plane at two points
(X7,A7) and (X, A1) where X~ < 0 < X that correspond to the intersection points
of the branch with trivial isotropy. Condition r(—/035/(38s)) > 0 is equivalent to (3.27). O

3.5 Secondary Branches: Full Stability

In this section we study the stability of the solutions of the secondary branch obtained in
Theorem 3.3 in the transversal directions to Fix(X). As before we assume that N = 3a
and X =S, x S, X S,.

Given an equilibrium X of (3.1) in the ¥-branch obtained in Theorem 3.3, in order to
analyze the stability of this solution, we need to compute the eigenvalues of the Jacobian
(dG)x,. We use now the decomposition of V; into isotypic components for the action of
3’ to block-diagonalize the Jacobian on Vi. We have

Vi=Fix(¥)® (U e Uy @ Us)

where
U1:{(.%'1,...,xa;o,...,o;o,...,())EVl:;L'1+-~-—|—xa:0},
U2:{(0,...,O;l'a.t,_l,...,5[72(1;0,...,0) €V1:$a+]_+"'+$2a:0}’
U3:{(0,...,0;0,...,O;$2a+1,...,$3a) en :x2a+1+"'+$3a20}-

The action of ¥ is absolutely irreducible on each U, for i = 1,2, 3 and trivial on Fix(X).
Moreover, dim U; = a — 1. Since (dG)x, commutes with X,

Ci Cy Cs
dG)x, = | Cs C5 Cg (3.31)
C: Cs Cy

where C1, C5, Cy commute with S,.
Suppose M is a square matrix of order a with rows ly,...,l, and commuting with
S,. Tt follows then that M = (1, (12) - I1,-- -, (1a) - 1), where if [} = (my,...,mg) then
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(1) - li = (mi,ma,...,mj—1, M1, Mjt1,...,My). Moreover, [ is invariant under S,_1 in
the last a — 1 entries and so it has the following form: (mj,ma,...,ms). Applying this to
Cl, 05, Cg we get

a;
C; = h (3.32)

a;

for i =1,5,9, where
ay = (0G1/0x1) xy, a5 = (0Gay1/0%as1)xy, a9 = (0G2a11/0T2a41) X0

b1 = (0G1/0x2)x,, bs = (0Ga41/0%a12)xy, bo = (0G20+1/0%24+2) x,-

The other symmetry restrictions on the C;, for ¢ # 1,5,9, imply that the rest of the
matrices each have one identical entry. From this we obtain a basis for each U; composed by
eigenvectors of (dG)XO: U1 = {I/l,...,ljafl}, U2 == {@bl,...,?[)a,l}, U3 = {¢1,. . .,gﬁa,l}
where
v =(1,-1,0,...,0;0,...,0;0,...,0),
ve =(0,1,-1,0,...,0;0,...,0;0,...,0),-- -,

Vg—1 =(0,...,0,1,-1;0,...,0;0,...,0),
0,...,0;1,-1,0,...,0;0,...,0),
0,...,0;0,1,—1,...,0;0,...,0),--,
Ye-1=(0,...,0;0,...,0,1,—-1;0,...,0),
o1 =(0,...,0;0,...,0;1,-1,0,...,0),
¢2 =(0,...,0;0,...,0;0,1,—1,0,...,0)
¢a—1=(0,...,0;0,...,0;0,...,0,1,—1)

Moreover the eigenvalue associated with v; is

st

A1 =a; — by = (0G1/0x1)x, — (0G1/0x2)x,,
the one associated with v; is
A2 = a5 — by = (0Ga11/0Tat1)x, — (0Ga11/0%ar2) x,
and the one associated with ¢; is
A3 = ag — by = (0G2q41/0%20+1) x, — (0G20+1/0%20+2) x, -
The branching conditions for ¥ of Theorem 3.3 and the symmetry of G yield:

Lemma 3.6 Let X be an equilibrium of (3.10) in the ¥-branch obtained in Theorem 3.3.
Then the eigenvalues A1, A2, A3 of (dG)x, are

A1 = N(x +2y)(2z + y)Sa(z, —x — y),
A2 = N(z +2y)(y — 2)52(z,y), (3.33)
A3 = N(x —y)(2z +y)S2(y, x),
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where

Sa(z,y) = C+FEy+ (BNI+H) (2®+y*+azy) + Hy?

~+terms of degree > 3, (3.34)
and x and y are as in the second equation of (3.15):
1
B+ SBE+2NF)(@ +y* +2y) - (H+ NJ)(2"y + 2y°) (3.35)

~+terms of degree >4 = 0.

Remark 3.7 Suppose Xy corresponds to a solution of the primary branch with -
symmetry. Note that the isotypic decomposition of V;j for the action of ¥ is

Vi=Woe W) ¢ Wy

where

Wy =Fix(21) = {(—2z,...;2,...;2,...) : x € R},
Wi ={(z1,...,240,...,0) € Vi 21 + -+ + 2, = 0},
Wg:{(0,...,0;xa+1,...,$3a)€V1:xa+1—|—'~—|—x3a:0}.

The action of X7 is absolutely irreducible on each Wy, Ws and trivial on Wy. It follows
then that the Jacobian (dG)x, has (at most) three distinct real eigenvalues, y;, one for
each W;, with multiplicity dim W.

The stability in Fix(X) for the solution with ¥;-symmetry is determined by the eigen-
value o associated with Wy = Fix(31) and p2 since Fix(X) (| Wa # {0}.

Suppose now that X corresponds to a solution of the Y-branch and of the ¥;-branch.
Then the eigenvalue po is zero and it is associated with the eigenspace Ws. Moreover,
Us; C Wy and Uz C Wy, Therefore Xy is a zero of A9 and A3, and we have the factor y — x
in the expressions for A2 and A3 that appear in (3.33). Similarly, we justify the factors
x + 2y and 2z + y in those expressions. &

Lemma 3.6 and (the proof of) Corollary 3.4 lead to the following result:

Theorem 3.8 Assume the conditions of Theorem 3.3. Let Xy be an equilibrium of (3.10)
(and so of (3.1)) in the ¥-branch obtained in Theorem 3.3. Then the eigenvalues \; for
i=1,...,5 of (dGQ)x, determining the stability of Xo are \; for i =1,...,5 where
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AL = N(x+2y)2x +y)S2(z, —v —y),

A2 = N(z+2y)(y — x)S2(z,y),
A3 = N(z—y)(2z +y)S2(y, x),
Ml = ]\; [(3C +2D)(H + NJ) — (E + G)(3E + 2NF)]

x(x —y)*(z + 2y)*(y + 22)
2
+2—7N2(9H +6NI+6L+ANM)(H + NJ)(2* + y* + 2y)(z — y)*

x(x +2y)*(y + 22)?
+ terms of degree > 10,

2
M+ s = INEC+ 2D) (2% 4+ y? 4 zy) — N(6E + 2NF + 3G)(z2y + x¢°)

2
+5N(21H +12N1 +3NJ +12L + SN M) (x% 4 y* + xy)?
+ terms of degree > 5,

where Sa(x,y) is as in (3.34) and x,y satisfy (3.35).

We discuss now the stability of the equilibria in the secondary branch of steady-state
solutions of (3.1) with symmetry ¥ obtained in Theorem 3.3 for small values of B # 0.

Locally, near the origin, equation (3.35) in the z,y-plane is approximately an el-
lipse. Tertiary bifurcation points in the secondary branch occur if and only if the curve
Sa(z,y) = 0 intersects the curve (3.35). Generically, the curve S3(z,y) = 0 near the origin
is approximately an ellipsis or an hyperbola. The distinction between these two cases
depends on the sign of the product (2NI +3H)(2NI + 7H). It follows then that, gener-
ically, only three distinct situations can occur: the number of intersections between the
curve Sa(z,y) = 0 and the X-branch in the xy-plane is zero, two or four. See Figure 3.2.
Identifying points in the same Ds-orbit, these correspond to zero, one and two tertiary
bifurcations along the secondary branch, respectively.

We show below that the solutions of the ¥-branch are generically unstable in the first
two cases. In the third case, we prove the instability of the equilibria of the secondary
branch only near the secondary bifurcation points.

Theorem 3.9 Assume the conditions of Theorem 3.3 and let Xy be an equilibrium of the
secondary branch of steady-state solutions of (3.1) with symmetry X obtained in Theorem
3.8 for sufficiently small values of B # 0. Then the solutions of the secondary branch near
the secondary bifurcation points are generically unstable.

Proof: Under the conditions of Theorem 3.3 there is a secondary branch of equilibria
of (3.10) near the origin obtained by bifurcation from the primary branches with ;-
symmetry for i = 1,2,3. Denote by (x;,y; ), (z;,y;") where z; < z; the projections
at the xy-plane of the intersections between the ¥-branch and the ¥;-branch. Here x,y
denote coordinates on Fix(X) (recall the beginning of Section 3.4).
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Figure 3.2: Intersections in the xy-plane between the X-branch and the curve Sy(z,y) = 0.
(a) Zero intersections. (b) Two intersections. (c-d) Four intersections.

Let Xy be an equilibrium of (3.10) in the X-branch not corresponding to one of the
intersections between the X-branch and the X;-branches and consider the eigenvalues
A1, A2, Az of (dG)x, as in Lemma 3.6 (defining the stability of X at the isotypic com-
ponents Uy, Us, Us for the action of X).

We divide the proof in two cases. First, we suppose that Sa(z,y) # 0 along the
secondary branch. Note that

Moz = —N3(z 4 29)?(2z + y)2(y — )22 (x, —z — 1) S2(x, y) Sa(y, )

where sgn (S2(z,y)) = sgn (S2(y,z)) = sgn (S2(x,—z — y)) since Sa(x,y) does not
change sign along the -branch. Therefore, in order for Xy to be (linearly) stable we
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need sgn (S2(x,y)) > 0 and A\A2 > 0, \iA3 > 0, A2As > 0. Now, the signs of these
products depend on (2z + y)(y — z), (z + 2y)(z —y), (—1)(x + 2y)(y + 2x) and so there
are no values of z,y such that these three products are positive. Thus Xy is unstable.

,

/ y-x=0

/" Secondary bifurcation point

’
R, / y—x=0

/s Ry

Secondary bifurcation point Unstable solutions

Tertiary bifurcation
points

~  2y+x=0

v
y+2x=0

Secondary branch

Secondary branch

S Z(X, —x-y)=0 (a) Sz(x.—x—y) =0 (b)
SHxy)=0 SHxy)=0
S0 =0 S (%) =0

Figure 3.3: Examples where the curve Sa(x,y) = 0 intersects the secondary branch and
one of the intersections belongs to the region Ri. In each example the two unstable
points in the ¥-branch marked with a square are in the same D3-orbit. (a) There are two
intersection points. (b) There are four intersection points.

Suppose now that there is an equilibrium X of the secondary branch with symmetry
Y such that

Sa(z0,y0) =0

where (z9,y0) is the projection of Xy at the zy-plane. Generically, we can assume that
X is not an intersection point between the »-branch and one of the X;-branches, for
i = 1,2,3. We have then a tertiary bifurcation at A = Ay from the secondary branch
which implies the sign change of one of the eigenvalues determining the stability of the
steady-state solutions of the ¥-branch near Xy. By the above discussion, generically, we
have two cases: the curve So(x,y) = 0 intersects the curve (3.35) in two or four points.
We have then that the three curves Sa(y,z) = 0, Sa(z,y) =0, Sa(x, —z — y) = 0 intersect
the curve (3.35) in six points (one D3-orbit) or twelve points (two Ds-orbits), respectively.
Recall situations (b)-(d) of Figure 3.2.
Denote by

Ri={(r,y) eER*:y— 2 <0, 2y +z >0},

Ro={(z,y) ER?:y+2x>0, y—2a >0},

Re = {(z,y) € R?:y+22 >0, 2y +2 <0}

and assume (zg,y0) € Ri. (The other cases are addressed in a similar way.) Then the
eigenvalue Ao determining the stability of the equilibrium points in the »-branch that
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belong to the region R; changes sign.

Observe that if (x,y) € Ry is a steady-state solution in the ¥-branch then (y,z) € Ra
is also a solution in the ¥-branch and so with the same stability. Note that as (z,y)
represents a vector

X=(—2x—9y,..5Y,..;x,...)
———— =

a a a

in Fix(X) then (y,x) corresponds to 0 X where o is any permutation that fixes the first
set of a coordinates and exchanges the second block of a coordinates with the third block
of a coordinates. That is,

oX=(—z—vy,..;2,..5y,...) € Fix(2).
——— o S~

a a a

Any such o belongs to N(X).

We consider now an open set O C Ry U Ry C R? containing (z],y;") such that:
(i) RoNO = U(Rl N O),
(ii) Sa2(z,y) does not change sign in the X-branch along O.
We have then that the sign of the eigenvalue Ay for an equilibrium X of the secondary
branch in R1 N O is opposite of the sign of Ay for 0 X € RoNO. Moreover, X and 0 X have
the same stability. Thus, X has eigenvalues with opposite signs and so it is unstable. In
Figure 3.3 (a) we show an example where the curve Sy(z,y) = 0 intersects at two points
the secondary branch in the xy-plane and one of the intersections belongs to the region
R1. Up to symmetry, there is one tertiary bifurcation along the 3-branch. In the example
of Figure 3.3 (b) the curve Sa(x,y) = 0 intersects at four points the secondary branch in
the zy-plane (and one of the intersections belongs to the region R1). Up to symmetry,
there are two tertiary bifurcations along the ¥-branch.

Similarly, taking steady-state solutions of the ¥-branch close to the point (z3,y3) in
the region R; where Ss(x,y) does not vary the sign and their orbits by D3 in the region
Re we conclude the instability of the steady-state solutions of the »-branch close to the
point (z3,y4) in the region R;.

In the example of Figure 3.3 (a) we have instability of equilibria in the X-branch.
In the case of Figure 3.3 (b) the solutions of the secondary branch near the secondary
bifurcation points are unstable. O

We show now an example illustrating the situation where solutions of the secondary
branch between tertiary bifurcation points (in the region R;) are stable.

Example 3.10 We consider (3.23), that is, (3.1) where G is truncated to the fifth order,
N =6 and we assume the following parameter values:

B=-015 C=-1, D=1,
E =09, F=0.02, G=-1.9,
H=-8 =425 J=135.

The conditions of Corollary 3.5 are satisfied. Therefore, the system (3.23) has a branch
of equilibria with symmetry X bifurcating from the primary branches with »;-symmetry,
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Figure 3.4: Example where solutions of the secondary branch between the tertiary bifur-
cation points (in region Rq) are stable.

for i = 1,2, 3, which is described by (3.28). In particular, z,y satisfy
—0.15+ 22 + 2 + 2y — 0.1(2%y + 2%) = 0 (3.36)
and the eigenvalues A1, A2, A3 defined by (3.33) depend on
So(z,y) = =1+ 0.9y + 9(z% + ° + zy) — 8°.

In Figure 3.4 we show the curves Sa(z,y) = 0 and (3.36) near the origin. Observe that
Sa(x,y) = 0 is an hyperbola intersecting (3.36) at four points. Moreover, equilibria in
the ¥-branch between the tertiary bifurcation points for example in region R (following
the notation of the above proof) are stable: it is clear from Figure 3.4 that A1, Aa, Az <
0; for the above parameter values A4, A5 < 0 using Corollary 3.4 or the expressions of
Theorem 3.8. These statements are independent of the values of the parameters L, M.
See Figure 3.5 for a schematic representation of the bifurcation diagram showing the
amplitude and stability change of the 3-branch with the primary bifurcation parameter.

O

We state now sufficient conditions on the coefficients of G in (3.1) that imply the
instability of the all ¥-branch of solutions obtained in Theorem 3.3.
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Figure 3.5: Bifurcation diagram showing the amplitude and stability change of the >-
branch with the primary bifurcation parameter for N = 6 and the parameter values of
Example 3.10. The X-branch solutions near the secondary bifurcation points (dashed lines)
are unstable (in the transverse directions to Fix(X)) and between the tertiary bifurcation
points (solid lines) are stable (in Fix(X) and in the transverse directions to Fix(X)).

Corollary 3.11 Suppose the conditions of Theorem 3.3 and assume H # 0. Let

B(2NI + 3H)
A=F?—4H |Cc - =22 T2)
¢ 3E +2NF
and if A > 0 define
_ —E+VA At =32 12B
YET T 0 ST TR T 3 oNE

For parameter values such that

(1) A<0, or
(11) A >0, A% <0, A* <0, or (3.37)
(i1i) A >0, AL A* <0,

the solutions of the X-branch guaranteed by Theorem 3.3 (that do not correspond to sec-
ondary and tertiary bifurcation points) are unstable.

Proof: The instability of the solutions of the ¥-branch guaranteed by Theorem 3.3
follows directly from the proof of Theorem 3.9 if the curves Sy (z,y) = 0 where Sy appears
in (3.34) and (3.35), near the origin, intersect at zero or two points only. We find sufficient
conditions on the coefficients of G in (3.1) that imply the above situations.

Near the origin we have

2
So(z,y) =0 C+ Ey + <3NI+H> (2% + % + zy) + Hy? + terms of degree > 3 =0
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and the equation of the X-branch is
1
B+ §(3E + 2N F)(2? + y* 4 27) + terms of degree >3 = 0.

We start by solving

C+ Ey+ (%NI+H) (22 4+ 9% +2y) + Hy? =0,
B+ f(BE+2NF)(2? +y + zy).

Trivial calculations show that if conditions (3.37) are satisfied then this system has zero or
two real solutions. Now recall that singularity theory methods were used in Theorem 3.3
to prove the existence of the X-branch near the origin for sufficiently small values of the
parameter B. Higher order terms will not change the geometric properties of the curves
Sa(z,y) = 0 and (3.35) from the point of view of their intersections near the origin as long
as the conditions of Theorem 3.3 are satisfied.

O
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Chapter 4

Hopf Bifurcation with
S y-Symmetry

In this chapter we study Hopf bifurcation with S x-Symmetry. The basic existence theorem
for Hopf bifurcation in the symmetric case is the Equivariant Hopf Theorem, which involves
C-axial isotropy subgroups of Sy x S! (in this case). Stewart [41] obtains a classification
theorem for C-axial subgroups of Sy x S!. We use this classification to prove the existence
of branches of periodic solutions in systems of ordinary differential equations with Sy-
symmetry taking the restriction of the standard action of Sy on CV onto a Sy-simple
space. We derive, for N > 4, the general Sy x S'-equivariant smooth map up to degree
five. We use the Equivariant Hopf Theorem to prove the existence of branches of periodic
solutions and we determine conditions on the parameters that describe the stability of the
different types of bifurcating periodic solutions.

Consider the natural action of Sy on CV where ¢ € Sy acts by permutation of
coordinates:

O'(Zl,...,ZN) = (20—1(1),...720.—1(]\[)) (41)

where (z1,...,2y) € CV. Observe the following decomposition of CV into invariant
subspaces for this action:
cV = cVaown

where
cVo — {(21,...,,2]\])GCN121+“'+ZN:0}

and

Vi = A{(z...,2): ze C} = C.

The action of Sy on Vj is trivial and the space CN:0 is S y-simple:
CN,O ~ RN’OEBRN’O
where Sy acts absolutely irreducibly on

RMY = {(z1,...,z2y) e RN iy 4+ 42y =0} = RV7L

45



By Proposition 2.23, if we have a local I'-equivariant Hopf bifurcation problem, gene-
rically the centre subspace at the Hopf bifurcation point is I'-simple. We make that
assumption here. Thus we consider a general Sy-equivariant system of ODEs

dz

dt = f(z,A), (4.2)

where z € CN9 )\ € R is the bifurcation parameter and f : CN? x R — CM is smooth
and commutes with the restriction of the natural action (4.1) of Sy on CV to the Sy-
simple space CN'0. Observe that f(0,\) = 0 since Fixgnvo(Sy) = {0}.

We study Hopf bifurcation of (4.2) from the trivial equilibrium, say, at A = 0, and
so we assume that (df)oo has purely imaginary eigenvalues +i (after rescaling time if
necessary). Thus if we denote the eigenvalues of (df)o by o(A) £ ip(A) (recall Lemma
2.24) then o(0) = 0,p(0) = 1 and we make the standard hypothesis of the Equivariant
Hopf Theorem:

a'(0) # 0.

Under the above hypothesis, we can assume that the action of S' on the centre space
CN0 of (df)oo (that can be identified with the exponential of (df)o,) is given by multi-
plication by e%:

0(z1,...,2v) = €7 (z1,...,2n) (4.3)

for § € S, (z1,...,2x) € CNO,

In Section 4.1 we give an overview of the physical motivation for this work.

In Section 4.2 we recall the classification of the C-axial subgroups of Sy x S! acting
on CNV0 given by Stewart [41].

In Section 4.3 we calculate the cubic and the fifth order truncation of f in (4.2) for the
action of Sy x S' extended to C" defined by (4.1) and (4.3). We obtain the cubic and
the fifth order truncation of f in (4.2) on C™-0 by restricting and projecting onto CV-0.

We describe the two types of C-axial subgroups of Sy xS!: Eép and Eél (Theorem 4.1).
We use in Section 4.4 the Equivariant Hopf Theorem to prove the existence of branches
of periodic solutions with these symmetries of (4.2) by Hopf bifurcation from the trivial
equilibrium at A = 0 for a bifurcation problem with symmetry I' = Sy. The main result
of this chapter is Theorem 4.13. In this theorem we determine the directions of branching
and the stability of periodic solutions guaranteed by the Equivariant Hopf Theorem. For
solutions with symmetry Z(III the terms of degree three determines the criticality of the
branches and also the stability of these solutions (near the origin). However, for solutions
with symmetry qu, although the criticality of the branches is determined by the terms
of degree three, the stability of solutions in some directions is not. Moreover, in one
particular direction, even the degree five truncation is too degenerate (it originates a null
eigenvalue which is not forced by the symmetry of the problem).
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4.1 Physical Motivation

An appropriate symmetry context for studying periodic solutions to the equal-mass many-
body problem in the plane was formulated by Stewart [41].

Consider a system of N equal point particles in R?. Let qi,...,qy be the position
coordinates and pi,...,pn the momentum coordinates. Then the motion is governed by
a smooth Hamiltonian H : R*V x R?N — R with 2N degrees of freedom. The explicit
form of the Hamiltonian for the planar N-Body problem is given by

N
Ipi* mim;
H(pi,qi) = - (4.4)
where ¢; € R? is the position, p; € R? is the momentum and m; € R is the mass of the
1th particle. Furthermore, we have the Hamilton’s equations:

{q'@- = 9H /p;

) (4.5)
pi = —0H/0q;.

See for example [1] and [28].

There is a reduction of the problem that simplifies the analysis. We may choose a
system of coordinates whose origin is at the center of mass, this is, we may restrict the
dynamics to the subspace

The equations of motion of many physical systems are invariant under the action of a
group due to the fact that the physical systems possess certain symmetries [32].

In [31] van der Meer studied Hamiltonian Hopf bifurcation in the presence of a com-
pact symmetry group G. He classified the expected actions of G and showed that near
four-dimensional fixed-point subspaces of subgroups of G x S! the bifurcation of periodic
solutions is diffeomorphic to the standard Hamiltonian Hopf bifurcation in two degrees of
freedom. Furthermore, he presented examples with O(2),SO(2) and SU(2) symmetry.

In [6] Chossat et al. studied the appearance of branches of relative periodic orbits in
Hamiltonian Hopf bifurcation processes in the presence of compact symmetry groups that
do not generically exist in the dissipative framework. Examples are given with O(2) and
SO(3) symmetry.

Our goal is to ask if there is any possible correspondence between this work and the
general questions arising from the N-Body problems in hamiltonian dynamics. Mont-
gomery [35] suggested us two ideas as an application of the work we carried out in this
chapter to the N-Body problem. The first suggestion follows from the figure of eight, a
solution to the three-body problem and consists in applying our work to the choreographes
for N-body systems which have Sy as a symmetry group; the second idea would be ap-
plying our results to Saturn’s rings. In what follows we try to explore these ideas with
more detail.

Chenciner and Montgomery [5] presented a periodic orbit for the newtonian problem
of three equal masses in the plane in which the three bodies chase each other around a
fixed eight-shaped curve. This solutions has symmetry Ss.
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Suppose now that we have N equal Newtonian masses dancing around a fixed curve.
The eight is such a solution. For each N we can obtain such a solution where the curve is
a circle by placing the N points at the vertices of a regular N-gon inscribed in the circle
and then rotating this N-gon at the proper frequency. Until the moment, except for the
eight solution, there are no rigorous proof of any equal mass planar N-body solutions (see
the expository article by Montgomery [34]).

To make N equal bodies perform a desired dance, begin with the circle S' = R/TZ
of circumference T'. The cyclic group Zy of order N acts on this circle with its generator
w acting by w(t) = t + T/N, which is to say by rotation by 27/N. It acts on CV by
w(wy,z2,...,o8) = (TN, T1,...,2n_1). Then Zy acts on the space of all loops z : St —
CV by (wz)(t) = w(zw™(t)). A fixed point of this action on loops is a map z : S! — C¥
satisfying z;11(t) = z1(t—jT/N). Such a map is called a choreography. In a choreography
all N masses travel along the same closed planar curve ¢(t) = x;(t), staggered in phase
from each other by 7'/N. This action of Zy on loops = leaves the N-body action A(x)
invariant when the masses are all equal. If we restrict A to the fixed points of the action -
the choreographes - and find a collision-free choreography which is a critical point for this
restricted A, then this choreography will be a solution to the N-body problem. Excluding
collisions breaks up the set of choreographies into countable many different components,
which are called choreography classes. With an argument of Poincaré, if the potential
is strong-force, then there is a solution realizing each choreography class. In the case of
N-bodies, all the choreographies are possible, which have Sy as a symmetry group. For
further detail see [34].

Another interesting problem for applying Hopf bifurcation with Sy symmetry would
be the rings of Saturn, the brightest and best known planetary ring system. In [33] Meyer
and Schmidt gave a simple mathematical model for braided rings of a planet based on
Maxwell’s model for the rings of Saturn. Their rings models are Hamiltonian systems of
two degrees of freedom which have an equilibrium point which corresponds to a central
configuration.

4.2 C-Axial Subgroups of Sy x S!

In order to apply the Equivariant Hopf Theorem we require information on the C-axial
isotropy subgroups of Sy x S'. Such subgroups are of the type H? = {(h,0(h)): h € H}
where H C Sy and # : H — S! is a group homomorphism (see [23, Definition XVI
7.1, Proposition XVI 7.2]). Also they are maximal with respect to fixing a complex line
Cz = {uz: p € C}, where p # 0. A vector z such that the isotropy subgroup ¥, in
Sy x S! fixes only Cz is called an axis.

Theorem 4.1 (Stewart [41]) Suppose that N > 2. Then the azes of Sy x St acting on
CNO have orbit representatives as follows:

Type 1

Let N = gk+pwhere2 < k < N,g > 1,p > 0. Let¢§ = e2mi/k and set

zo= |1,...,1;¢,...,6 8, ...,8% o, 0. (4.6)
—— —— — N—— e N——
q q q q p
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Type IT
Let N = g+p,1 < q < N/2 and set

z = |1,...,1;a,...,a (4.7)
———

where a = —q/p.

Proof: See Stewart [41, Theorem 7]. O

Next we consider the corresponding isotropy subgroups as in [41]. For type I we have
C-axial subgroups H? = ¥, where

Y. = S$0Z x S, ¥l (4.8)
Here { denotes the wreath product (see Hall [27, p. 81]) and the tilde indicates that
Z;, is twisted into S!. Let

K = ker(f) = S} x - xS x8,, (4.9)

where Sg, is the symmetric group on B; = {(j —1)¢+1,...,jq} and S, is the symmetric
group on By = {kq+1,...,,n}. Observe that if S, acts by permutating {1,...,r} then
it is generated by (1 2),(1 3),...,(1 r).

Let a =(1qg+12¢+1 ... (k—1)¢g+1) and £ = 2n/k. Then Eé,p is generated by
(o, &) and K.

For the type II, the isotropy subgroup is

def

N, = Syx 58, = 2l (4.10)

where the respective factors are the symmetric groups on {1,...,q} and {¢+1,...,N}.
Thus we have the generators

(12),...,(1¢),(¢g+1q¢+2),...,(g+1N).

Table 4.1 lists the generators for the isotropy subgroups Zép and Eél .

4.3 Equivariant Vector Field

In order to determine the direction of branching and the stability of the bifurcating
branches of periodic solutions of (4.2), we must compute the general form of a Sy x S!-
equivariant bifurcation problem. We start by calculating the cubic and the fifth order
truncation of f in (4.2) for the action of Sy x S! extended to CV defined by (4.1) and
(4.3). We obtain then the cubic and the fifth order truncation of f in (4.2) on C:0 by
restricting and projecting onto CN:0,
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Isotropy

Subgroup Generators

—_—~—

S,1Z), x S,

I
ZQ:Z’

(@, €)

(12),...,(1q),...,(kg+1kq+2),...,(kg+1N)

where a = (1 ¢+12¢+1 ... (k—1)g+1) and { =27/k

zgg, =S, xS,

(12),...,(1¢),(¢g+1qg+2),...,(¢g+1N)

Table 4.1: Generators for the isotropy subgroups ng and Eél .

Theorem 4.2 Suppose N > 4. Let f : CN — CV be Sy x S'-equivariant with respect to
the action defined by (4.1) and (4.3) with polynomial components of degree lower or equal

than 3. Then f = (f1, fo,..., fn) where
J1(z1,22,...,2N)
Ja(z1,22,...,2N)
In(z1,22,...,2N)
and
h_i(z) = z1 4+ + 2N,
hl(Z) = ’21‘22’1
N
hQ(Z) = Z%ZEJ‘,
j=1
N
h4(2’) = le‘zk‘Q,
k=1
N
hG(Z) = 5122’]2-,
j=1
N
hg(Z) = Z”ZJ’ Zj,
j=1
N N
hio(2) = >z » |zl

for constants aj € C. Also we denote |z;|* = z;z; forj=1,...,

Proof:
lower or equal than 3. For z = (zy,...

11
> aihi(z1, 2, 2w)
i=—1
fi(z2,21,..., 2N) (4.11)
fl(ZN,ZQ,...,Zl)
ho(z) = 21
N
W) = 4l =
i=1
N N
hs(z) = 21 % Y 7k
~ (4.12)
h7(z) = 31221'223‘,
=1 j=1
N N
h9(2> - Zzgzzkv
=1 k=1
N N N
hi(z) = > 2> %Y Zk,

Let f : CN — C¥ be Sy xS'-equivariant with polynomial components of degree
,zn) define Z = (Zy,. ..

,ZN). Using multi-indices

50



we have that f = (f1,..., fny) where each f; can be written as

fi(z) = Zaagza?g.

Here each a,3 € C and o, 8 € (ZH)N.
Now f is Sy x Sl-equivariant if and only if f is Sy-equivariant and S'-equivariant.
The S'-equivariance is equivalent as saying that each f; satisfies

fi (eiaz) = ewfj(z) (4.13)

for all # € S! and z € CV. Note that condition (4.13) implies that

Zaagzaéﬁ = Zaaﬁeiﬁ(a—ﬂ—l)zazﬂ.
Thus each ang = 0 unless
laf = (8] + 1.

In particular, it follows that each f; is odd as a polynomial in z,Z. Since f has degree
lower or equal to three, it follows that each component f; can only contain degree 1 or
degree 3 monomials.

The equivariance of f under Sy is equivalent to the invariance say of the first compo-
nent f; under Sy_1 in the last N — 1-coordinates zo, ..., zn, and then

f(z) = (fi(z1,22,...,28v-1,2N), fi(22, 21, - s 2N—1,2N), -, fi(2n, 22, 2N -1, 21)) -

This follows from

F(1)(z1,22,--.,2n)) = (L) f (21,22, --,2N)

fori=2,3,...,N.

The rest of the proof consists in characterizing the first component fi. That is, we
describe the polynomials of degree lower or equal to 3 that are Sy_i-invariant in the last
N — 1-coordinates zs, ..., zn and satisfy (4.13).

For the degree one polynomials we have that f; has to be a linear combination of the
monomials z; and z3 + -+ + zy. That is, any linear polynomial in z,Z that is Sy_1-
invariant in the last N — 1 coordinates and satisfies (4.13), is a linear combination of z;
and z9 4+ - - -+ zn, or alternatively, of z1 and z1 + 22+ - - -+ zx. We obtain the equivariants
where the first component is h_1 and hyg.

For the degree three polynomials, f; is a linear combination of monomials of the
following types:

(a) 22z = z1]21/? and we obtain hy;
(b) 22 ZjVZQ Z;, and we obtain ho using hi;
(¢) z1Z1 Z;VZQ zj, and so we get hz using hi;

(d) z21p(22,...,2y) where p(22, ..., zy) has degree two in 2,7 and it is Sy_1 x S'-invariant.
After some manipulations we obtain h4 and hs.
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(e) zip(z2,...,2N) where p(za,...,2n) has degree two in 29, ..., 2N, it is Sy_j-invariant
and does not depend on the Z;. We obtain hg and hy.

(f) p(z2,...,2n) where p is Sy_i-invariant and satisfies (4.13). We get hg, hg, h1p and
hi1.

Remark 4.3 From Theorem 4.2 we have that the number of linearly independent cubic
Sx x S'-equivariants on C (over C) is 11 for N > 4. This result is in agreement with [3,
Proposition 6.4]. <&

Remark 4.4 There are two (real) valued invariants of degree two for the action of Sy x S*
on CV:

N N N
L= Y l5P L= zuy 73 (4.14)
j=1 i=1  j=1
To see this note that a polynomial function p: CV — R can be written as
p(z) = ) aapz*7’

where z € CN. Now f is Sy x Slinvariant if and only if it is invariant by S' and Sy.
The Sl-invariance is equivalent as saying that p(z) = p(e?z) for all § € S' and z € CV,
this condition implies that

Z aaﬂzaéﬁ = Z aagew(a_’g)zo‘iﬂ.

Thus, p(z) is S'-invariant if and only if |a| = |3| for the coefficients a, g # 0. In particular
this implies that the Sy x Sl-invariants have even degree in z, Z. &

Theorem 4.5 Suppose N > 4. Consider the action of Sy x S' on CN defined by (4.1)
and (4.8). Let f : CN — CV be Sy x S'-equivariant with homogeneous polynomial
components of degree 5. Then f = (f1, fo,..., fn) where

52
filz, 22, 002n) = ) aihi(z1, 2, 2w),
i1

fo(z1,22,...,2n) = fi(z2,21,...,2N),

In(z1,22,...,28) = filan, 22,...,21),

and
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N N
has(z) = 2|z %, haa(z) = Zilza? ) 27,
k=1 i=1
N N N
h3s(z) = §1|Z1!222i22j7 h3e(z) = |Z1\4zzz‘7
=1 j=1 i=1
N N N N N N N N
har(z) = D) 7Y Zw has(z) = D wmD z ) aw ) T )
=1 =1 m=1 =1 j=1 k=1 I=1 m=1
N N N N N N
haolz) = D &) . haolz) = > =) %) 7 ) A
=1 k=1 =1 j=1 k=1 I=1
N N N N N N N
() = > 2> %) 7 haoz) = > =) %) )
=1 j=1 k=1 =1 j=1 I=1 k=1
N N N N
has(z) = > |zl*> 1%z, haa(z) = D lzl*a,
i=1 J=1 k=1 i=1
N N N N N
has(z) = D _lal' D, has(z) = D _lal*D_z ) 7
i=1 k=1 i=1 k=1 =1
N N N N N N
har(z) = > |al*> %> Y =@, has(z) = > |zl > =,
i=1 j=1 k=1 I=1 i=1 =1
N N N
hao(z) = D |zl lal, hso(z) = > |zl Zzzzla
i=1 =1 i=1
N N N N
hai(x) = D _lal*zi) a1} %, o) = YYD
i=1 =1 j=1 i=1 =1 j=1
for constants aj € C. Also we denote |zj|> = z;Z; and |z;|* = z fOT‘] =1,...,N.

Proof: We will describe in cases (a) to (k) the Sy x S'-equivariants where the first
component can be written as

zf?lbp(22, . .3 ZN)

where a,b € Z§ and a+b > 0. Case (1) considers the situation in which a +b = 0. Recall
the proof of Theorem 4.2. For the degree five homogeneous polynomials, f; is a linear
combination of monomials of the following types:

(a) 2322 = z1]21|* and we obtain hy;

(b) We describe the polynomials of degree five in the form h;(z) = z1p(22, ..., zx) which
are Sy_i-invariant and satisfy (4.13). Note that if we write

= Z aaﬁzazﬁ
then condition (4.13) is equivalent to the condition
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laf =[B] +1 (4.15)

for ang # 0.

We describe p(z9, ..., zx) which are invariant by permutation of coordinates and have
degree four. Moreover, from (4.15) we have that p(z2,...,2zy) must have degree two
in z2,...,2y and degree two in Zs,...,ZN.

The only polynomials that satisfy those conditions are

j=1 1=1 k=1
N N N N N
pa(z) = 1=l Izl ps(z) = > |zl*> ) 7,
i=1 J=1 k=1 i=1  j=1
N N N N N N
r(z) = Zz@Zza oom) = 2 A 5D A

In such a way we obtain ho, hs, ..., hig.

We describe the polynomials of degree five in the form h;(z) = 2?p(z2, ..., zy). Using
the same argument as above, we must now describe the polynomials p(za,...,2n) of

degree three which have degree one in 23, ..., 25 and degree two in Zo,...,ZxN.

N N
We get the polynomials p14(z) = 2 ZEj ZEk and

N N N N N
pu(z) = sz ZZ?, p12(z) = Z|Zk|25k, p13(z) = Z|Zk|227j~
k=1 i=1 k=1 k=1 j=1
In such a way we obtain hi1, hio, h13 and hy4.
We describe the polynomials in the form le(ZQ, ...,2N) where p(za, ..., zy) has degree
N
two in Zo,...,Zn. We have pig(z Z Z; Z Z; and pi5(z) = ZEJQ. We obtain
j=1

h15 and h16.
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(e) We describe the polynomials of the form h;(z) = Z1p(z2, ..., 2n) where p(za,...,2N)
has degree three in zo, ..., zyn, degree one in Zs,...,zy and is Sy_1-invariant.

We have

N N N
pau(z) = D 5> %> wm Y &

i=1  j=1 k=1 j=1

N N
pis(z) = > |zl 2,

=
2,

IE
D |

p7(z) =
=1 j=1 i=1 7=1
N N N N
p19(z) = Z\Zz 222-2, p20(2) = Z’zi’2zzjzzka
i=1 i=1 j=1 k=1
N N N N N
pa(x) = D # Y %) B pw(x) = ) lalu) 2

1

i 1 k=1 i=1 j=1

<.
Il

and we obtain h17, hlg, hlg, hgo, h21, h22 and h23.

(f) We describe the polynomials h;(z) = Z3p(22, ..., 2Nn) where p(22,...,2y) is of degree

N N N
three in z3,..., 2y and is Sy_j-invariant. We have pag(z) = Z % Z 2j E 2, and
i=1  j=1 k=1

N N N
paa(z Z Zks p2s(2 Z 2k Z Zi
k=1 k=1 =1
and we obtain hay, hos and hog.

(g) We describe the polynomials of the form h;(z) = |21 *p(22, ..., 2x) where p(za, . .., 2N)
has degree two in ZQ, . zN, degree one in Zo, ..., zZy and is Sy_j-invariant. We have

par(z Z Zj Z Zj Z Z), and
=1 7j=1 k=1

N N N N
pag(z szZEk, poo(z) = Z|zk’|2zk> p30(z) = Z|zk’|222j-
i=1 k=1 k=1 k=1 j=1

We obtain ha7, hag, hog and hgg.

(h) We describe the polynomials of the form h;(z) = |z1|?21p(22, . . ., 25 ) where p(z2, . . ., 2n)
has degree two in z,Z. We list now the Sy _j-invariant polynomials which have degree
one in z and z:

N N N
p31(2 Z 2%, paa(z Z%ng

i=1  j=1

We obtain h3; and hgzs.
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(i) We describe the polynomials of the form h;(z) = |21|?22p(22, . . ., zv) where p(2a, . . ., 2N)

N
has degree one in Zo,...,zZn. We get p33(z) = ka and we obtain hgsz.
k=1
(j) We describe the polynomials of the form h;(2) = |21|*Z1p(22, . . ., 2n) where p(22, .. ., 2N)

N N N
has degree two in z3,...,zy. We have pss(z) = sz and p35(z) = Z 2 Z 2
and so we get hzq and hgzs. - 4
(k) We describe the polynomials of the form h;(z) = |21|*p(22, . . ., 2x) where p(22, ..., 2x)
has degree one in zg,...,2zy. We have the only polynomial psg(z) = Z z; and we

get h36 .

(1) We describe the polynomials h; of degree five in z,Z which are Sy_j-invariant in the
last N — 1 coordinates and satisfy (4.13) and we get hsz, ..., hs.

Theorem 4.6 Suppose N > 4. Consider the action of Sy x S' on CN0 defined by (4.1)
and (4.8). Let f: CN0 — CNO be Sy x S'-equivariant with polynomial components of
degree less or equal than 3. Then

f(2) = aFi(z) + bFs(2) + cF3(z) + dFy(2) (4.16)
where a,b,c,d € C,
Z1
22
F1<21722,...,ZN) = . y
ZN
’21|22’1 1
|22|222 1 N
FQ(Zl,ZQ,...,ZN) = : — N |Zk|22k 5
. k=1
!ZN\QZN 1
Z1
Fs5(z1,22,...,2N) = Zzi : ,
=1 :
ZN



<1

N 29

Fy(z1,22,...,2N) = Z |22
i=1
ZN

and zNy = —2] — ++* — ZN—1-

Proof:  We restrict to CV? and project onto CN:? the Sy x S'-equivariant functions
from C¥ to C¥ obtained in Theorem 4.2. Note that if z € CN:0 then z;+---+2zy = 0 and
Z1+---+2zZn = 0. The nonzero functions obtained in this way are the ones corresponding
to the first component being hg, hi, hy and hg.

O

Remark 4.7 From Theorem 4.6 we have that the number of linearly independent cubic
Sx x St-equivariants on CV:? (over C) is 3 for N > 4. This result is in agreement with [3,
Theorem 6.5]. <&

Remark 4.8 Any polynomial function p : CV0 — R invariant under Sy x S! of degree
2 is a scalar multiple of

N
I=> |z (4.17)

j=1
where zy = —21 — 29 — --- — zny—1. This follows from the restriction of I; and Iy of
Remark 4.4 to CN-0, o

Remark 4.9 Observe that for N = 3 we have F3(z1, 22, 23) = 6F2(21, 22, 23)—2F4(21, 22, 23)
for (21, 22,23) € C3¥ and so we obtain (over the complex field) only two linearly inde-

pendent cubic S3 x Sl-equivariants, as it is known. See for example Dias and Paiva [9].
&

Theorem 4.10 Suppose N > 4. Consider the action of Sy x S* on CN'V defined by (4.1)
and (4.8). Let f : CN0 — CNO be Sy x S'-equivariant with homogeneous polynomial

components of degree 5. Then f is a linear combination of Fs, ..., Fig where
‘21|421 1
|22|4Z2 1 N 4 1
F5(Z17227"'aZN): : - NZ‘Zk’ %k . )
: P :
\ZN!4ZN 1
21
N
Z2
F6(217Z2)°"7ZN):Z|Zi|4 . ’
i=1 :
ZN

o8



21
N N
22
Fy(z1,22,...,2N8) = Z |Zi|2z |Zj|2 .
=1 7j=1 .
ZN
27
N . 22
F9(217227"-aZN): Z|Z]| Zj .
j=1 ;
N
2
N 3
22
Flo(zl,ZQ,...,ZN): 2532 : —
i=1 ;
3
ZN
Z1
N N =
z2
F11(21,22,...,ZN):Z’Zﬂzzjz‘ .
i=1 j=1 :
ZN
Z1
N Z2
Fia(z1,22, ..., 2N) :Z’Z?V? : ;
i=1 :
ZN
_ 2
N =2
Z3
F13(2’1,22,...,ZN): szg . -
i=1 ;
=2
L N
[ |21
S, |22]
Fua(z1, 22, on) = | > ]2k :
k=1 "y
I |2n]

99

N N 1
PIE DI I
k=1 j=1 :

1
1

N N 1
DIED I I
k=1 j=1 :

1
N N



[ 21?21 1
N |22‘22’2 1 N N 1
Fis(z1,22, .., 28) = | > |l - NZ|ZZ'|2ZZ'Z|ZJ“2 : ;
k=1 : i=1 j=1 ~
L |ZN‘22N 1
[ ‘21’221 1
B N ) ‘22|2§2 1 N . N ) 1
F16(217227"')ZN) - sz . - Nz‘zl| ZZZZ]'
k=1 . i=1 j=1
i lzn 22N 1
and zN = —2] — ++* — ZN—_1-

Proof: We restrict to CV9 and project onto CN-0 the Sy x S'-equivariant functions
from C¥ to C¥ obtained in Theorem 4.5. Note that if z € CN:0 then z;+---+2zy = 0 and
Z1+---+Zxy = 0. The nonzero functions obtained in this way are the ones corresponding
to the first component being hq, ho, hs, hq, hi12, h1s, h1s, hig, ho4,

hgg, h31 and h34.

Remark 4.11 Any polynomial function p : CV'0 — R invariant under Sy x S! of degree
four is a linear combination of the following Sy x S'-invariants:

N N N N
L= Y27 =) |yt Is = Y |a) |4 (4.18)
i=1 k=1 j=1 i=1 j=1
where zy = —21 — 29 — ... — ZN_1- O
Remark 4.12 For N = 5 we have
Fi3(z) = 30F5(z) — 3Fs(z) + 2F(2) + 3Fs(2) — 3Fy(2) — SFi0(2)+
3Fi1(2) — 3F12(2) — 6F14(2) — 9F15(2) — 3Fi6(2)

where z = (21, 22, 23, 24, 25) and so we obtain (over the complex field) only eleven linearly
independent S x S'-equivariants with homogeneous polynomial components of degree
five. &
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4.4 Periodic Solutions with Maximal Isotropy

Consider the system of ODEs

where f: CV0 xR — CM0 is smooth, commutes with I' = Sy and (df )o,» has eigenvalues
a(A) £ip(\) with o(0) = 0,p(0) = 1 and ¢/(0) # 0.

If we suppose that the Taylor series of degree five of f around z = 0 commutes also
with S!, then by Theorems 4.6 and 4.10 we can write f = (f1, fo, ..., fv), where

fl(zla“'vzj\ﬁ)‘) :ILL()\)Zl +f1(3)(217-"7ZN7A)+f1(5)(217"’72N7)\)+"'
fa(z1, oo 2n, A) = fi(ze, 21,0005 28, A) (4.20)

fN(Zl, . ,ZN,)\) = fl(ZN,ZQ, . ,Zl,/\)

and

fl(g)(zl, 2NN = Ay [|zl\2z1 — % Zé\;l |zk|22k] +
A7 Yol 22 + Aszar Yoy |l

. i
O A) = Ag[lzfia - }V A lzalta] + Asz I Jail
Aﬁzl Zz 1 z ] 1 ]+A7’lez 1|Zl| Z] I‘ZJP
Asg 21 Zj 1 |ZJ|2 - N Zk: 1% Zj:l |ZJ|2ZJ] +
Ag |2 ZJ1] MR leﬂJr
A 1z T 21N 2 A N 1,2),2
10 |21 Zz:l |Z ‘ Z] 175 + Az Zz:l ’Zz |Zz +
2N
Ar Z% Zj:l j NZk 17 _] 1 }3] +
N N
Az |21 ooy [P er — NZi:l |2 2250 25725 | +
I N N N
Ava |21 P21 Xy Lan? — 3 20iks [2al?2 05 12
I ~ N N — N
Ass _121|221 > k=1 ZI% - % > i1 |2i|°Z; Zj:l 232]
with 2y = —21 — --- — 2y_1. The coefficients A;, for i = 1,...,15 are complex smooth

functions of A, u(0) = ¢ and Re(y/(0)) # 0. Suppose that Re(x/(0)) > 0. Rescaling \ if
necessary we can suppose that

+

Re(u(\) = A+

where + - - - stands for higher order terms in A. Thus the trivial solution of (4.19) is stable
for A\ negative and unstable for A positive (near zero).

Throughout, subscripts r and i on the coefficients A1, ..., A5 refer to real and imagi-
nary parts.
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Isotropy

Subgroup Fixed-Point Subspace
Sl =812 xS, 2, €2, 50,0 21 €C
? N N—— N—— e N——
q q q p
N=kq+p 2<k<N
q=21,p=>0
EéI:quSp zl,...,zl;—gzl,...,—gzl 121 €C
SN—— p p

_ N
N=q+p, 1<q< 5

Table 4.2: C-axial isotropy subgroups of Sy x S' acting on CV'V and fixed-point subspaces.
Here & = e2mi/k

Isotropy Subgroup Branching Equations

E‘ILP’ 2<k<N v\ + (A +kqA3)|z]? + -+ =0
N = kq + p,

q>1,p=>0

Sgp s k=2 v(\) + [A1+2q(As + A))]|2)> + - =0
N =2q+p,
q=21,p=20

i1 v + A [1—% (1— %)] 122 + (A2 + As)g (1+g) 224 =0
N=gq+p,
1<g< ¥

Table 4.3: Branching equations for Sy x S! Hopf bifurcation. Here v(\) = u(\) — (14 17)i
and + --- stands for higher order terms.
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Isotropy Subgroup Branching Equations

Sl 2<k<N A= — (A +kqAs)z? + -
N =kq+p,
q=1,p=0
Sip s k=2 A= = A+ 2(Ay + Ag)]2 4
N =2q+p,
q=1,p=>0
2
= A= — Ay [1—% <1—§2>] 22 — (Aar + Asp)q (14‘%) |22 + -
N =q+p,
1<qg< ¥

Table 4.4: Branching equations for Sy Hopf bifurcation. Subscript r on the coefficients
refer to the real part and +--- stands for higher order terms.

Theorem 4.13 Consider the system (4.19) where f is as in (4.20). Assume that Re(u/(0)) >
0, such that the trivial equilibrium is stable if A < 0 and it is unstable if A > 0 (near the
origin). For each type of the isotropy subgroups of the form Eclbp and ECIII listed in Ta-
ble 4.2, let Ag,..., A, be the functions of Ai,..., A5 listed in Tables 4.5, 4.6 and 4.7
evaluated at X = 0. Then:

(1) For each %; the corresponding branch of periodic solutions is supercritical if Ay < 0
and subcritical if Ag > 0. Tables 4.3 and 4.4 list the branching equations.

(2) For each 3, if Aj > 0 for some j =0,...,r, then the corresponding branch of periodic
solutions is unstable. If A; < 0 for all j, then the branch of periodic solutions is
stable near A =0 and z = 0.

Proof: Our aim is to study periodic solutions of (4.19) obtained by Hopf bifurcation
from the trivial equilibrium. Note that we are assuming that f satisfies the conditions of
the Equivariant Hopf Theorem.

From Proposition 5.1 we have (up to conjugacy) the C-axial subgroups of Sy x S!. See
Table 4.2. Therefore, we can use the Equivariant Hopf Theorem to prove the existence of
periodic solutions with these symmetries for a bifurcation problem with symmetry I' = Sy.

Periodic solutions of (4.19) of period 27/(1+ 7) are in one-to-one correspondence with
the zeros of g(z, A, 7), the reduced function obtained by the Lyapunov-Schmidt procedure
where 7 is the period-perturbing parameter. Moreover, by Theorem 2.27, assuming that
f commutes with I' x S, g(z, A, 7) has the explicit form

g(z,\,7) = f(z,A) — (1 +71)iz. (4.21)
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Isotropy Subgroup Ag

¥, 2<k<N A1y + kqAs,
N=kq+p, ¢g=>1,p=>0
SgN—2g k=2 A1y + 2q(Azr + Aszy)
N=2¢+p, ¢=>1p=>0
2
o Ay, [1 s (1 _ ;—2)] + (Agr + Asy)g (1 + %)

Table 4.5: Stability for Sy Hopf bifurcation in the direction of Wy = Fix(X).

Throughout denote by v(\) = u(A) — (1 + 7)i. By Corollary 2.28, if z(t) is a periodic
solution of (4.19) with A = A\¢g and 7 = 79, and (z0, Ao, 79) is the corresponding solution
of (4.21), then there is a correspondence between the Floquet multipliers of z(¢) and the
eigenvalues of (dg)(z,,x9,7) Such that a multiplier lies inside (respectively outside) the unit
circle if and only if the corresponding eigenvalue has negative (respectively positive) real
part. So, we determine the stability of each type of bifurcating periodic orbit by calculating
the eigenvalues of (dg)z,g,m) (to the lowest order in z).

Recall Table 4.2. As g commutes with T' x S!, it maps Fix(X) into itself (where ¥ is
either of type Eép or Eél ). By the Equivariant Hopf Theorem, for each of the conjugacy
classes Eép and Eél in Table 4.1, we have a distinct branch of periodic solutions of (4.19)
that are in correspondence with the zeros of g with isotropy Eép and Eé[ . These zeros
are found by solving g|Fix(Eé7p) = 0 and g|Fix(EéI) = 0 (and Fix(3! ), Fix(2]!) are two-
dimensional). Note that to find the zeros of g, it suffices to look at representative points
on I' x S' orbits. See Tables 4.3 and 4.4.

Let 3., C I' be the isotropy subgroup of zy. Then, for o € X, we have

(dg)z00 = a(dg)s,- (4.22)

That is, (dg),, commutes with the isotropy subgroup X of z.

For the two types of isotropy subgroups Eéyp and Eél in Table 4.1, it is possible to put
the Jacobian matrix (dg),, into block diagonal form. We do this by decomposing C"? into
subspaces, each of which is invariant under a different representation of the corresponding
isotropy subgroup. The isotypic components for the action of Eé,p and Eél on CN:0 are
listed in Table 4.8. o

Specifically, for Eg’p = S, 17, x S, we form the isotypic decomposition

k—1
CYV=WooW oW, o W0 > P (4.23)
j=2
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Ar, .. A,

q

Isotropy
Subgroup
1- %) Alr - 2qA2r7 lfp > 1
2 2
Ei,q’k:2 —’(1—%>A1—2q/12 —0—’( —%)A1+2qA2‘ yifp>1
N=2q+p —Ay —2qAy., if p>1
q>1,p=>0 — (JA1 +2qA9|* — [2¢A2%) , if p>1
Alr - 2qA27’; if q= 2
— (|A1 = 2qAsf* — | A1 + 29 A]?) , if g > 2
(1-%) Ay, it p>1
EP{:Q’ k=3 _|<1—6T\?>A1!2+!A1|2, ifp>1
N = 3q + p, Ay, if p>1
q>1,p=>0 —|A%, ifp>1
- (—3(] + %) Re(Alzlg), if q > 2
A1T+6A27‘
— (|41 + 6422 — | (1 - &) Ay )
3
(1"1'%_1\?71,2)1417‘_(](1“‘%)1427'
3 2 2
s _<](1+g—]gp2)Al_q(1+g)A2) _]A1+q(1+g)A2(>

N=q+p, 1<q

<

N
2

3 2
(_1‘1‘%—]\?])2+21)L2)A1r_q<1+%)142r

3 2 2
_(‘(_1_’_;\1]_1\?’% %)Al—q<l+%>A2‘

;’72141 +4q (1 + %) A2’2>

Table 4.6: Stability for Sy Hopf bifurcation.
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Isotropy Ay, A,

Subgroup
(1- %) Ay, ifp=1
She 3<kSN (1= Z) AP+ A it p =1
N=kq+p Ay, ifp>1
q=1,p=>0 —|A1%ifp > 1

If £ > 3,9 > 2 then the fifth degree truncation is too degenerate
to determine the stability in the directions in W3
Alr
(=i~ 5) 40
Aqr + 2kqAyy, if k>4
—(|A1 + 2kqA2\2 - ‘A1’2), if k& 2 4
—Re(Algl) + Re(2A124 + ]{qA1Z14), iftk>5
—Re(A1£2) + Re(2A124 + quAlzm), ifk>6

Table 4.7: Stability for Sy Hopf bifurcation. Here & = 244 + 3kqAi12 + q(kq —
1) < — %) Az +kqAis+q(kg—1) ( - L]lf;]) A1 +2q(kq—1)A15 and & = {1 —3kqA12 —
kqA14.

where Wy = FiX(Eép), W1 and the k& — 2 subspaces Pj,j = 2,--- ,k — 1 are complex one-
dimensional subspaces, invariant under Zép. Moreover, W5 and W3 are complex invariant
subspaces of dimension respectively p — 1 and k(g — 1) that are the sum of two isomorphic
real absolutely irreducible representations of dimension respectively p — 1 and k(¢ — 1) of
st -

Note that if p = 0 we have Eg,p = Sy 1Zy, and then Wy does not occur in the isotypic
decomposition of CN-V for the action of Zéyp. Moreover, we only have the occurrence of Wy
in the isotypic decomposition if p > 2. Furthermore, we only have the isotypic component
W3 if ¢ > 2 and P; if k > 2.

For Eél =S, x S, we form the isotypic decomposition
CM =Wy e Wy @ W (4.24)

where Wy = Fix(ZéI ) and Wy, Wy are complex invariant subspaces of dimension respec-
tively ¢ — 1 and p — 1 that are the sum of two isomorphic real absolutely irreducible
representations of dimension respectively ¢ — 1 and p — 1 of Eél .

Note that as the group action forces some of the Floquet multipliers to be equal to one,
it also forces the corresponding eigenvalues of (dg)(z,,y,7) to be equal to zero. (Recall [23,
Theorem XVI 6.2].) The eigenvectors associated with these eigenvalues are the tangent
vectors to the orbit of Sy x S! through zg. If the solution zy has symmetry Y.y, then the
group orbit has the dimension of (F X Sl) /X, and so the number of zero eigenvalues of
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Type of

Isotropy Isotypic components
Subgroup
Z;p W(] = {(zl,...,zl;le,...,&"zl;...;gk_lzl,...,fk_lzl;O,...,O):21EC}
q q M p
N = kq+p,
k k
2<k<N W, = {(zl,...,21;——qzl,...,——qz1):21€C}ifp21
N— p p
kq
p

q=21,p=>0

Wy = {(0,...,0;21,...,2p—1,—21 — -+ — 2Zp—1) 1 Z1,...,2p—1 € C}if p>2

P
W3 = {(21,-,2¢-15 2¢5 - - -} Zq(k—1)+1> - - = » Zhq—1, Zkq; 0, - - -, 0) } if ¢ > 2
q q p
Pj = {(Zl,...;cszl,...;...;gj(k_l)zl,...;O,...,O)121€C}
—— —— —_—— ———
q q q D

and j=2,...,k—1
I _ i Iy .9 4 :
3 Wo = Fix(3,") = Zyeney 21} ——21yeve,——21 | 121 €C

p p
q
P

N=q+p
1<g<f Wi = {(21,.-.,2¢-1,—21 — -+ — 24-1,0,...,0) 1 21,...,24-1 € C}if ¢ > 1

Wao = {(0,...,0, 241, -, ZN—1, —Zg41 — =+ — ZN—-1) : Zg+1,---,2N—1 € C}if p>1

Table 4.8: Isotypic components of CN:0 for the action of Eé’p and Eél. Here,
in W3 we have 2y = —21 — -+ — Zg—1,--,2kg = —Zq(h—1)41 — " — Zkg—1 and
Py ey Zq=1s- s Zq(h—1)41s - - - » Zhg—1 € C.

(dg) (20,70,7) forced by the group action is

ds., =1— dim(Z,,)

since dim (SN X Sl) = 1. Now, since in our case, the groups ¥,, = Eép and ¥,, = Eél
are discrete, then there is one eigenvalue forced by the symmetry to be zero (this is, we
get dy, =1).

To compute the eigenvalues it is convenient to use the complex coordinates. We take
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co-ordinate functions on CN

Z17§17z27§27 i '7ZN7§N

These correspond to a basis B for CV with elements denoted by

bi,b1,ba,ba, ... by, by. (4.25)
Recall that an R-linear mapping on C = R? has the form

w— aw + fw (4.26)

where «, 3 € C. The matrix of this mapping in these coordinates
o p
M= 5 4.2
(57) (a.27)
has

tr(M) = 2Re(a)  det(M) = |af?> — |32 (4.28)

The eigenvalues of this matrix are

2
‘51"(2A4)i\/<tr(é\4>) — det(M) (4.29)

If one eigenvalue is zero, then det(M) = 0 and the sign of the other eigenvalue (if it
is not zero) is given by the sign of the real part of a. If M has no zero eigenvalues, then
the eigenvalues have negative real part if and only if the determinant is positive and the
trace is negative.

(Eéyp:S/q_z\Ekap,whereN:qk:—i—p, 2<k<N,q>1, pZO)

—_~—

The fixed-point subspace of Eép =8S41Z) xS, is

FiX(Eép) = {(z,...,262,... €z e €8 20,...,0) 12 € C)

q q q p

where ¢ = e27i/k
have if k # 2

. Using the equation (4.21) where f is as in (4.20), after dividing by z we

v(\) + (A + kqA3)|z)> + -~ =0 (4.30)

where + --- denotes terms of higher order in z and Z, and taking the real part of this
equation, we obtain,

A= —(A1, + kqAs)|2)* + - (4.31)
It follows that if A; 4+ kqAs < 0, then the branch bifurcates supercritically.
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In the particular case k = 2 we have
V() +[A1 +2q(As + A3)][z]*2 + -+ =0 (4.32)
and taking the real part of this equation,
A= —[A1r + 2q(Agy + Azp)]|2[* + - - (4.33)

where the functions A;,. for i = 1,2, 3 are evaluated at A = 0. It follows in this case that
if Ay, + 2q(Agr + Asy) < 0, then the branch bifurcates supercritically.

Throughout we denote by (zg, Ao, 79) a zero of g(z, A\, 7) = 0 with zy € Fix(X). Specif-
ically, we wish to calculate (dg)(zy xq,m)-

Recall the generators for Zép given in Table 4.1. With respect to the basis B, any

“real” matrix commuting with Eép =S4 1Zy x S, has the form

M,y Mz My ... Mg Mo

£2 £2 M§2 M£2 M§2
My, M - - S

(dg)(ZOJ\o,To) = ( ) ) ) (4.34)

52 k—1 £2 k—1 62 k—1

M; o M e

52 54 62(]{371)

Mpy3 Mk+3 Mk+3 e Mk+3 Mpyq

where M7 commutes with Sy, Mj, ;4 commutes with S, and the other matrices are defined
below.

Suppose M is a square matrix of order a with rows li,...,l, and commuting with
Sa. Tt follows then that M = (i1, (12) - 11, -+, (1a) - )", where if [; = (1, ..., mq) then
(1) - Iy = (mi,ma, ..., mj—1, M1, Mjt1,...,Mg). Moreover, [ is invariant under S,_; in
the last a — 1 entries and so it has the following form: (mj,ma,...,ms). Applying this to
My and My4 we get

Cl 02 “e 02 Ck+4 Ck+5 e Ck+5
Cy Cp ... O Civs Cikya .. Ciys

Ml = : . : ; Mk+4 = . .. : 5
Cy Cy ... C1 Ciys Crys ... Cirya

where M; is a 2¢ X 2q matrix and My, 4 is a 2p X 2p matrix.
The other symmetry restrictions on the M;, for ¢ = 3,..., k + 3, imply that each have
one identical entry,

C;i ... G

ci ... G

Note that each M; fori =1,...,k+1is a 2¢g X 2¢ matrix and My, My 3 are, respectively,
2q x 2p and 2p x 2q matrices. Furthermore, we have
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J J J
e cs Cf Cs
-
c§ cf c¢
for j=2,...,2(k—1) and

& e ¢

q£ J q5 j Ci5 J

M = cs o

& e ¢

Cl Cl Cl

fori=3,....,k+3and j=2,...,2(k—1).
Now, each Cj is of the type

o= (& ¢ & — G L
T\ a) T\ o5
7 ? 3 1

fori=1,...,k+3,j=2,...,2(k—1) and

/ / /
Ck+2 Crio Chk+4 Cpiy Ck+5 Cpis
Cito = ( 2 ), Chya = - v Crys = | 7 ;

Gz Cht Chtra Chtd Chtrs Chis
where
612%, c’lzg—gi, CQZ%, 0’2:2—%,
= %’ cy = %’ Cht1 = 8zq((z£ill)+17 CZJFl - ('Eq(?illwl’
Chps = gole, Chyp = gulis, gy = HLE, g o= s
Chta = g‘%v Chora = g%, Ckt+5 = £fvjfl7 Chgs = agililv

calculated at (zo, Ao, 70).

Throughout we denote by (dg)(zy,xe,7)| Wk the restriction of (dg)zy,xe,r) to the sub-
space Wp.

We begin by computing (dg)z,,xe,)|Wo where

Wo = {(21,...,21;821,..., 8215 - ;§k7121,...,fkilzl;O,...,O) :z1 € C}.
N——— N——

-~

q q q p

The tangent vector to the orbit of T' x S! through z is the eigenvector
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q q q P
Note that
d . i it it ck—1 it ok—1 . . k-1 k-1
a(elz,...,elz,...,elf Zy..., e z)‘tzoz(zz,...,zz,...,zg Zy... 185 2).

Now since g(Fix(X! ))) C Fix(X],) we have that g(Fix(3],)) is two-dimensional.
Thus, (dg)(z,x0,70)|Wo is as in (4.26) and the matrix of this mapping has the form (4.27).
The matrix (dg) z,10,70)|Wo has a single eigenvalue equal to zero and the other is given by

2Re(a) = 2Re(A1 + kqAs)|z[* + -

if £ > 3, whose sign is determined by A, + kqAs, if it is assumed nonzero (where Ay, +
kqAs, is calculated at zero). In the particular case k = 2, the nonzero eigenvalue is given
by

2Re(a) = 2Re[A; + 2q(Az + A3)]|2)* + - -

whose sign is determined by Aj, + 2q(Aa, + As,) if it is assumed nonzero (where Ay, +
2q(Asg, + As,) is calculated at zero).
We compute (dg) o x,7)|W1 where

k
Wl = {(217' cey Rl T TRy ~-7*721) 121 € C}

kq
We have ((dg)(zo,Ao,m)|Wl) 2z — az + (3Z where

a=c+(¢—1)ec2 + ges — 2gcy,
B=c+ (qg—1)cy+ qcy — 2qc),

for £ = 2. Recall that this case is special case since the branching equation is different
than the one we obtain for £ > 3. Thus, we study this case separately. Since

a = [(1-%)A+@2-294+ 4]+,
2 = (—FAI+240+ A3) 2P+,
c3 = (—%A1—2A2—A3) |Z’2+--' R
Cq4y = 0,
(4.35)
Cll 1—% A1—|—2qA2—|—A3]Z2+ R

Q
w
Il

it follows, for £ = 2 that
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t((d9) 20, 70,70) W) = 2Re [ (1= ) Av = 2040 |22 4 -,

det((dg) (z0,70,70)[W1) = <‘< - 47\?) A — 2qA2‘2 - ‘(1 - %) A+ 2qA2‘2> 2|t 4.

(4.36)
If k£ > 3 we have
a=c + (q — 1)62 +qcs+ -+ qops1 — chk+2’
B=c+(q—1)cy+qcy+ - +qcj 4 — kqcy .
Since

c = [(1— 2) A1 + 245 + A3 |22+ -+,

C2 = (_%A1+2A2+‘4,3)|Z|2+”'7

c3 = (2 Ay + 2640 +EA3) |22+ -,

Cht1 = (—%Al + 26F1 4, +516771A3> ERE.

Ck+2 Oa
(4.37)

Cll [1—%)141—%143]224—’

¢ = (—yAr+A) 22+

ch = (— &A1+ EAg) 22+ -+ -,

c;c+1 = (_%52“{:_1)1‘11 + fk_lAg) 22+ ,

C/ = O

k+2 ’

it follows that
_ 2kq 2
tr((dg) (20,70,m0)|W1) = 2Re {(1 ~ T) Al} 224

(4.38)

2
det((dg)(zo,)\o,To)|Wl) = <‘ (1 — %) Al) — ’A1|2> ‘Z|4 I
We compute now (dg)(zy x,7)| W2 where

W2 = {(07"‘70;217"'7zp—17_21_"'_Zp—l)521,...7Zp_1 GC}

P
Recall that we only have this isotypic component in the decomposition of CN:0 for the
action of Zép when p > 1. Recall (4.9) of Section 4.2. The action of K C ECILP on Wy
decomposes in the following way:
Wy =W, © W3

where
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Wzl = {(07'--70§331,~-.,xp_l,—xl—---—ﬂsp_l) YT, Tpo1 € R},

p

W2 = {(0,...,0;ix1,...,iTp_1, —iT1 — -+ —iTp_1) : T1,...,Tp—1 € R}

p

Moreover, the actions of K on W3 and on WZ are K-isomorphic and are K-absolutely
irreducible. Thus, it is possible to choose a basis of Wy such that (dg).,xg,m)|W2 in the
new coordinates has the form

<a Td (1) (p-1) bId(p—l)x(p—n) (4.39)
cldp-nyxp-1) d1dEp-1)x@E-1)
where Id,_1yx (p—1) is the (p — 1) x (p — 1) identity matrix. Furthermore, the eigenvalues

of (4.39) are the elgenvalues of < > each with multiplicity p — 1.
With respect to the basis B’ of W5 given by

bkg+1 — DN, bkgr1 — N, brgra — b, brgo — b, - .., bn—1 — by, by—1 — by

we can write (dg) ., xg,r)|Wa in the following block diagonal form

(d9) (z0,00,70) W2 = diag(Crya — Ciys, - - -, Crya — Ciys)-

The eigenvalues of (dg)(zy,x,,7)|W2 are the eigenvalues of Cyy4 — Cky5, each with multi-
plicity p — 1. The eigenvalues of Cy14 — Ck+5 have negative real part if and only if

tr(Creqa — Cras) < 0 A det(Cgyg — Cras) > 0.

If £ = 2 then
Chpa = — (AL +2¢A2) [2P 4+, oy = 2qA22% + -,
cks = 0, Gy = 0.

It follows that

tr((dg)(ZO,)\o,TO)|W2) = 2Re (7A1 — 2QA2) |Z|2 4+

(4.40)
det((dg)(zo,)\o,To)|W2) = <|A1 + 2(]142|2 — |2qA2|2> |Z|4 4.
If £ > 3 then
Chta = _AI‘Z|2+"'7 C;c+4 = 0,

and it follows that
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tr((dg) (29 70.70) | W2) = 2Re (A1) [2]2 + -+ -,

(4.41)
2
det((dg)(zo,ko,mﬂW?) = ’A1| |Z|4 +ee
We compute now (dg) .o, 19,70)| W3 where
Wy = {(21,...,zq_l,zq;...;zq(k,l)ﬂ,...,qu,l,qu;O,...,O) 121,58k € C}
q q p
with 2 = —21 — - — 2421, ..., 2k = —Zq(k—1)4+1 — """ — Zkg—1-

Recall that we only have this isotypic component in the decomposition of CN0 for the
action of Eép when ¢ > 2.

With respect to the basis B’ of W3 given by
b1 — by B —Byy b1 — by Byt — By,
bgt1 — b2g, g1 — bags - -, bag—1 — bag, bag—1 — bag,

)

by(k—1)+1 — bkqs Dg(k—1)+1 — Bkqs - - - » bhg—1 — Dk brg—1 — g,

we can write (dg) (o x,7)|Ws in the following block diagonal form:

. 2 2 2(k—1) 2(k—1)
(d9) (2 ro.70) | W3 = diag(Cy — Ca, .. s CF —C5 ... CF —c5 ).
q—1 q:rl q—1

Note that we have
tr(C8 — ) = tr(Cy — ),

det(CE — CF') = det(Cy — ).
Recall (4.35), it follows that for k = 2
tr(Cy — Cy) = 2Re (Ay — 2¢As) |22 + - - -,

(4.42)
det(Cr — C3) = (|41 = 2045 — | Ay + 29 4sf) [sf* 4 -+

Recall now (4.37). It follows that for & > 3 we have

det(Cy — Cy) = 0.

Thus, the degree three truncation is too degenerate (it originates a null eigenvalue which is
not forced by the symmetry of the problem). We consider now the degree five truncation
and we get that k = 3 is a particular case. Note that the fifth degree truncation of the
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branching equations are different in the cases k = 3 and k > 3, thus, we get different
expressions for the derivatives. We study the case k = 3 first. We have

) Ay + 249 + Ag] |Z’2

[(1-%
[(2— &) Ag + 245 + 6 A7 + Ag] |2|*+
[6qA10 + 3A11 + (3 3Q) Al?] |Z|4
{ %> Az + <3q +1- 7) At 2A15} oA -
2 = (—FA1+24p + A3) [P+
(— % Aq+ 245 + 6gA7 + As + 6qA1g + 3A11) |2|*+
3A12 + Ais (2 - 6Wq> +Au (1 B %) + 2A15} ot
o= [(1—4) A+ As] 22+ (4.43)
(2 %) As + 245 + 6qA7 +245] 2222+
(2-%) 40 +A11} 227+
1= %) g+ (30+1- %) Aua 12222+ -
C/2 = (—%Al + Ag) 22+

(—%A4 + 2A5 + 6qA7) |Z|222+
2As + Ag ( _ @) 4 oAy — %Alg] 2222+

Ais (1 — 7) + Ay <1 — %)} ‘2‘222 +y
it follows that
tr(C; — Cy) =  2Re (A1) |2]? +

det(C’l 02 ‘Al —l— 2A4 — 3qA12 + 3qA14)| ‘
‘A1 + (244 — S A15 + 3¢A1s)|2)?
(—3q + %‘%) 2Re (A1A12) |2]° +

212 4
ig 2l (4.44)

‘Z|4+...—

Now, for k > 3 since

o = [(1—2)Ai+245+ A5] |22+
[(2— 2) As+ 245 + 2kq A7 + Ag] |2]*+
[2kqA10 + 3A11 + 3A12] |2|*+

{( 2kq> A13+ <k‘q+1 2kq) A14—|—2A15] |Z’4+"' ,

( 2 Al + 245 + Ag) |Z|2

(— £l SAs+ 245 + 2kqA7 + As) |2[*+

[2147(}1410 + 3411 + 3A12 + Az ( q) + Ay (1 — @) + 21415} |2 +
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o= (1 k) A A 2
[(2— %) As + 245 + 2kqA7 + 2Ag] |21 *2%+
[2149 + A+ (1 - %) Az + (kq—i‘ 1— %1) A14} 2222 + -
dy = —%Al + A3) 22

(—% A4 + 245 + 2kqA7) | 2222+
(2A8 + 2A9 + AH) ‘Z|222—|—

[A13 <1 — %) + A14 (1 — %)} ‘2‘222 + -,
it follows that det(C;—C3) = 0. In this case, when k > 3 and when this component appears
in the isotypic decomposition of CV:0 for the action of Zép, the five degree truncation is

too degenerate in order to determine the stability of the system.
We compute now (dg) .o, 1o,7)| % where

P, = {(21,...,zl;szl,...,szl;...;...,fj(k_l)zl;O,...,O):21 € C}
——— ———

q q q p

and 2 < j <k — 1. We have ((dg)(ZO,AO7.,O)|Pj) 2z — az + [$Z where

a=c+(¢g—1)ecz+ q§c3 o g€ i,
6= C’l + (g — 1)0/2 + qucg 4 qg(k_l)jc;g+1'

(4.45)

When we substitute the expressions for the derivatives given by (4.37) in (4.45), we
get that the case k = 3 is a particular case. If j = 2 and k£ > 4 we have

o1 ((df) (29 ro.mo) | P2) = 2Re (A1) 22 + -,

9 (4.46)
det ((df ) (z9,70,m0) [ P2) = <\A1!2 - ’(1 - %) A1‘ > B
but it the particular case k = 3 it follows that
tr ((df)(ZO,AO’TO)|P2) = 2Re (Al —+ 6A2) |Z’2 + e,
) (4.47)
det ((df)(zo,ko,ro)|P2) = (|A1 + 6A2|2 — |(1 — %) Al} ) |z’4 R
Consider now j = k — 1. It follows that
1 ((df) 2o 070 | Po—1) = 2Re (A1 + 2kgAs) [2[2 + -+ -,
(4.48)

det ((df) (zo00,m0) [ Po—1) = (|A1 + 2kqA2|® — [A1]?) |2 + - - .

Moreover, if we consider 2 < j < k — 2, then we obtain that det ((df)(zo,Ao,m)|Pj) =0.
Thus, we need to consider the five degree truncation of (4.20). Since

76



1 = ) A1 4+ 245 + As] 22 +

%) Ag + 245 + 2kqA7 + Ag + 2kqAro + 3A11] |2|*+
s (23 e (has 1 280 s 2]

\wZ\M

(1

[[

(—%Al + 249 + Ag) ‘Z|2+

_—%A4 + 2A5 + quA7 + Ag + 2](3(]1410 + 3A11] |Z|4 +
3A12 + ( qu) Az + ( le\cﬁ) A14+2A15} |2t + -

c3 = (— %A1+ 2642 + EA3) |Z|2+7
— 3 Ay + 2645 + 2kq€ A7 + 2 As + 2kq€ A1 + 3§A11] |2|* +

:3§2A12 + ( - %) Az + ( - %) Ay + 251415] |2 +

Chyl = (—zAl + 25’671142 + gk_lAg) ’2‘2
3 Ay + 26F"1 A5 + 2kqeF—1 A7 + €2(—1) Ag + 2kqeh = Arg + 36F 1 App | |2]* +
352 k=D A5 + (2 - L]lfﬁ) A1z + ( - L]]fﬂ) Ay + 25’“_11415} |2|* +

Cll = (1—%)1414—;43} 22+
=(2 — %) Ay + 2A5 + 2kqA7 + 2A8] ‘Z|22’2+
249+ Au + (1 - %) Aus + (kq+ 1 %) AM} 2222 + -

dy = (—%fh + A3) 22
—%Azl + 2A5 + 2/{7(]147 + 2Ag] |Z|22’2+
[2A9 + Au] ‘Z|2Z2+

(1 . ’L,g) Aus + (1 - %)AM} 2222+

— &AL+ €A3) 2% +
—;52/14 + 26 A5 + 2kqE A7 + 243] 2222+
28 Ag + 531411]

[
(
e
[(1 kq) §2A13+§ (1 — %é‘) A14] ’2‘222_’__”
(-
-
3
|

TR Ay 4 ¢h-143) 22 4+
2§2<k DAy + 26571 A5 + 2kqeh 1 A7 + 2A5] |2|22%+
28Ag + 3k-D Ay ] +

1_ kq) €2(k=1) 40 4 gkl (1 _ %gk—l) AM} 2222 + - -

/
Chy1 =

it follows for j = k — 2 (note that we only have this isotypic component when k£ > 5) that
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tr ((df)(zo)\o,To)’Pk‘fZ) = 2Re (Al) ‘Z‘Q —+ . ,

det ((df) (z0,70,m0) [ Pi—2) (1A + &1l2? — A1 + (244 + kqAwa) [2*) 27 + - -

= [2Re(A1€;) — 2Re(241 44 + kqA1 Ap][2]° + - -,

(4.49)
where
€= 244+ 3kqAr + qlkq — 1) ( - &NQ) Aus + kqA+
+q(kq —1) (1 — %) A1q +2q(kq — 1) Ass.

Furthermore, for 3 < j < k — 3 (note that we only have this isotypic component when
k > 6) we get

tr ((df>(Z0,)\o7To)’Pj) = 2Re (Al)‘ZP—i— )
det ((df) zon0,m0) | P7) = (JA1 +&|2* = [A1 + (244 + kqA1a)[2]*?) |2[* + - --
= [2R6(A1§2) — 2Re(2A1A4 + kqA1A14]|Z|6 + e,
(4.50)
with
§2 = & — 3kqAi2 — kqAra.
(BIT=8,x8,, where N=q+p, 1<q<%)
The fixed-point subspace of Eél =8, xS, is
. q q
Fix (2! = Zyeoin2; —2,...,—2 | :2€C
(54,) Lo
—_———
! P
Using the equation (4.21) where f is as in (4.20), after dividing by z we have
q ¢ 2 q 2
A jl—=1(1-= A A 1+ = R — 4.51
v(\) + 1[ N< p2>]|z|+(2+ 3)C]<+p>|z|—|— 0 (4.51)
where + --- denotes terms of higher order in z and Z, and taking the real part of this
equation, we obtain,
A= — Ay, [1 gz (1 - f)] 1212 = (Agr + Asy)q (1 + q> 224 (4.52)
N p p
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It follows that if Ay, [1 ~ 4 (1 . gi)] 122 + (Agy + Az,)q (1 + g) < 0, then the branch
bifurcates supercritically.

Let Eél = S, xS, be the isotropy subgroup of zy = (z, 7 —gz, el —}%z). Recall
the generators for Egl given in Table 4.1.

Suppose M is a square (¢ + p) x (g + p) matrix with rows ly,..., {5, lg+1,. .., lg+p and
commuting with S, x S,. Then

M = (I1,(12) - 11, ..., (1q) -l gy, (@ +1 g +2) - lgy1, .- (@ +1 g+ p) - lge1)
where if [1 = (mq,...,mgyp) then

(1d) - I1 = (my,ma, ..., M1, M1, Mgty - - o, Mgtp)-

Moreover, l; is Sy—1 x Sp-invariant and lg41 is S; x Sp—1-invariant. Applying this to
(dg) (20,70,70) We have

Ch Cs Co Co
_ Cs C1 Cy Co
(dg)(zo,)\o,fo) - C3 03 C4 05 (453)
Cs Cs Cs Cy
where C; for i = 1,...,5 are the 2 x 2 matrices

/
Ci=| 2

and

_ o9 / _ Og1 _ 91 / _ Og1 _ Oq /. Oq1
a = 021’ Cl — 0z1° C6 = 0z2 C6 — 0zy? C2 = 8Zq+1’ 62 - 62q+1’

_ 0gq+1 / _ O0gg+1 _ 99q+1 / _ O0gg+1 _ Ogq+1 ) O0gg+1
€3 = 0z1 C3 — 0z C4 = azq+1’ C4 - 82q+1’ C5 = 3Zq+2’ C5 - 82q+2’

calculated at (zg, Ao, 70).
We begin by computing (dg)zy,xg,7)|Wo- In coordinates 2,z we have
((dg)(ZO,)\O’TO)\WO)z = az + (0Z where

a=c;+(q—1)ce — [¢(N —q)/plea,
B=ci+(qg—1cg—[g(N — q)/plcs.

The tangent vector to the orbit of I' x S! through z is the eigenvector



Note that

d [ . . A .
— <e“§z, etz —e’tgz, ceey —e”qz> ’t—o = (iz, RN %2 —igz, cee —iqz> .
dt P P = P p

The matrix (dg) (. 1,7)|Wo has a single eigenvalue equal to zero and the other is

3
q q q 2
2Re(a) = 2Re [A1 <1 N + W) + (A2 + A3)q <1 + p)] |2|* + -

whose sign is determined by

2
q q q
Ap 11— 2 (1L Agp 4+ Az g [ 1+ 2
1[ N( p2>}+(2+3)q<+p>

if it is assumed nonzero (where Ay, As,., A3, are calculated at zero).
We compute now (dg)(zy x,7)|W1 where

Wi, = ZlyeeyZg—1,—21 — = 2g-130,...,0 | 1 21,...,2g-1 € C
——

p

The action of ECIII on Wi decomposes in the following way

Wy, =Wl oW}
where
1 _ . .
Wl = ‘”L‘l,...,l'qfl,—l’l—-"—$q,1,0,...,0 .l’l,...,l’q,1€R ,
——
P
2 o . . . . .
Wi = X1, ..., 1Tg—1, =01 — -+ — 10q—1;0,...,0 | x1,...,74—1 €ER
——
p

Moreover, the actions of Eél on Wi and on W are ECI]I -isomorphic and are Eél -absolutely
irreducible. Thus, it is possible to choose a basis of Wi such that (dg).,,1g,7)|W1 in the
new coordinates has the form

(a ld(g-1)x(q-1) b Id(q—nx(q—l)) (4.54)
¢ldg-1)x(a-1) @ Idg-1)x(a-1)
where Id(q_1)x(q—1) is the (¢ — 1) x (¢ — 1) identity matrix. Furthermore, the eigenvalues

of (4.54) are the eigenvalues of (CCL Z) each with multiplicity g — 1.
With respect to the basis B’ of W given by
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b1 — by, b1 — by by — by Bz — By byo1 — bg Byt — by

we can write (dg) ., xg,7)|W1 in the following block diagonal form

(dg) (z0,70,m0) W1 = diag(C1 — Cs,C1 — Cs, ..., C1 — C).

The eigenvalues of (dg) ,,x,7)|W1 are the eigenvalues of C; — Cg, each with multiplicity
q — 1. The eigenvalues of Cy — Cg have negative real part if and only if

tr(Ch1 — Cg) <0 A det(Cy — Cg) > 0.

Since

= 1—3—%*——3 Aq|z* + q—ﬁ Ag|z|* + As|z2 4 - -
NN Np? D ’
1
cllz 1—N>A12: —|—q< +q)A222+A322+”',
2
cg = ——A1|z|2 + 24s|2|* + As|z] + -,

/6: ——Alz —|—A32’ + -

it follows that

q ¢ q 2
tr((dg)(zo,)\oﬂ'o)|wl) = 2Re |:<1 + N N ) Al —q (1 + p> A2:| |Z| + - )
q q ?
det((dg) (z,x0,m0) IW1) = ‘( N ) —q <1 + p> Aol |2|*=
q 4
‘Al +q (1 + p) * +
(4.55)
We compute now (dg) .o, xg,7)| W2 where
Wy = {(0,...,0, 2441, s ZN—1, —Zg41 — =+ — ZN—1) : Zg41,---,2N-1 € C}.

The action of Eél on Wy decomposes in the following way

Wy =Wy @ W3

where
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wil = .
2 0,---,O,xq+1,---,xN_1,—xq+1—"'—ZE’N_l, 'xq-‘rla"'va—lER )
——

q

2 . . . . .
W2 = 0,...,O,zmq+1,...,mN_l,—mch—-~-—sz_l, .$q+1,...,l‘N_1€R
——

q

Moreover, the actions of Zél on Wi and on W¥ are Eél -isomorphic and are Eéf -absolutely
irreducible. Thus, it is possible to choose a basis of Wy such that (dg) ., rg,7)|W2 in the
new coordinates has the form

<a IdN—g-1)x(N—g-1) b Id(Nqnx(qu)) (4.56)
¢ ldN—g-1)x(N—q-1) @ Td(N—g—1)x(N—q-1)

where Id(N_q—1)x(N—q—1) 18 the (N — ¢ —1) x (N — ¢ — 1) identity matrix. Furthermore,
the eigenvalues of (4.56) are the eigenvalues of <CCL 2) each with multiplicity N — ¢ — 1.
With respect to the basis B’ of W5 given by

bg+1 — b, bgs1 — b, bgg2 — b, b2 — b, ... bn—1 — by, by—1 — by

we can write (dg) (., xg,m)|W2 in the following block diagonal form

(df) (z0,00,70) | W2 = diag(Cy — C5,Cy — Cs, ... ,Cy — Cs).

The eigenvalues of (dg) .y x,m)|Wa2 are the eigenvalues of Cy — Cj5, each with multiplicity
N — g — 1. The eigenvalues of Cy — C5 have negative real part if and only if

tr(C4 — 05) <0 A det(C4 - 05) > 0.

Since

N

2 1 2 22 2
om | (1 55) (1) e et (o ) et Gt
p p p p p

N

2 2
q 1 q q
cﬁl—2<1—N)A122—|—q<1+p>Agz2+pzAgz2+---,

2 ¢ 2 2¢° 2 'S 2

cs = ——=A|z|"+ S As|z|" + S As|z|"+ -,
1 ¢ ¢

/ 2 2

05—_]\7*21412 +5A432"+ -,

it follows that

82



3
W q q 2q
tr((dg)(ZQ,)\o,TO)‘ 2) = 2Re |:<_1 + N — N7p2 =+ p2
3 2
W 7 9 2q
det((dg)(ZO:)\O,TO)| 2) = ‘ <]- + N - N7p2 + pT

2
p p
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Chapter 5

Hopf Bifurcation with
S/-symmetry

In this chapter we consider Hopf bifurcation with Sy-symmetry for the special case N = 4.
This is the only case where the degree three truncation of a general Spy-equivariant vec-
tor field determines the stability and the criticality of the branches of periodic solutions
guaranteed by the Equivariant Hopf Theorem. In particular, we obtain the possible bifur-
cation diagrams according the conditions depending on the coefficients of the third degree
truncation of the vector field.

Following Chapter 4, we consider the action of S4 x S' on C*? given by

(O’, 0)(2’1,22,2’3,2’4) = ew (20—1(1),ZJ—1(2),ZU—1(3),ZU—1(4)) (51)
for (z1,22,23,21) € CY = {(21,22,23,24) € C*: 21 + 20 + 23 + 24 = 0}, ¢ € Sy and
0 €St

We study Hopf bifurcation with S4-symmetry and so we take
dz
i A 2
) (52)

where f : C*9 x R — C*0 is smooth, commutes with S, and (df)o.x has eigenvalues
o(X) £ip(A) with 0(0) =0, p(0) =1 and ¢'(0) # 0.

As in Chapter 4, the main steps are: describe the C-axial subgroups of S; x S! acting
on C*0; use the Equivariant Hopf Theorem to prove the existence of branches of periodic
solutions with these symmetries of (5.2) by Hopf bifurcation from the trivial equilibrium
at A = 0. In Theorem 5.2 we determine (generically) the directions of branching and the
stability of the periodic solutions guaranteed by the Equivariant Hopf Theorem. We prove
that it is enough to consider the degree three truncation of f. Although we may obtain the
results of Theorem 5.2 from Theorem 4.11, we present the essential results in the proof.
In Section 5.2 we classify the possible bifurcation diagrams for the nondegenerate Hopf
bifurcation with S -symmetry and we give two examples, assigning specific values for the
parameters. We finish this chapter by looking for possible branches of periodic solutions
that can bifurcate with submaximal isotropy. We prove that the only isotropy subgroups
of 84 x S with fixed-point subspace of dimension 2 are Zs and So.
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Isotropy Generators Orbit Fixed-Point
Subgroup Representative  Subspace

—_—~—

S1=S012y  ((1423),7), (13)(24),7) (1,1,—-1,-1)  {(z1,21,—21,—21): 2 € C}

So =7y xSy (34), (12),7) (1,-1,0,0) {(z1,-21,0,0): z € C}

Y3 = Zs ((123), %) (1,£,€2,0) {(21,€21,6%21,0) : 2z € C}

Sy =Zy ((1234),7) (1,4,—1,—i) {(21,i21,—21,—iz1) : 2 € C}

Y5 = S3 (23), (24) (1,-3,-3,-3) {(21,—321,—321,—321) : 21 € C}

Table 5.1: C-axial isotropy subgroups of S, x S! acting on C*°, generators, orbit repre-
sentatives and fixed-point subspaces. Here £ = e2mi/3,

5.1 Periodic solutions with maximal isotropy

From Theorem 4.1 we obtain a description of the C-axial subgroups of S; x S! acting on
C40.

Proposition 5.1 There are five conjugacy classes of C-azial subgroups of S4 x St for
the action on C*° given by (5.1). They are listed, together with their generators, orbit
representatives and fixed-point subspaces in Table 5.1.

Let f be as in (5.2). If we suppose that the Taylor series of degree three of f around
z = 0 commutes also with S', then by Theorem 4.6 and taking N = 4, we can write

f = (f1, f2, f3, fa), where

fi(z1,220,23,24,0) = p(N)z1 + TA1(3|z21[%21 — |22)%20 — |23]%23 — |2a]?2a) +
Aoz (zf + z% + z% + ZZ) + Asz; (|:<:1|2 + 22| + |23 + |Z4\2) +
terms of degree > 5

fa(21, 22, 23,24, A) = f1(22, 21,23, 21, \)
f3(21, 22,23, 24, \) = fi(2s, 22,21, 24, A)
f4(2’1,2’2,2’3,2’4,)\) = f1(Z4,Z2,2’3,Z1,)\)
(5.3)
with z4 = —z7 — 29 — z3. The coefficients A1, A2 and A3 are complex smooth functions of

A, 11(0) =i and Re(p/(0)) # 0. Throughout, subscripts r and i on the coefficients A;, Ay
and Ajs refer to the real and imaginary parts.

Next Theorem follows from Theorem 4.13. Recall Table 4.2. Each of the five C-axial
isotropy subgroups of S; x S! acting on C*° listed in Table 5.1 are of the form chl,p or
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Isotropy Subgroup Branching Equations

Y1 v+ (AL + 445 +443) |22+ = 0
Yo v (A + 245 + 243) 22+ = 0
3 v+ (A +343)|22 4+ = 0

4 v+ (A +443)|22 4+ = 0

s v+ 3(5A + 44 +44) 2P+ = 0

Table 5.2: Branching equations for S4 x S' Hopf bifurcation. Here v(\) = u(\) — (1 +7)i
and + - -- stands for higher order terms.

Eél. Specifically, we have that 3;,7 = 1,...,4 are of the form Zép and X5 is of the form
ML
q

Theorem 5.2 Consider the system (5.2) where f is as in (5.3). Assume that Re(p/(0)) >
0 (such that the trivial equilibrium is stable if A < 0 and unstable if X > 0, for A\ near
zero). For each isotropy subgroup ¥;, fori=1,...,5 listed in Table 5.1, let Ay, ..., A, be
the functions of A1, As and As listed in Table 5.4 evaluated at X = 0. Then:

(1) For each %; the corresponding branch of periodic solutions is supercritical if Ay < 0
and subcritical if Ay > 0. Tables 5.2 and 5.3 list the branching equations.

2) For each X, if A; > 0 for some j =0,...,r, then the corresponding branch of periodic
J
solutions is unstable. If A; < 0 for all j, then the branch of periodic solutions is
stable near A =0 and z = 0.

Remark 5.3 Observe that periodic solutions with symmetry X3 guaranteed by Theorem
5.2 are always unstable since generically Ay = |A1]?> > 0. If Ay, > 0, then solutions
with symmetry >4 are unstable and if Ao, < 0, then solutions with symmetry o are also
unstable. <&

Proof: Our aim is to study periodic solutions of (5.2) obtained by Hopf bifurcation
from the trivial equilibrium. Note that we are assuming that f satisfies the conditions of
the Equivariant Hopf Theorem.

From Proposition 5.1 we have (up to conjugacy) the C-axial subgroups of Sy x S!.
Therefore, we can use the Equivariant Hopf Theorem to prove the existence of periodic
solutions with these symmetries for a bifurcation problem with symmetry I' = Sy4.
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Isotropy Subgroup Branching Equations

X A= — (A, + 44, +443,) |2)* + - -

22 A== (A1 + 249, + 243,) [2]* + -

23 A= — (A +343,) [2]* +

24 A= — (A1, +443.) |22+ -

25 /\:—% <;A1r+4A2r+4A3r> 122+

Table 5.3: Branching equations for S4 Hopf bifurcation. Subscript r on the coefficients
refer to the real part and + - - - stands for higher order terms.

Periodic solutions of (5.2) of period near 27/(1 + 7) are in one-to-one correspondence
with the zeros of a function g(z, A\, 7), with explicit form given by (4.21) if f commutes
with S4 X Sl.

Recall the isotypic decomposition for each type of isotropy subgroups Zé,p and Eél
given by (4.23) and (4.24). For the three isotropy subgroups ¥;, for ¢ = 2,3, 4, in Table 5.1,
the isotypic decomposition takes, respectively, the form

Cc40 = Wo & Wi b Ws
CHO=WooW, 0P, (5.4)
CHO=Wy0PoP;

where Wy = Fix(%;), Wh, Wa, P> and Ps are the complex one-dimensional isotypic compo-
nents for the action of ¥; on C*Y. It follows then that (dg).,(W;) C W; for j = 0,1,2
and (dg),(P;) C P; for j = 2,3 since (dg)., commutes with ¥;. For ¥; and X5 we obtain
that

CH0 =Wy e Ws

and

CH0 =W, & Wy

where W3, Wy are complex two-dimensional invariant subspaces that are the sum of two
isomorphic real absolutely irreducible representations of dimension 2 of ¥; and X5, re-
spectively. Again we have (dg).,(W;) € W; for j =0, 2, 3.

Table 5.5 gives the isotypic decomposition of C*? for the action of each of the isotropy
subgroups X; listed in Table 5.1.

Throughout we denote by (zo, Ao, 70) a zero of g(z, A, 7) = 0 with zp € Fix(%;). Specif-

ically, for i = 1,...,5, we calculate now (dg)zy,xg,)-
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Isotropy
Subgroup

Ao Ar, .. A,

21

Alr - 4A2r
Alr =+ 4A2r =+ 4A37‘ — (‘Al — 4A2’2 — ’Al + 4142‘2)

_Alr - 2A2T

Ay + 249, + 243, — (|41 + 242)* — [245]%)
_A2r
— (4|A2|2 — |%A1 + 2A2‘2)

23

_Alr
Ay + 3A3, |A]?
Alr + 6A2r
— (|A1 + 6A2]2 — ]%AIP)

Alr
Ay + 4As, —| A |?
Alr +8A2r
— (|A1 + 8A2’2 — ’A1|2)

25

—5A;, — 124,,
TAir + 44, + 443, — <\5A1 12457 — Ay + 12A2]2)

Table 5.4: Stability for S4 Hopf bifurcation.
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Isotropy subgroup and Isotypic components of C*?
Orbit Representative

—_—~—

Y1 = S91Zs Wy = FiX(El) = {(21,21,—21,—21): 2160}
z = (21,21, —21,—21) Wy = {(z1,—21,22,—22): 21,22 € C}
Yy = Zo X So Wo = Fix(Z2) = {(21,—21,0,0): 2z € C}
z = (z1,—21,0,0) Wi = {(z1,21,—21,—21): 21 € C}

Wy = {(0,0,z1,—21): 2 € C}
Yy = Zs Wy = Fix(Z3) = {(21,621,6%21,0): 2 € C}
z = (21,621, 8%21,0) Wi = {(z1,21,21,-321): 21 € C}

P2 - {(2’1,5221,521,0): z21 € C}
Yu = 24 W() = FiX(24) = {(zl,izl,—zl,—izl): 21 EC}
z = (zl,izl,—zl,—izl) Py = {(21,—21,21,—21) 21 € C}

Py = {(z1,—121,—21,i21) : 2 € C}

25 = Sg WO = FiX(E5) = {(zl,—%zl,—%zl,—%zl): 21 EC}
z=(21,—321,—321,—321) Wa = {(0,2,23,—20 — 23) : 22,23,€ C}

Table 5.5: Isotypic decomposition of C*? for the action of each of the isotropy subgroups
listed in Table 5.1. Here & = €27/3,

To compute the eigenvalues of (dg)(zO, Xo,70) We use complex coordinates 21, %1, . . . , 24, 24
corresponding to a basis B for C* with elements denoted by by, b1, ba, b, bs, b3, by, bs.
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(1)

The ﬁxed—poiﬂt\iubspace of ¥1is 23 = 24 = —z and 21 = zo0 = z. The isotropy
subgroup X1 = S9Zs is of the type E;p with £k = ¢ = 2 and p = 0. Using this in (4.32)
and (4.33) we get the branching equations for 3 listed in Tables 5.2 and 5.3. It follows
that if Ay, + 449, + 4A3, < 0 then the branch bifurcates supercritically.

Recall Table 5.5. The isotypic decomposition of C*° for the action of 3; is C*V =
Wo & W3 where

Wy = FiX(El) = {(21,21, —21, —21) 121 € C},
Ws = {(z1,—21,22,—292) : 21,20 € C}.
Moreover, 3 is isomorphic to Dy, the dihedral group of order 8. Recall (4.34). With

respect to the basis B, any “real” matrix commuting with ¥; has the form (note that
52 -1 lff _ 6227r/2)

Cl CQ C3 C3
02 01 03 03
(d9) (z0,70.70) = Cy3 C3 C1 Oy
C3 C3 Cy (O

where C1, Cy,Cs are the 2 x 2 matrices
/
¢ C
_ 9¢1 / _ Og1

C= Gy A= g 2 gy G g
calculated at (2o, Ao, 70) (note that £2 = 1).
Throughout we denote by (dg)(zy,xe,7)|W; the restriction of (dg) (., 1,7 to the sub-
space W;.
We begin by computing (dg)zy,xy,7)|Wo- In coordinates z,Z we have
((d9) (z0,70,70)|Wo0)z + az + fZ where

and

9
w
||
3
0
w

)
o
||
Q’)‘Q)
NS
w =

a=c|+ cy — 2c3,
B =c} + ¢y — 2.

Note that < L(ez ez, ez, —ez |t o = (iz,iz, —iz,—iz) and so a tangent vector to
the orbit of I' >< S1 through zp is the eigenvector (iz, iz, —iz, —iz).
The matrix (dg) ., Ao,ro)‘WO has a single eigenvalue equal to zero and the other is

2Re(a) = 2Re (A1 + 44z + 443) |22 +

whose sign is determined by Aj, + 44y, + 4As, if it is assumed nonzero (where A;, +
4 A9, + 4 A3z, is calculated at zero).
We compute now (dg) .y xg,7) /W3- From (4.42) with ¢ = 2 it follows that

tr((dg) (zo,00,70) [W2) = 2Re(A; — 4A45)|2]* +

det((dg)(zo,)\o,fo)‘WQ) = (|A1 - 4A2\2 — A1+ 4A2|2> |Z!4 +
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(22)

The ﬁxed—poinwt subspace of Yo is z4 = 23 = 0 and 23 = —z; = —z. The isotropy
subgroup ¥ = Zo X Sg is of the type Egp with £k = 2,¢g = 1 and p = 2. Using this in
(4.32) and (4.33) we get the branching equations for 9 listed in Tables 5.2 and 5.3. It
follows that if Ay, + 249, + 2A3, < 0 then the branch bifurcates supercritically.

Recall Table 5.5. The isotypic decomposition of C*? for the action of ¥y is C*0 =
Wo @& W1 & Wy where

Wy FiX(Eg) = {(2’1, —21,0,0) 121 € C},
Wi {(z1,21,—21,—21) : 21 € C},
Wy = {(0,0,21,—21): 21 € C}.

Recall (4.34). With respect to the basis B, any “real” matrix commuting with 9 has
the form (note that &2 =1 if ¢ = 6i27r/2)

Ci C3 Cy Cy
(dg) _ C3 C1 C4 Cy
(20,20,70) Cs Cs Cg Cf
Cs Cs C7; Cs
where Cj, for i = 1,...,7 are the 2 x 2 matrices
o c
7 — — —
¢ G
and
— o I 991 —_ on Y — 9 I 991
€= 0z1’ Cl - 0z1° €3 = 0z9) 03_ 0z2" C4 = 0z3’ C4_ 0z3
— 993 1 _ 9g3 — 993 4 _ Og3 — 993 1 _ 9g3
Cs = 0z1° 65_ 0z1° C6 = 023 cﬁ_ 0z3’ 71 = 0z4° C7— 0Z4

calculated at (zg, Ao, 70)-
We begin by computing (dg)(zy,x,)
((dg)(zo,Ao,m)\Wo) z — «az + 8Z where

|Wp. In coordinates z,z, we have
o = C1 —C3,
B=cd —d.

A tangent vector to the orbit of I' x S! through zy is the eigenvector (iz, —iz,0,0).
The matrix (dg) (z,10,7)|Wo has a single eigenvalue equal to zero and the other is

2Re(a) = 2Re (A1 + 249 + 243) |22 + - --

whose sign is determined by Aj, + 2As, + 2A3, if it is assumed nonzero (where Aj, +
2As, + 2As, is calculated at zero).
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We compute (dg) 2o, x9,70)|W1 and (dg) z,x9,m) W2 Respectively, from (4.36) with N =
4,q =1 and from (4.40) with ¢ = 1 it follows that

trace ((dg)(zo,ko,‘roﬂwl) = 2Re(—242)|2]* +- -,
det ((dg)(zo,/\oﬂ'o)‘wl) = (| - 2A2|2 — |%A1 + 2A2|2) ‘z|4 4y
trace ((dg)(ZO,A07To)|W2) = 2Re(—A1 — 2A2)’Z‘2 +oee

det ((dg)(zo,/\o,T())‘WQ) = (| - Al - 2A2|2 - |2A2|2) |Z|4 AR

(E3)

The fixed-point subspace of X3 is z4 = 0, 23 = €22, 290 = £z and 2z = 2 with £ = ¢27/3,
The isotropy subgroup Y3 = Zs3 is of the type E(Il’p with kK =3,¢g =1 and p = 1. Using
this in (4.30) and (4.31) we get the branching equations for X3 listed in Tables 5.2 and 5.3.
It follows that if A1, + 3As,. < 0 then the branch bifurcates supercritically.

Recall Table 5.5. The isotypic decomposition of C*? for the action of ¥3 is C*0 =
Wo & Wy & Py where

Wy = Fix(X3) = {(z1,§z1,§2z1,0): 21 eC},
Wi = {(21,21,21,-321) : 21 € C},
P2 = {(’Z1552217£21,0)5 ZlEC}.

Recall (4.34). With respect to the basis B, any “real” matrix commuting with X3 has

the form
Ch C3 C4 C

¢ € ¢
¢t ¢t ¢t
cf ' off o
€ ¢t
cs 8 ' o

(dg) (z0,20,70) —

where Cj, C’fj, fori=1,3,4,6,5 = 2,4 are the 2 x 2 matrices

/ ) . 3 / /
[ J &) §C- c; C cr C

Ci=(2 7)) c¥=(, ") =2 5) =T 7,
¢ G ¢ G C; Cs ¢y Cr

£ = e?/3 and

— % v _9n — % g _9n I
€1 = 0z1’ cl 0z’ €3 = Oz 03 0z C4 0z3’ C4 — 0z3’

094 _ Oga 994

_ 991 ’ __ 0gq4 / _ Ogq /o
C5= 3200 S =Tz Y= 800 %= 970 7T 9a0 7T G

We begin by computing (dg)(zy,x,7)|Wo. In coordinates 2,7z, we have
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((dg)(zo,Ao,m)\Wo) z — az + [$Z where

a:cl+563+i204,
=+ &+ &%

A tangent vector to the orbit of I' x S through zq is the eigenvector (izy,i21,i€221,0).
The matrix (dg) z,10,7)|Wo has a single eigenvalue equal to zero and the other is

2Re(a) = 2Re(A; + 3A3)[2> + - -

whose sign is determined by Aj, + 343, if it is assumed nonzero (where Ay, + 3As, is

calculated at zero).
We compute (dg)(zo,x,7)|W1. From (4.38) with N =4,k = 3,q = 1 it follows that

trace ((dg)(ZO:)\OyTO)‘Wl) = 2Re(_%A1)’2‘2 + e

2
det ((dg)(zg 20| W1) = (|=3 41" = 1417} |2l 4 -
We compute now (dg) (.o .9.7)| P2- From (4.47) with N = 4 it follows that

trace ((dg)(Z(),)\o,To)|P2) = 2Re (Al + 6A2) ‘Z|2 + - s

det ((dg)(zo,)\o,fo)‘P2) = (|A1 -+ 6142‘2 — ‘%AI‘Q) ‘z|4 + ..

(24)

The fixed-point subspace of ¥4 is z4 = —iz,23 = —2, 20 = iz and z; = z. The isotropy
subgroup ¥4 = Z, is of the type Eép with k =4, = 1 and p = 0. Using this in (4.30)
and (4.31) we get the branching equations for ¥4 listed in Tables 5.2 and 5.3. It follows
that if Ay, + 4As, < 0 then the branch bifurcates supercritically.

Recall Table 5.5. The isotypic decomposition of C*° for the action of ¥ is C*0 =
Wy & Py & P3 where

Wo = Fix(34) = {(z1,421, =21, —iz1) : 21 € C},
Py = {(z21,—21,21,—21) : 21 € C},
Py = {(z1,—t21,—21,i21) : 21 € C}.

Recall (4.34). With respect to the basis B any “real” matrix commuting with 34 has
the form

(dg) 20,A0,70) 4 4 4 4
(20,A0,70) st ot of C§

where



fori=1,3,4,5, j = 2,4,6, £ = ¢e2™/* = and

— 9 g _ 995 — 9 g _ 991 — 9 g _ 991 — 9 2 _ 9%
61_321’ Cl_ Z1? C3_6zQ’ 63_322’ 64_323’ 04_623’ 65_6,24’ C5_3§4'
We begin by computing (dg) 2y x,7)|Wo - In coordinates 2,7z, we have

((dg)(zo,,\o,m)\Wo) z — az + Bz where

a =cy +icg —cq — ics,
B =c) —idy— ) +ick.

A tangent vector to the orbit of I' x S! through zq is the eigenvector (izy, —z1, —i21, 21).
The matrix (dg) z,10,7)|Wo has a single eigenvalue equal to zero and the other is

2Re(a) = 2Re(A; + 443)|2)? + - -

whose sign is determined by Aj, + 4As, if it is assumed nonzero (where Ay, + 4Agz, is

calculated at zero).
We compute (dg)(z,xg,m) 2. From (4.46) with N =4,k = 4,q = 1 it follows that

trace ((dg)(zo,n9,m0)| F2) = 2Re(A1)|2[* + -+,
det ((dg)(zoy)\o,To)|P2) = ’A1‘2’Z‘4 e
We compute now (dg) zy,xg,m)|F3- From (4.48) with j = k—1 = 3,q = 1 it follows that

tr ((d9) (2o hor0) | P3) = 2Re(A1 + 84s)[2[2 + -+ -,

det ((dg) (zo,n0,m0) [P3) = (JA1 + 8A4g|* — [A1]?) [2]* + -

(2s)

The fixed-point subspace of X5 is 29 = 23 = 24 = —%z and z; = z. The isotropy
subgroup Y5 = S3 is of the type ECIII with ¢ = 1 and p = 3. Using this in (4.51) and
(4.52) we get the branching equations for ¥ listed in Tables 5.2 and 5.3. It follows that
if %Alr + 4A5, + 4A3, < 0 then the branch bifurcates supercritically.

Recall Table 5.5. The isotypic decomposition of C*° for the action of 35 is C*0 =
Wy @ Wy where

Wy = Fix(X5) = {(zl,—%zl,—%zl,—%zl): 21€C},
Wo = {(0, 29,23, —22 — 23) : 29,23,€ C}.

Recall (4.53). With respect to the basis B, any “real” matrix commuting with X5 has
the form

Cl CQ CQ 02
03 04 05 05
(dg)(ZO,AOJO) - Cs; Cs Ci Cs
03 05 05 04
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where C; for i = 1,...,5 are 2 X 2 matrices

/
Cc; C;
c=(% <

991 I o1 — 992 1 _ Og2
0z 3 = 021’ 03 — 0z1°

ol

and

@}
A
Il
Q|
[
@)
o
Il
3
]
=
Q
I
Il
5]
Q
1)
%)
N
Il

/o 992 ! _ Og2
C4= 350 C4= 3290 657 3230 G5 = 5z50

calculated at (zg, Ao, 70)-
We begin by computing (dg)(zy,xe,7)|Wo- In coordinates z,Z we have
((dg)(zo,)\o,ro)|W0)Z = az + ($Z where

a =ci — ¢y,
B =c —d.

A tangent vector to the orbit of I'xS' through z is the eigenvector (iz, —%iz, —%iz, —%zz)

and the matrix (dg) .,,10,70)|Wo has a single eigenvalue equal to zero and the other is
2 (7 )
QRG(OZ) = gRe §A1 + 4A2 ‘I— 4A3 |Z| + .-

whose sign is determined by %Alr + 4Ag, + 4As, if it is assumed nonzero (where %Alr +
4 A9, + 4 A3, is calculated at zero).

We compute now (dg)(zy,x,7)|W2. From (4.57) with N =4, = 1,p = 3 it follows
that

tr((dg) (0. 00,m0) [W2) = 2Re(—5A1 — 1249)]2> + -+ -,

Aet((dg) 2 r0,m0) W2) = (| 5(=5A41 = 1249)[* = [5(5 41 +442) ") 2] + -+
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5.2 Bifurcation diagrams

The previous section determined that the solution stabilities depend on the following

coefficients
Ar, Az, Ay (5.5)

of the degree three truncation of f.

In this section we classify the possible bifurcation diagrams as a function of these
coeflicients.

Recall the stability results for these solutions summarized in Table 5.4. From this we
obtain the following non-degeneracy conditions:

(a) Al’r + 4A2r + 4A3’r 7& 0

(b) Ay —4A9. #0

(C) ’Al — 4A2‘2 — ‘Al + 4A2’2 #0
(d) Ay 4+ 249, + 245, #0

(e) Aur + 245, #0

(£) |A1 + 245]% — 4]A5)2 # 0

(g) A2r #0

(h) (4]A2f* — |3A1 +245) # 0
(i) Alr + 3A3T ?é 0 (5 6)
(J) Alr + 4A3r 7é 0 .
(k) Alr + 6A2r 7& 0

(1) A1, £0

(Il) A1y + 84, #0

(0) [A1 + 842> — [A1* #0

(p) %Alr + 41427" + 41437" 7& 0

(q) 5A1, + 1242, # 0

(r) [pA; 4+ 1245 — A1 + 1245/ £0

() [A1 + 642> — [ AL* #0

The inequalities (5.6) divide the parameter space (5.5) into regions characterized by
(possibly) distinct bifurcation diagrams. In Figures 5.1 and 5.2 we assume, respectively,
A1 < 0 and A, > 0 and we consider the various regions of the (Ag,, As,)-parameter
space defined by (5.6).

Figures 5.3-5.5 show the bifurcation diagrams corresponding to the regions of parame-
ter space of Figure 5.1. An asterisk on solution indicates that it is possible for the solution
to be unstable, depending on the sign of

(*) |A1 — 4A2‘2 — ‘Al + 4A2’2

(**) |A1 + 2A2‘2 — 4|A2‘2 and 4|A2’2 — ‘%Al + 2A2’2
(***) ’A1+8A2‘2— ‘A1’2

(ks xx)  |5A] + 12452 — |A] + 124,

(5.7)

Furthermore, note that the X3 solution is never stable.
On Figures 5.6-5.8 we show the bifurcation diagrams concerning regions of the para-
meter space of Figure 5.2.
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(p)
(d)

Aoy

0]

14
36
33
TN (e)
37 34 by 16~ 11 [8 2
0 (a)
35 177
38 31 18 3
29
42 . A9 (n)
39 43 28 20 4
. . 2 . . Asr (9)
40 a4 e 24 2 >
48
(b)
6
22
2
41 i 45 U7 49 3

Figure 5.1: Regions of the (As,, Aa,)-parameter space defined by the lines corresponding
to the equations (5.6). Here we assume Aj, < 0. Lines are labelled according to which of
the corresponding expressions on (5.6) vanishes on them.
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(i) (J) Aoy
13 12 9 g8 4 !
330
U (b)
32 29 14 7 2
| 15 1AL (9)
3r\9
460 17 6
33 7 18 3
\36&4126 19
34 37 | 4025 20| 21 4 (@)
=27 (e)
3 22 5
35 38 39 | 42
(a)
1 (d)
(p)

Figure 5.2: Regions of the (As,, As,)-parameter space defined by the lines corresponding
to the equations (5.6). Here we assume Aj, > 0. Lines are labelled according to which of
the corresponding expressions on (5.6) vanishes on them.
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16 7-9
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1 ™
5 - 23 I3
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b
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10-13 1447
Z4,
N
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™ X3
3 -
2 X grann
19-22 18
b
1 I .
I, \ Z)
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) 5 4 z 3
5
23,24,26,27 25,28,29

Figure 5.3: Bifurcation diagrams for the nondegenerate Hopf bifurcation with Sy symme-
try. Broken (unbroken) bifurcation curves indicate unstable (stable) solutions. An asterisk
on solution indicates that it is possible for the solution to be unstable, depending on the
sign of (5.7). The diagrams are plotted forA;, < 0.
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Figure 5.4: Continuation of Figure 5.3.
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Figure 5.5: Continuation of Figure 5.3.
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Figure 5.6: Bifurcation diagrams for the nondegenerate Hopf bifurcation with Sy symme-
try. Broken (unbroken) bifurcation curves indicate unstable (stable) solutions. An asterisk
on solution indicates that it is possible for the solution to be unstable, depending on the
sign of (5.7). The diagrams are plotted for Ay, > 0.
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5.3 Examples

We consider the system of ODEs (5.2) where f is as in (5.3). We assume the following
parameter values:

Ay =1, A1y =1, Ay = 0.3, Ag; = —0.7, Az = 5.

From Theorem 5.2 and Table 5.4 we obtain that for the isotropy subgroups ¥, 39 and
Y5, the corresponding branches of periodic solutions are supercritical and the solutions
are stable (near the origin). Furthermore, we obtain that for the isotropy subgroups X3
and X4, the corresponding branches of periodic solutions are supercritical and unstable.
This situation corresponds to the bifurcation diagram for region 32 in Figure 5.7.

We assume now the following parameter values:

Ay = =1, Ay = —1, Agp =1, Ag; =2, A3, = —4.

We get that the branches of periodic solutions with ¥;-symmetry for ¢ = 1,...,5 bifurcate
supercritically. Moreover, the solutions with 1, Y5-symmetry are stable and the solutions
with Yo, X3, 34-symmetry are unstable (near the origin). This situation corresponds to
the bifurcation diagram for region 37 in Figure 5.4.

5.4 Periodic solutions with submaximal isotropy

In the previous section we considered the possible branches of periodic solutions with
maximal isotropy that could generically bifurcate for the system (5.2). We look now for
possible branches of periodic solutions that can bifurcate with submaximal isotropy.

We have that Zo = (((13)(24),7)) and Sy = ((23)) are submaximal isotropy subgroups
of S84 x S'. See Table 5.6. We will study 9glrix(a) where A is either Zs or Sz. By
Proposition 5.4 below, we have that the normalizer of A in S4 x S!, where A = 22 or
S, is the largest subgroup of Sy x S! acting on Fix(A). We start by computing these
normalizers.

Let 3 be a subgroup of I'. We define the normalizer of 3 in I as:

Np(Z)={yeT: 4%y ! =3}

Proposition 5.4 Let ¥ be an isotropy subgroup of I'. Then Np(X) is the largest subgroup
of T' that leaves Fix(X) invariant.

Proof: See for example [18, Proposition 5.2.2]. O

The following lemma will be extremely useful. Recall that by [23, Definition XVI 7.1]
the isotropy subgroups ¥ C I' x S! are always of the form G? = {(g,0(g)) € TxS': g € G}
where G C T and 0 : G — S! is a group homomorphism. Denote by K = Ker().

Lemma 5.5 Let G C T x S'. Then Npyg1(G?) = O(G, K) x St where C(G,K) = {y €
I':vgy '¢g7! € K,Vg € G}.
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Proof: See [22, Lemma 2.5]. O

Remark 5.6 Let G =D,, = (a,b:a" = b?> =1, b~lab = a~'), and write the 2n elements
of G in the form a’/ with 0 <i<mn—1, 0 < j < 1. Let H be any group, and suppose
that H contains elements x and y which satisfy

"=yt =1, y lay=a"t

The function h : G — H defined by

h:a't — a2y (0<i<n-—1,0<j<1)

is an isomorphism. For a proof of this result see for example [30, Chapter 1].

We now prove the following result:

Lemma 5.7 Let Zy = (((13)(24), 7)) and Sy = ((23)). Then:

(a) If ¥ = Zy then Ng, g1 () = Dy x S'.

(b) If © = So then Ng, g1 () =2 Dy x St
Proof: We start by proving (a). Let ¥ = Zy = (((13)(24), 7)) C S4 x S! acting on C*?.
Then Fix(X) = {(z1,22, —21,—22) : 21 € C}. We have G = Zy = {Id, ((13)(24),7)} C
S, x S', where G is the projection of G? into Sy, that is,

G =Ts,(Z2) = {Id, (13)(24)} (5:8)

and 6 is the homomorphism

0: G — St
Id— 0
(13)(24) 7

with kernel given by
K =Ker(§) ={g e G:0(g9) =0} ={Id}. (5.9)

The centralizer C(G, K) is given by

C(G,K) ={veSs:vgv g € K,Vge G}
={0€8S,:090 g7 =1d,Vg € {Id,(12)(34)}}
={o€S,:0(13)(24) = (13)(24)0}}
= {Id, (24), (12)(34), (1432), (13)(24), (1234), (14)(23), (13)}}.

(5.10)

We apply now Lemma 5.5. We have
Ng,xs1(Z2) = C(G,K) x S
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Isotropy Subgroup Generators  Fixed-Point Subspace

Al = 22 ((13)(24),7T) {(Zl,ZQ, —21, —ZQ) AT C}

AQ = SQ (23) {(Zl,ZQ,ZQ, —2z1 — 222) A C}

Table 5.6: Generators and fixed-point subspaces corresponding to the isotropy subgroups
of S4 x S! with fixed-point subspaces of complex dimension two.

where C(G, K) is given by (5.10).
Recall Remark 5.6. Since
Dy = {(a,b:a* =0 =1Id,b"tab=a"1)
and taking =z = (1432), y = (24) we have C(G, K) = D4. Thus we have proved that

Npysi(Zs) = Dy x S

We now prove (b). Let ¥ = Sy = ((23)) C S4 x S! acting on C*°. Then Fix(X) =
{(z1, 22, 22, —21 — 222) : z1 € C}. Recall Proposition 5.4. Clearly, (23),(14) and (2 3)(14)
are the only permutations from the twenty four elements of S4 which leaves Fix(X) invari-
ant. Moreover, every 6 € S! leaves Fix(X) invariant. Thus, we have

Nr(X2) = {Id, (2 3),(14),(23)(1 4)} x S*.
Set H ={Id,(23),(14),(23)(14)}. Recall Remark 5.6. Since

Dy = (a,b:a®>=b*=1Id,b'ab=0a"")
take x = (2 3), y=(14) € H. Then H and D3 are isomorphic. Thus, we have

Nr(Z) = Dy x St
(]

In [4], Ashwin and Podvigina considered Hopf bifurcation with the group O of ro-
tational symmetries of the cube. The group O is isomorphic to S4 and it has two non-
isomorphic real irreducible representations of dimension three. In [4] they consider the irre-
ducible representation of O corresponding to rotational symmetries of a cube in R? = W.
When studying Hopf bifurcation, they take two copies of this irreducible representation.
Specifically, they consider the action of O x S' on W & W generated by:

Plll(zb 22, 23) — (ZQ, 23, Zl)
poot (21, 22, 23) = (22, —21, 23) (5.11)

79(’21722723) = €i6(21722az3) (0 € Sl)
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Although the permutation group S, is isomorphic to the group of rotations of a cube,
the action of O on W and the natural action of S4 on R*? are not isomorphic. Recall
that R*Y = {(z1, 22,3, 24) € RY: 21 +xo+as+a4 = 0}. However, the action of O x S!
on W @ W and the action of Sy x S' on C*° are isomorphic (see [4]).

In [4], the isotropy lattice for the I'-simple action of O x S! on C? is obtained and the
isotropy subgroups with fixed-point subspaces of complex dimension two have normalizers
given, respectively, by Dy X S! and Dy x S'. These are in correspondence with the
normalizers of Zo and So as we obtained above. We list in Table 5.6 the submaximal
isotropy subgroups S; x S! with fixed-point subspaces of complex dimension two and
their respective generators.

As was stated, when f is supposed to commute also with S', then the problem of
finding periodic solutions of 2 = f(z, A) can be transformed to the problem of finding the
zeros of 2 = g(z,\,7) where g = f — (1 + 7)iz. However, for the branches of periodic
solutions with submaximal isotropy that are found here, we can no longer guarantee that
they exist for (5.2) if f commutes only with S4 (even with the third order Taylor series
commuting with S!). These solutions branches are guaranteed only for the third order
truncation with which we work from now on. Consider the truncation of f as in (5.3) of
degree three and the respective reduced vector field g = f — (14 7)iz of the same degree.

Recall Table 5.6. When we restrict g to Fix(Z2) = {(z1, 22, —21,—22) : z1 € C}, we
obtain the following system:

i =2y (A Fiw+ Az P + |2 °) + Blzg ) + 07122

o=z (Atiw+ Az > + 2= 2) + Blz_*) + Cz_2%

where (z1,2_) € C?, A = 243, B = A; + 245 and C = 2A4,. This is the normal form

for the generic Hopf bifurcation problem with symmetry D, studied, for example, by
Swift [39].

The nontrivial solutions in the space Fix(Zs) = {(z1, 22, —21, —22) : 21 € C} with

(5.12)

maximal isotropy are the solutions with symmetry So Zo, 24, 22 X So, , corresponding,
respectively, to zeros of type z; = z_ , zy = iz_ and z; = 0 (note that for solutions
corresponding to the isotropy subgroup Zs> x So we have that (21,0, —21,0) is conjugated
to (z1,—21,0,0)). Their stability properties are studied in [23], [24] and [39].

By [39], in addition to these periodic solutions, there can be a fourth branch of periodic
solutions to (5.12) with z4 # z_ and z4z_ # 0. Thus, these correspond to solutions of
(5.2) where f is as in (5.3) truncated to the third order with Zy-symmetry. Moreover, this
solution branch exists if

}Re[2(A1 + QAQ)ZQH < |2A2|2 < |A1 + 2A2‘2

and the solutions are generically unstable.
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Chapter 6

Hopf Bifurcation with
Ss-symmetry

In this chapter we consider Hopf bifurcation with S y-symmetry for the special case N = 5.

For general N, from Theorem 4.13 we know that the stability of some of the periodic
solutions guaranteed by the Equivariant Hopf Theorem in some directions is determined
by the fifth degree truncation of the vector field. Furthermore, in one particular direction,
even the fifth degree truncation of the vector field is too degenerate to determine their
stability. When N = 5 the directions in which we need the degree five truncation of the
vector field are present in the isotypic decomposition for some of the C-axial isotropy
subgroups.

Recall Theorem Zl'/l\jaild Section 4.2. We have two types of C-axial isotropy subgroups
of Sy x S B!/ =8,1Z), x Sy and I =S, xS, From Theorem 4.13, we have that if
k>3andg>2in Eép, then the fifth degree truncation of the vector field is too degenerate
to determine the stability of solutions with those symmetries in some particular directions.
In the case N = 5, the isotropy subgroups that we find are all of the form ¢ < 2 except
one of them (see ¥; in Table 6.1), but for this one we have k& = 2. Thus, this is the
first case where the fifth degree truncation of the vector field is necessary to determine the
stability of such solutions. Moreover, the degree five truncation of a general Ss-equivariant
vector field determines the stability and the criticality of the branches of periodic solutions
guaranteed by the Equivariant Hopf Theorem. We consider so this special case and we give
the explicit conditions on the coefficients of the general degree 5 vector field equivariant
under S5 x S' determining the stability and the criticality of those solutions.

Recall Chapter 4. Consider the action of S5 x S! on C*? given by

(0,0)(21, 22, 23, 24, 25) = e (20_1(1),20_1(2),20_1(3),20_1(4),20_1(5)) (6.1)
for o € S5,0 € St and (21, 22, 23, 24, 25) € C>0, with
C> = {(21, 22, 23, 24, 25) € C® : 21 + 20 + 23 + 24 + 25 = 0}.

In this chapter we study Hopf bifurcation with Ss-symmetry. We consider the system

of ODEs
dz

= =F(zN), (6.2)
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Isotropy Generators Fixed-Point
Subgroup Subspace

Si=S212Zs  (12), (34), (13)(24),7) {(21,21, 21, —21,0) : 21 € C}

So =7y xSy (34), (35), ((12), ) {(21,-21,0,0,0) : z € C}

Sp=7Zy xSy (45), ((123), %) {(21,€21,6%21,0,0) : 21 € C}, £ =e*™/3

Yy =174 ((1234), %) {(#1,i21, —21,—121,0) : 21 € C}

L5 = Zs ((12345), 7F) {(21,€21,8%21,6%21,6'21) : 21 € C}, £ = ¥™/5
Y6 =S9xSs (12), (34),(35) {(zl,zl,—%zl,—%zl,—%zl) : 21 € C}

Y7 =84 (23), (24), (25) {(z1,—121,—321,—321,—§21) : 21 € C}

Table 6.1: C-axial isotropy subgroups of S5 x S! acting on C*?, generators and fixed-point
subspaces.

where f : C*0 x R — C%? is smooth, commutes with S5 and (df)o,x has eigenvalues
a(A) £ip(A) with o(0) = 0, p(0) = 1 and ¢'(0) # 0.

After recalling the C-axial subgroups of S5 x S! acting on C>, we use the Equivariant
Hopf Theorem to prove the existence of branches of periodic solutions with these symme-
tries of (6.2) by Hopf bifurcation from the trivial equilibrium at A = 0. In Theorem 6.2
we determine (generically) the directions of branching and the stability of the periodic
solutions guaranteed by the Equivariant Hopf Theorem. For that we need, in this case,
the degree five truncation of the Taylor expansion around the bifurcation point.

From Theorem 4.1 we obtain a description of the C-axial subgroups of S5 x S' acting
on C>0:

Proposition 6.1 There are seven conjugacy classes of C-azxial subgroups of S5 x S for
the action on C>0. They are listed, together with their generators and fized-point subspaces
in Table 6.1.

Let f be as in (6.2). If we suppose that the Taylor series of degree five of f around
z = 0 commutes also with S', then by Theorems 4.6 and 4.10, taking N = 5, we can write

[ = (f1, f2, f3, fa, f5), where
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Isotropy Subgroup Branching Equations

1 v+ (A +4As +4A3)|z2 + - =0

Yo v+ (A1 +24+ 24322 + - =0

Y3 v+ (A1 +343)z2 + - =0

¥y v+ (A +443)|z2 + -+ =0

s v+ (A1 +543)|z2 + - =0

Y6 v + % (5A1+1042 +1043) [2> + -+ =0
Sy v+ 1 ($AL+5Ay +5A3) 22 + -+ =0

Table 6.2: Branching equations for S5 x S' Hopf bifurcation. Here v(\) = u()\) — (1 + 7i)
and + - -- stands for higher order terms.

Isotropy Subgroup Branching Equations

2 A= — (A + 44 + 44522 + -

22 A= — (A + 245 + 245,22 + -

X3 A= — (A +343)|22 + -+

24 A= — (A, +4A43)22 + -

25 A= — (A, +5A43)|22 + -

%6 A= — % (ZA1 + 104z + 1043,) [2|* +
7 A= — 1 (BAL 4545 +545) 2 + -

Table 6.3: Branching equations for S5 Hopf bifurcation. Subscript r on the coefficients
refer to the real part and + - - - stands for higher order terms.
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Isotropy  Ag A, A,
Subgroup

b Alr + 4A2r + 41437" _%Alr - 4A2T
— (’ — %Al — 4A2|2 — |%A1 + 4A2|2)
Alr - 4A2r
— (| Ay — 445)% — | Ay + 44,2

%Alr - 2A2r

b Arp + 249, +2A3, — (1141 — 2452 — |2 A1 + 245%)
_Al'r - 2A2r
— (’Al + 2A2|2 — |2A2|2)

_Al'r
Y3 A1y + 3A3, — (JA1 4+ 645> — |24, %)

3y Ay + 443, — Ay
Alr
— (’Al + 8A2|2 — |A1‘2)
Alr + 8A2r

—[A]?
Alr _ _
s Ay + 5A3, —Re[A1(&; — &)l
Alr + 10A2r
— (]Al + 10A2]2 - ]A1\2)

%Alr - 101427"

Y6 LA + 104, + 1043, — (|3 (A1 — 1042) |2 — |41 + 2 45?)
%Alr - 8A2r
~ (13 (A1 = 849) P~ [} (341 +1045) )

Y7 B Ay, + 549 + 543, Re(—224; — 2A,)
= (I = &A1 — 342 = |5541 + JA2P?)

Table 6.4: Stability for S5 Hopf bifurcation. Here &, = 2444+ 10414 and & = 2A4+5A11 +
5A14. Note that solutions with »3 and ¥4 symmetry are always unstable.
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Isotropy subgroup and
Orbit Representative

Isotypic components of C>°

P

Y1 = S22y
z = (Zlvzlv —Z1, _Z170)
22 = ZQ X Sg

z = (z1,—21,0,0,0)

23 = 23 X SQ

2z = (21,€21,£221,0,0)
£ = eQm'/S

Sy = Zy

z = (21,821,86%21,8%21,0)

£=i

Y = Zs

Z = (Z17 §Z17 52217 532:17 &421)

£ = e2mi/5

26 = SQXS?,

2 2 2
z = (21721, _gzly _gzla _gzl)

1 1 1 1
Z = (Z17 _Zz17 _1217 _1217 _121)

Wi

FiX(El) = {(zl,zl,—zl,—zl,O): 21 € C}
{(z1,21,21,21,—4z1) : z1 € C}
{(Zla —Z1, %2, _ZQaO) LR1, %2 S C}

Fix(32) = {(21,—21,0,0,0) : z1 € C}
{(z1,z1,—%zh—%z1,—%z1) © 21 € C}
{(070? 21,72, =21 — 22) 21 € C}

FiX(Zg) = {(217621,622’1,0,0) 121 € C}

{(zhzlazla_%zla_%f31) A C}
{(07070) 2’1,—2’1) 21 € C}
{(Z17£2217£4Z1a0a0) VA C}

Fix(34) = {(21,521,5221,5321,0):
{(21721,21,21,—421) A C}
{(21,5221,5421,5621,0) Dz € C}
{(z175321,§621,§921,0) 21 € C}

2160}

Fix(35) = {(21,521,52,21,5321,54,21) :
{(21,6%21,6%21,6%21,6%21) 1 21 € C}
{(21,8%21,8%21,8%21,61221) : 2z € C}
{(211,542’1,582:1,{122’1,51621) A C}

21€C}

FiX(Zﬁ) = {(zl,zl,—%zl,—%zl,—%zl): z1 € C}
{(217_21707070) : Z1)227€ C}

{(0,0, 21, 22, =21 — 22) : 21,22,€ C}
FiX(E7) = {(zl,—%zl,—%zl,—izl,—izl): 21 € C}
{(07 29y R3y R4, —R2 — X3 — Z4) 1 22,23,24, € C}

Table 6.5: Isotypic decomposition of C> for the action of each of the isotropy subgroups

listed in Table 6.1.
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AN =uNa + fPE) + 1P +
fQ(Z,)\) :fl(ZQ,Zl,Z3,Z4,Z5,)\) (63)

f5(za )‘) = fl(z57 22,23, %4, 21, >\)

where
3
P(2) = oL, Aif(2),
1(5)(2) = 2224,1'7&12 Ajfii(2),

with z5 = —21 — 29— 23— 24. The coefficients A;, ¢ = 1,...,15, i # 12 are complex smooth
functions of A\, u(0) = ¢ and Re(x/(0)) # 0. Note that by Remark 4.12 we don’t have the
term f1 12 and the other fi; are given by

f1,1(2) (512121 — 3 (122?22 + |23[%23 + |24]?24 + | 25/%25) |
fi2(2) = 71 (5 + 25 + 25 + 21 + 23)
f13(2) = 21 (|21]* + |22 + |23]* + |za]* + | 25]?)

fra(z) = [Flzal*21 — & (J22*22 + |23/ 23 + |2a] 24 + |25]125)]
fis(z) = 21 (lal* + |Z2!4 + 23|t + et +[25]%)
fie(z) = =1

1] + |z2]? + |23]* + |24 + \25! 2)2

(
(o + 25 + 25 + 24 +28) (24 + 25 + 25+ 24 + 75)
(
(]zl| 21 + |22\ Zo + |23|%23 + |24|%24 + | 25] 25)

1
2
1

)
l_l
o
N
~—
I
I\

)
—
9
HMA/Z;\ —~
~—
IN

fio(z) = 23 (z1 + 75 +z§ +75+72) —
T AB+B+B+2+28)(F+2E+72E 472+ 72)

fi10(z) = Z1 (|12 + |22 + |23]* + |2a? + |25]?) (27 + 23 + 23 + 2 + 22)
fl,ll(z) = z1 (|21|22% + ’22|2Z% + |23|22§ + |Z4‘222 + |Z5|QZ§)
f1713(2) = |2’1’2 (‘Z1’22% + ’22|222 + ’Z3‘223 + |Z4‘2Z4 + ‘Z5’2Z5) —
% (]21|2 + |z2|? + |23|2 + |24]? + | 23] ) (|z1|221 + |z2|%20 + | 23]% 23 + |24]?24 + |z5|225)
f1 14(2) = |z1[221 (|21 + |22/ + |23]* + |24l + |25]?) —

(]21|2 + |22 + |23]* + |2a)* + |251%) (J21]?21 + |2222 + |23[% 23 + |24]?24 + |25]%25)
f1,15(z) = ‘21’251(2% + Z% + Z% + Zi + Zg)—

—5(2F + 23 + 25+ 20 + 22) (|12 + |2aP22 + |23 25 + |24 20 + [25]%25)

Next Theorem follows from Theorem 4.13. Recall Table 4.2. Each of the seven C-axial
isotropy subgroups of S5 x S! acting on C>° listed in Table 6.1 are of the form Eép or
Eél. Specifically, we have that 3;,7 = 1,...,5 are of the form Eép and Xg, X7 are of the
form Zél.

Theorem 6.2 Consider the system (6.2) where f is as in (6.3). Assume that Re(p'(0)) >
0 (such that the trivial equilibrium is stable if X < 0 and unstable if X > 0 for X\ near zero).
For each isotropy subgroup ¥;, for i = 1,...,7 listed in Table 6.1, let Ay, ..., A, be the
functions of A1,...,A1s listed in Table 6.4 evaluated at A = 0. Then:
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(1) For each ¥; the corresponding branch of periodic solutions is supercritical if Ay < 0
and subcritical if Ag > 0. Tables 6.2 and 6.3 list the branching equations.

(2) For each %, if Aj > 0 for some j =0,...,r, then the corresponding branch of periodic
solutions is unstable. If A; < 0 for all j, then the branch of periodic solutions is
stable near A =0 and z = 0.

Proof: We include the relevant data of the proof of Theorem 4.13 specialized to the
case N = 5 for completeness. Our aim is to study periodic solutions of (6.2) obtained
by Hopf bifurcation from the trivial equilibrium where f satisfies the conditions of the
Equivariant Hopf Theorem.

From Proposition 6.1 we have (up to conjugacy) the C-axial subgroups of S5 x S!.
Therefore, we can use the Equivariant Hopf Theorem to prove the existence of periodic
solutions with these symmetries for a bifurcation problem with symmetry I' = Ss.

Periodic solutions of (6.2) of period near 27/(1 + 7) are in one-to-one correspondence
with the zeros of a function g(z, A, 7) with explicit form given by (4.21).

Recall the isotypic decomposition for each type of the isotropy subgroups Eép and
Egl given by (4.23) and (4.24). For the seven isotropy subgroups ¥;, for i = 1,...,7,
in Table 6.1, it is possible to put the Jacobian matrix (dg)., into block diagonal form.
We do this by decomposing C>? into isotypic components for the action of each isotropy
subgroup ¥;. Specifically, for i = 3,4, 5 we form, respectively, the isotypic decomposition

C5’0:W0@W1@WQ@W3
CO=WyaW,eP,& P (6.4)
CS’OIWO@PQ@Pg@P4

where Wy = Fix(%;), Wi, W, P, P3 and P, are complex one-dimensional subspaces, in-
variant under ;. It follows then that (dg).,(W;) C W; for j = 0,1,2 and (dg).,(P;) C P;
for j = 2,3, 4 since (dg),, commutes with ¥; (recall (4.24)).

Furthermore, for Y3 and X5 we have that Wy, Wy, Py, P3 and Py are irreducible repre-
sentations of complex type.

For ¥4 we have that Wy, P, are irreducible representations of complex type. Moreover,
we have that P3 = P3 p ® P37, with P3 g = P31 and P3 g, P31 are absolutely irreducible.

For ¥1,%s and ¥g we obtain that C>° = Wy @ W, @ Ws, where W is a complex
one-dimensional subspace, invariant under 3; and Ws, W3 are a complex two-dimensional
invariant subspaces that are the sum of two isomorphic real absolutely irreducible repre-
sentations of dimension 2. Again we have (dg),,(W;) C W; for j = 0,1, 2,3. Note that in
these cases we have Wy = Wy g ® Wy ; with Wi g = Wi 1 and the actions of X1, X2, 3¢ on
Wi r, Wy 1 are (absolutely) irreducible.

For ¥7; we obtain that C>° = Wy @ W, where W; is a complex three-dimensional
invariant subspace that is the sum of two isomorphic real absolutely irreducible represen-
tations of dimension 2 of ¥7 and we have (dg).,(W;) € W; for j =0, 1.

Table 6.5 gives the isotypic decomposition of C%? for each of the isotropy subgroups
>; listed in Table 6.1.

Throughout we denote by (zg, Ao, 79) a zero of g(z, A\, 7) = 0 with 2y € Fix(%;). Speci-
fically, for i = 1,...,7, we wish to calculate (dg) ., xg,m)-
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To compute the eigenvalues of (dg)(zO, Xo,70) We use complex coordinates 21,21, . . . , 25, 25,
corresponding to a basis B for C° with elements denoted by by, b1, ..., bs, bs.

(1)

The fixed-point subspace of ¥; is Fix(¥1) = {(z1,21,—21,—21,0): 21 € C}. The
isotropy subgroup ¥; = S/ZT-Z/Q is of the type Eg’p with £k = ¢ = 2 and p = 1. Using this
in (4.32) and (4.33) we get the branching equations for ¥; listed in Tables 6.2 and 6.3. It
follows that if Ay, + 4As, + 4As3, < 0 then the branch bifurcates supercritically.

Recall Table 6.5 for the isotypic decomposition of C>° for the action of 3.

By (4.34), we have that with respect to the basis B, any “real” matrix commuting
with ¥ has the form (note that £2 = 1 where & = ¢?27/2)

Ch Cy C3 (O3 C4
Cz C1 Cg Cs 04
(dg) (20,0,70) — C3 C3 C1 Oy Cy
C3 C3 Cy Cp Cy
Cs C5 C5 Cs5 Cg

where

fori=1,...,6 and

— 99 v _ O — 995 1 _ 995 — 995 4 _ Ogs
€4 = 0zs ) Cy = 0z5" G5 = 0z1" C5 - 0z1? C6 = Ozs ) 06 0z

calculated at (zg, Ao, 70)-
As before (dg) (.o x,7)|Wj denotes the restriction of (dg) ., xe,7) to the subspace W.
We begin by computing (dg)(zy,xe,7)|Wo- In coordinates z,Z we have

((d9) (z0,00,70)|Wo0)2 = az + fz where

a =1+ co — 2cs,
B =cd +cy—2d.

A tangent vector to the orbit of I' x S! through zq is the eigenvector (iz, iz, —iz, —iz,0).
The matrix (dg)z,10,7)|Wo has a single eigenvalue equal to zero and the other is

2Re(er) = 2Re(A; + 44z + 443)[22 + ---

whose sign is determined by A, + 4As, + 4Ags, if it is assumed nonzero.
We compute (dg)(zo,x,70)|W1. From (4.36) with N =5,k = 2,q = 2 it follows that
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tr ((dg)(Zo,)\o,To)‘Wl) = 2Re (_%Al — 4A2) |z’2 + ...

det ((dg)(ZO,)\Q,To)|W1) = (‘ - %Al - 4A2|2 - |%A1 +4A2|2) |Z’4 + -

We compute now (dg)(z,xg,m)| W3- From (4.42) with ¢ = 2 it follows that

tr (Cy — Cy) = 2Re (A1 — 44) |22 + - --
det (C1 — Ca) = (|A1 — 4452 — |A1 + 44,?) |2[* + - -

(22)

The fixed-point subspace of ¥ is Fix(32) = {(z1, —21,0,0,0) : z; € C}. The isotropy
subgroup Yo = ZZ X S3 is of the type Eép with £ = 2,p = 3 and ¢ = 1. Using this in
(4.32) and (4.33) we get the branching equations for Yo listed in Tables 6.2 and 6.3. It
follows that if Ay, + 245, + 2A3,. < 0 then the branch bifurcates supercritically.

Recall Table 6.5 for the isotypic decomposition of C>° for the action of 3. Re-
call (4.34). With respect to the basis B, any “real” matrix commuting with 39 has the
form (note that £2 = 1 since & = €27/2)

C1 O3 Cy Cy Cy
C3 Cp Cy Cy Cy
(d9) zop0m) = | C5 C5 Cs C7 Cr
Cs Cs C7 Cg Cf
Cs C5 C7 C7 Cg

where C; for i = 1,...,7 are the 2 x 2 matrices
a-(5 %)
991

_ Og1 / _ Og1 _ Og1 / / __ 9g1
a1 = 0z1? G = 0z1° 3 = Oz9? C3 0z2 C4 0z3’ Cy = 0z3

and

— 993 o _ 993 _ 993 o _ 993 — 993 o _ 993
C5 = 87,21’ C5 — 0z C6 = Oz3? c6 — 0z3? Ccr = Oz4) C7 T 0z4

calculated at (29, Ao, 70).

We begin by computing (dg)(zy x,7)|Wo. In coordinates z,% we have
((dg)(zo,AO,TO)|Wo)z — az + [Z where

Q= C1 —C3
B=c—c
A tangent vector to the orbit of I' x S! through zq is the eigenvector (iz, —iz,0,0,0).

The matrix (dg).,, Ao,m)|WO has a single eigenvalue equal to zero and the other is

119



2Re(a) = 2Re(A; +24s + 243)|z* + -

whose sign is determined by Ay, + 2As, + 2Ag, if it is assumed nonzero.
We compute (dg)(z,r9,m)|W1- From (4.36) with N =5,¢q = 1 it follows that

trace ((dg)(zo,/\o,ro)‘wl) = 2Re (%z‘h —24s) |2]* + -

det ((dg)(207)\0770)|W1) = (‘%Al - 2A2‘2 - ‘%Al + 2A2‘2> |Z|4 + -
We compute now (dg) (o x,70)|W2. From (4.40) with ¢ = 1 it follows that

tr((dg)(zo,AO,To)|W2) = —2Re (A1 + 2A2) ’2‘2 + -

Aet((dg) zp,p0,m0) [ W2) = (A1 + 242" = [245 ) 21 + -

(X3)

The fixed-point subspace of 33 is Fix(X3) = {(21,521,5221, 0,0): 2 € C}. The isotropy
subgroup X3 = 23 X S is of the type Eé’p with £ = 3,p = 2 and ¢ = 1. Using this in
(4.30) and (4.31) we get the branching equations for 3 listed in Tables 6.2 and 6.3. It
follows that if A1, + 3As,. < 0 then the branch bifurcates supercritically.

Recall Table 6.5 for the isotypic decomposition of C*>? for the action of X.

Recall (4.34). With respect to the basis B, any “real” matrix commuting with >3 has
the form

C, Cs Cp Cs Cs
s 8 o ¢
4 1 3 5 5

_ 'S £2 &
(dg)(zo,)\(),’r()) - C’3 042 C114 05 05
Ce C5 C5 COr Cy
cs & 8 oy oy

where CZ-,C’f] fori=1,3,4,6, j = 2,3 are the 2 x 2 matrices

. P
(i c o _ fz §e;
- —=/ = 9 3 - =J]— — 9
¢ G ¢ &e G
/
q c

120

£ = e?™/3 and



g1 991

_ o ;o _ Og1 ) _ /
€= 0z1° Cl - 0z1° €3 = 0zo C3 — 0zy? C4 = 0z3’ C4 0z3

994 094

__ 0g1 / 994 / __ 0g4 / __ 0g4 _ _
Cs = 0z4° C5 T 0z4? €6 021 06 - 0z 71 = 0z4° C7 T 0zy? 8 = 0z5° 08 — 0zs

calculated at (zp, Ao, 70).
We begin by computing (dg)(zy x,7)|Wo. In coordinates z,Zz we have
((dg)(ZO7AO’TO)|W0)z — «az + [z where

a=qc +§03+é204
B=c +&c+ &

A tangent vector to the orbit of I' x S! through zq is the eigenvector (iz,ifz,i&%2,0,0)
and the matrix (dg)(zy,x,,7)|Wo has a single eigenvalue equal to zero and the other is

2Re(a) = 2Re(A; + 3A43)|z]2 + ---

whose sign is determined by A, + 3As, if it is assumed nonzero.
We compute (dg) (zo,x,70)|W1- From (4.38) with N =5,k = 3,¢q = 1 it follows that

trace ((dg) (zo.70,m0)|W1) = 2Re (=3 A1) [2]* + -+,

det ((dg)(zo,)\()77'0)|W1) = _% ’A1‘2 ‘Z|4 +oeee

We compute now (dg) ., xo,7)|Wa (corresponds to W in the general case). From (4.41)
it follows that

60 ((d9) (z0,00,m0) [ W2) = 2Re (A1) |2 + -+,

det ((dg)(zo,)\o,fo)|W2) = ’AI‘Q ‘Z|4 +oee

Finally, we compute (dg) ., xo,70) | P,. This component corresponds to P» in the general
case. From (4.47) with N =5 it follows that

tr ((dg) (2 pomo) | P2) = 2Re (A1 +64g) |22+ -+ |

det ((dg) (zo,x0.m0) | P2) = (!Al +645% — }%A1\2> 2]+

(24)

The fixed-point subspace of ¥4 is Fix(Xy) = {(21,521,5221,£3z1,0) 12 € C}. The
isotropy subgroup ¥4 = 24 is of the type Zép with kK =4,p =1 and ¢ = 1. Using this in
(4.30) and (4.31) we get the branching equations for ¥4 listed in Tables 6.2 and 6.3. It
follows that if Ay, +4As,. < 0 then the branch bifurcates supercritically.

Recall Table 6.5 for the isotypic decomposition of C?? for the action of ¥4.
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Recall (4.34). With respect to the basis B, any “real” matrix commuting with ¥ has
the form

Ol 03 04 05 06
cs o of of q
54 14 34 44 6
(dg)(zo,)\o,’ro) - CEG C§6 Cf@ C§6 06
C§ ¢ O3 Cf G
o G5 GF G G

where Ci,C’fj fori=1,3,4,5,7, j = 2,4,6 are the 2 x 2 matrices

/ ) ) Jol
= G G Cg] B Ci & ¢
=\ ¢ & ) i /R ’
i Ci § ¢ G

€ = e27/4 the matrices Cg and Cy are given by

/ /
66 CG 08 08
C'6:</ )7 C18:</ — ’
and
_ ¢ / _ Oq1 _ 9q1 ! _ 91 _ 9g1 / _ 9q1
€1 = 021’ Cl — 0z1° 3 = 022 C3 — 0zy° C4 = 0z3? C4 — 0z3

_ 991 / _ 9q1 _ 991 /I _ 991 _ 995 / _ Ogs _ 995
G5 = Oz4" C5 T 0zy Ce = Ozs ) CG — 0z5° cr = 0z1? C7 0z’ s = Ozs ¢

Q
(Q
c

o~
I
Q|
Nl
o

calculated at (zo, Ao, 70).
We begin by computing (dg)(zy,xe,7)|Wo- In coordinates 2,7 we have
((dg)(zD7A07TO)|WO)z — az + Bz where

a261+fC3+§2C4+§j65
B =c1+ &y + &2 + 3¢

A tangent vector to the orbit of I' x St through zq is the eigenvector (iz,i€z,i€?z,i€32,0)
and the matrix (dg) .,,10,70)|Wo has a single eigenvalue equal to zero and the other is

2Re(a) = 2Re(A; + 443)|z)* + ---

whose sign is determined by Aj, + 4As, if it is assumed nonzero.
We compute (dg)(zo,x,70)|W1. From (4.38) with N =5,k = 4,q = 1 it follows that

trace ((dg) (zor0,m)| W1) = 2Re (=3 41) [z + -+,

det ((dg)(zo,ko,T()ﬂWl) = {_%A1|2 |Z|4 + -

We compute now (dg)(zy,xe,m)| - From (4.46) with N =5,k = 4,q = 1 it follows that
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trace ((dg) (zor0,m)| P2) = 2Re (A1) |2 + -+,
det ((dg) (z9,50,70) | P2) = 35 |AL P 2t 4
Finally, we compute (dg) zy,g,m)|P3- From (4.48) with k = 4,q = 1 it follows that

tr ((d‘g)(z01>\077—0)’P3) = 2Re (Al + 8A2) |,Z|2 4+

det ((dg) (zo,10,70) 1 P3) = <\A1 + 8457 — \A1’2) 2|t +- -

(Es)

The fixed-point subspace of 35 is Fix(¥5) = {(21,521,5221,53,21,5421) 121 € C}. The
isotropy subgroup X5 = 25 is of the type Zép with k = 5,p = 0 and ¢ = 1. Using this in
(4.30) and (4.31) we get the branching equations for X5 listed in Tables 6.2 and 6.3. It
follows that if Ay, + 5As, < 0 then the branch bifurcates supercritically.

Recall Table 6.5 for the isotypic decomposition of C?? for the action of 5.

Recall (4.34). With respect to the basis B, any “real” matrix commuting with X5 has
the form

4 4 4 4 4
(dg)(zo,/\o,‘ro) = Cg 065 Cf C§ Cj

where C’i,ij fori=1,3,4,5,6, j =2,4,6,8 are the 2 X 2 matrices
o cé — [ G €
’ ¢ ) i A

— 9 7 _ 91 . — 90 1 _ O — 991 I
C1=5 AT gz00 BT 8200 BT 5750 4= 5250 C4= 3z

£ = e?/5 and

— 991 ! _ 991 — 991 / _ Og1
C5= 3z = 870 %= 8250 % = 5z

calculated at (29, Ao, 70).
We begin by computing (dg)zy,x,7)|Wo. In coordinates z,Z we have
((dg)(ZO,)\Q,To)‘WO)Z — oz + /32 where

a261+563+§04+§05+i466
B =)+ &+ &2, + By + ¢

123



A tangent vector to the orbit of I'xS! through z is the eigenvector (iz,i¢z,i&22,i€32,i€1z).

The matrix (dg)z,10,7)|Wo has a single eigenvalue equal to zero and the other is

2Re(a) = 2Re(A; +543)|z2 + -

whose sign is determined by Aj, + 5As, if it is assumed nonzero.
We compute (dg)(z,x9,m)|F2- From (4.46) with N =5,k = 5,¢ = 1 it follows that

tr ((d9) (2 n0.m0) [ P2) = 2Re (A1) |22 + -+,

det ((dg) (o, 00.m0) | P2) = [A1[? [2[* + -+ .
We compute now (dg)(zy,xe,m)| - From (4.49) with N =5,k = 5,q = 1 it follows that

tr ((dg) (zproim) | P3) = 2Re (A1) |22 + -+,

det ((dg)(zo)\o,To)‘P3) - (’Al +£17‘Z|2‘27 B ‘Al +§2’Z‘2‘2> ‘Z|4
=2Re [41 (& — &) |20+,

where

§1= 244+ 10A14,
&= 2A4+5A11 +5A1,.
Finally, we compute (dg) .o x,m)|Ps- From (4.48) with N = 5,k = 5,q = 1 it follows
that

tr ((d9) (2o x0.m0)| P1) = 2Re (Ay + 10Az) 2> + -+,

det ((dg) (zo,x0.m0) | P2) = (!Al +104,* — \AHQ) |2 *.

(26)

The fixed-point subspace of ¢ is 23 = z4 = 25 = —%z and z; = zo = z. The isotropy
subgroup 3¢ = Sy X Sg3 is of the type Eél with ¢ = 2 and p = 3. Using this in (4.51) and
(4.52) we get the branching equations for ¢ listed in Tables 6.2 and 6.3. It follows that
if %Alr + 10As, 4+ 10A3, < 0 then the branch bifurcates supercritically.

Let ¥ = So x S3 be the isotropy subgroup of zg = (z,z,—%z,—%z,—%z). Recall
Table 6.5 for the isotypic decomposition of C*>? for the action of 3.

Recall (4.53). With respect to the basis B, any “real” matrix commuting with ¥¢ has
the form

C1 Cg Cy Oy Co
Cs C1 Cy Cy
(d9)(zop00) = | C3 C3 Ci Cs5 Cs
Cs3 C3 Cs Cy Cs
Cs3 C3 C5 C5 (4



where C; for i = 1,...,6 are 2 X 2 matrices

and
—_ o I 9q1 — 91 / _ 9q1 _ Ogs ! _ 993
Cl_azl’ Cl_cfrzl’ 62_823’ 02_333’ 03_321’ 63_831
— 993 4 _ 9g3 _ 993 r _ Og3 — 99 I _ Ogq1
C4 = Oz3) C4 — 0z3? G5 = Oz4" C5 T 0z4 Ce = Oz CG — 0zo

calculated at (zo, Ao, 70).
We begin by computing (dg)zy x,7)|Wo. In coordinates z,Z we have
((dg)(z(),)\O’TO)‘Wo)Z = oz + ﬁf where

a=c)+cg—2c
B=dh+ -2,

A tangent vector to the orbit of I' x S through zp is the eigenvector

(iz,z‘z, —%z’z, —%z’z, —%z’z). The matrix (dg)(z()’/\o,TO)\Wo has a single eigenvalue equal to

zero and the other is

2 7
2Re(a) = gRe <3A1 + 1043 + 10A3> 2] + -
whose sign is determined by 7/3A4;, + 10As, + 10As, if it is assumed nonzero (where
%An + 10Ag, + 10A3, is calculated at zero).

We compute now (dg) (o x,7)|W1. From (4.55) with N = 5,q = 2,p = 3 it follows
that

tr ((dg)(zo,/\o,ro)ywl) = %Re (L?}Al — 10A2) |z|2 4+

det ((dg)(zo,)\o,To)|Wl) = (}%(%Al — 10142)‘2 — ’Al —+ %Azf) |z‘4 —+ .-

We compute now (dg) ., r,7)|W2. From (4.57) with N = 5,q = 2,p = 3 it follows
that

tI‘(C4 - 05) = %Re (%Al — 8A2) |,z|2 “+ .. ,

Qet(Cy = Cs) = ([§(5A1 = 84" = 5341 +1042) ") Jof* + -

(27)

The fixed-point subspace of 37 is 29 = 23 = 24 = 25 = —iz and z; = z. The isotropy
subgroup Y7 = S, is of the type ECIII with ¢ = 1 and p = 4. Using this in (4.51) and
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(4.52) we get the branching equations for 37 listed in Tables 6.2 and 6.3. It follows that
if %Alr + 5A9, + 5A3, < 0 then the branch bifurcates supercritically.

Let X7 = S4 be the isotropy subgroup of zy = (z, —%z, —iz, —iz, —%z). Recall Ta-
ble 6.5 for the isotypic decomposition of C*>? for the action of ¥7. Recall (4.53). With
respect to the basis B, any “real” matrix commuting with 37 has the form

Ci Cy Cy Cy (o
Cs Cy C5 C5 Cs
(d9) zon0m0) = | C3 C5 Ci Cs Cs
Cs C; C5 C4 Cs
C3 C; C5 C5 C4

and
] = cf =581 oy = ch = c €2 o =
1_821’ 17— 0z 2_622’ 2 7 0z 3_821’ 3 7 0z

Cq = =

calculated at (zg, Ao, 70)-
We begin by computing (dg)zy,xe,7)|Wo- In coordinates z,Z we have
((d9) (z0,70,70)|W0)2 = az + $Z where

a=2C —C
5=d—g
A tangent vector to the orbit of I' x S! through zj is the eigenvector

(z’z, —%iz, —%iz, —%iz, —%iz). The matrix (dg)(zy,x9,7)|Wo has a single eigenvalue equal
to zero and the other is

1 13
2Re(a) = §Re <4A17« + 549, + 5A3r> |22+ -

whose sign is determined by 14—3Alr +5A9, + 5As, if it is assumed nonzero (where %’AM +
5As, + 5As, is calculated at zero).

We compute now (dg)(z x,m)|W2. From (4.57) with N = 5,¢ = 1,p = 4 it follows
that

tr(Cy — C5) =2Re (— 241 — 2 49) 2|2 + -+,

det(Cy = Cs) = (|=B A1 = 34" — [ A1 + 34 ) 21 + -
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