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Abstract

Following the ideas of Elie Cartan (1928), we use Cartan’s equivalence method and the notion of Cartan’s affine
generalized space and development to geometrize non holonomic mechanics.*

1 Introduction

The purpose of this paper is to give, using modern differential geometrical tools, a detailed version of the
ideas of Elie Cartan, exposed in his adress at the 1928 International Congress of Mathematicians (see [5]),
about geometrization of non holonomic systems.

This important paper seems forgotten in the mathematical literature devoted to non holonomic systems.
To our knowledge, the only exception is due to Jair Koiller and his colaborators, in a recent preprint that
has appeared during the preparation of this work (see [12]), in which they also make a tentative to bring
at daylight Cartan’s paper. However their methods are very different from those we develop here. In fact,
they use extensively the traditional Koszul approach to connection theory, based in covariant derivatives, as
is explained for example in [19], and they put emphasis in other issues that are not considered here. In this
paper we have tryed instead to follow closely the two key ideas of Cartan’s approach to geometric structures,
namely his equivalence method, or in modern terms the geometry of G-structures (see [8], [10], [20]), which
hopefully seems the strongest way to treat the geometric structure behind non holonomic systems, and his
notion of “generalized space”, here space with affine connection (see [6], [7], and for a modern approach, the
recent book [18]). These two key ideas were developed by Cartan along several years, in a lot of papers,
where he has applied them extensively, for example, to relativity theory (see [6]) and to his program of
geometrization of differential equations (see the third volume of his “Oeuvres complétes”).

Given a non-holonomic mechanical system )T with configuration space @, a n-dimensional smooth Rie-
mannian manifold, with Riemannian metric g (the kinetic energy), and non-holonomic constraints given by a
completely non integrable distribution D of dimension d, the main idea is to associate to T, an intrinsically
defined Euclidean (or metric) connection, in general with torsion, and to use it to develope the space Q,
along any of its curves, into a fixed affine space D, for some fixed point o € Q.

IWork supported by Fundacdo para a Ciéncia e a Tecnologia (FCT) through the Centro de Matemdtica da Universidade
do Porto (CMUP). Available as a PDF file from http://www.fc.up.pt/cmup.



The tentactive of associating to a non-holonomic mechanical system a connection, goes back to Synge,
Vancreanu, and more recently, citing just a few, to Vershik and Gershkovich ([21], [22]), Bates and Sniatycki
([2]) and Bloch and Crouch ([4]). However, in these papers, the connections found are in general neither
metric nor unique. In fact, often the choice of connection is based on somewhat ad hoc assumptions which
obscures the true geometric realm of the structure of non-holonomic systems. On the contrary, and this one
the main differences of the approach we develop, the connection founded here is intrinsically associated to
the non-holonomic system, at least for 2-step distributions, and moreover it is a metric connection, though
in general with torsion. This difference is very explicit in the example treated in section 4, the constrained
particle, which must be compared with ([2], example 2) and ([4], example 6.2). In both these works the
connection is not metric.

Another subject that we explore is the following - to the non-holonomic system ) (in the 2-step situ-
ation), we associate a Cartan (affine) connection to the affine frame bundle of @ (in Cartan’s terminology
[6], [7], a “generalized space” - this is part of Cartan’s generalization of Klein’s Erlangen programm, as is
explained in the recent book [18]), which is then used to develope @, along any of its curves, into a fixed
affine space D,, for some fixed point o € (). This strongly resembles the analogous situation for holonomic
systems, when we roll (eventually with skidding or spinning) a d-dimensional submanifold on another d-
dimensional submanifold (a d-plane, for example) in IR" (see the beautiful paper of Nomizu [14]). However,
in general, we have now torsion, whose geometrical meaning is made clear, in our context, in section 3 and
more concretely in the example of section 4 - take a “small” loop, based in o € @, and develop it in D,
to obtain a curve that starts in o. In general, this curve doesn’t close, and, to second order, the failure to
close is measured by a vector which is exactly the torsion of the connection at o (see section 3 for a rigorous
approach).

The paper is organized as follows. In section 1, we use Cartan’s equivalence method to geometrize non
holonomic mechanics, by associating to such a system an Euclidean connection. For a 2-step generating
distribution D, we are able to associate intrinsically two Euclidean connections, in general with torsion,
recovering the results of Cartan in [5]. We also include, for pedagogical reasons and also to make the paper
as much self-contained as possible, a short exposition about Cartan’s equivalence method, following closely
references [20] and the very influential recent book [13], since this method seems poorly used in the non-
holonomic context. Section 2, gives a detailed version of the notion of Cartan’s affine generalized space and
also of the notion of development. This is then used to develope ), along any of its curves, into a fixed affine
space D,, for some fixed point o € Q. Finally, in section 3, we ilustrate the previous theory by working out
the detailed computations in the example of a constrained particle in IR.

2 Cartan Geometrization of Non Holonomic Mechanics

Consider a non-holonomic mechanical system ) with configuration space @, a n-dimensional smooth Rie-
mannian manifold, with Riemannian metric g (the kinetic energy), a smooth 1-form F € Q'(Q) (the force
field), and non-holonomic constraints?, given by a smooth rank d completely non integrable vector subundle
of TQ, i.e, a completely non integrable distribution D of dimension d in Q.

We also assume that D is brackett generating which, by Chow theorem (see [13]), guarantees that the
set of all possible positions of our mechanical system 1 is all of Q.

The d’Alembert-Lagrange principle (see [1]) says that the dynamics of 9T obeys the following condition:

[L] - F € D+ (2.1)

where [L] is the Lagrange derivative of the Lagrangian L = % g (see [1], pag. 12) and D+ is the anihilator of
D in T*Q.

Hereafter we use the following indices conventions: 4, j,k,f=1,---,d=dimD; o, 3,7, A\ =d+1,---,n =
dim@ and a,b,c=1,---,n.

We denote by V the vector space IR" of column vectors, with a fixed basis {€,}, and by V* its dual of
row vectors, with the dual basis {€®}, and we also consider the subspace S of V', generated by the first d

2we consider only the time independent case, for simplicity.



vectors {€;}i=1,... ¢ of the basis {€,}. By a 0-adapted coframe 6, for D, ¢ € ), we mean an isomorphism
04 : T,Q — V, which satisfies 0,(D,;) = S and 0; (, )]s = 9q|Dq, where (,)|g is the usual Euclidean

inner product on S = IR?. Moreover, we denote by Gy the subgroup of GL(V) consisting on the linear
isomorphisms of V' that fix S, and which, when restricted to S, are orthogonal transformations of S. In
terms of the basis {€,} = {€;;€,} for V| Gy is the subgroup of GL(n) given by the following block triangular

matrices:
C B
o) .

where A and B are arbitrary real matrices (of functions), respectively (n —d) x (n —d), d x (n —d), C'is an
orthogonal d x d matrix, and detC detA # 0.

Consider a (local) 0-adapted coframe 6 for D. Put § = f'¢; + 0%€,, and look at @ as a column vector of

1-forms on Q: 6 =[] = [ goz . Thus (locally) 6 anihilates D and g|p, = (6)* + -+ + (6%)?| 5. Of course

such a coframe is not unique - the indeterminacy is measured by the gauge group Gy. Formally, we have a
Go-structure 7 : By = Bg, — @, where Gy is the subgroup of GL(n) given by the above mentioned block
triangular matrices. The group Gy acts on the right of By by the rule R,() =60 - g = g~'6 where 6 = [6°],
and g € Gy C GL(n).

If we fix a 0-adapted coframe 6 = [0?], defined on an open set U C @ (i.e., a local section of By over U),

then we have a trivialization of the Gy-bundle over U, given by:

T9: UxGy — Boly

(Q7g) — 9719q (2.3)

that is equivariant in the sense that 79(g, gh) = (gh) =0, = h=1g710, = h='79(q, 9) = 19(q,9) - h.

We now consider the soldering form © (or tautological V-valued 1-form), defined on By, through the
formula:

0, (v) =nom(v), v eT,By, 1€ by (2.4)
Note that on the LHS of (2.4), n is considered as a point of By, while on the RHS is considered as an

isomorphism 7 : Ty, Q — V, defined by n(v) = [n*(v)], v € Ty Q. The soldering form has the following
properties (see [10],[13], [20]):

e Equivariance: R7© = g 1e.
e Semi-basic: 1x® = 0, for every vertical vector field X (tangent to the fibers).

e Reproducing property: if o : U — By is a local section, then 6*® = o, where on the RHS o is
viewed as a V-valued form on U.

Using the local trivialization (2.3), it’s easy to see that (79*(9)(q 9 = g7 '0,. Let us denote 7;© simply
by ©. Then we have:

o) c B[
9(%57) = |: @gbg) :| = |: 0 A :| |: 9% :| , where g= |:

(¢,9)

o Q
=

] € Gy (2.5)

Following the equivalence method of E. Cartan (see [10],[13], [20]), we now choose a connection form, that
is, an equivariant go-valued 1-form w on By, where gy = Lie(Gy), that verifies the following two properties:

° w(Xg) =&, V€ € go, where Xﬁ is the infinitesimal generator of the Gy-right action on Bj.

o Riw= g twg, Yg € Gy.



If we put g = exp(t€), € € go in the equivariance property R;© = ¢~ 1©, and differentiate for t = 0, we
obtain £X€® = —¢£ - 0, and since Q(Xﬁ) =0 we get:

(Lxgdg) (v)
- (EXEG) - dbxga) (v)

4O (X¢,v)

= —£-0(v)
= - (w(Xg) cOV) —w(v)- @(Xg))
L (wne)xev) (2.6)

which shows that d® 4+ w A © is a V-valued semi-basic 2-form on By, and thus can be written as:
d®@+wANO =T (2.7)

where T is a V-valued semi-basic 2-form on By. This is the so called Cartan first structure equation.
T = Tw] is the torsion of the connection w, and can be expanded T = T¢,0° A ©’ © e,. However, if
we put, for each n € By, kerw,, = H,, we know that n — H,, is a n-dimensional distribution transversal to
the fibers and that ®"|Hn : 'H,, — V is an isomorphism. Using this isomorphism we can consider T as a
function:

T: By — V@AV 2= Hom(A2V, V), T =T e, @€ Nel (2.8)

that satisfies the equivariance:

T(n-g)(vAw) = gt T(n)(gv A gw), v,w eV, n€ By, g€ Gy (2.9)

Now we study how the torsion varies with the choice of the connection. So, let us assume that we choose
another connection form @. Then & = w + ¢, for some go-valued semi-basic 1-form of adjoint type, i.e.,
R = 9 g and 1xp = 0, VX vertical. Therefore, we can write ¢ = ¢,0%, for go-valued functions ¢,,.
Using again the above mentioned isomorphism ©,|,, :H, — V, and in terms of a basis {§,.} for go and

n

{€®} for V*, we can write ¢ as a function:
@ :Bo— go® V" =Hom(V,go), =, Qe (2.10)

for certain functions ¢}, on By. Therefore we see that the space go ® V* parametrizes the ambiguity in the
choice of the connection 1-form. We also have that ¢ is G-equivariant:

—1

en-g)(w) =g -pn)(gv)-g, veV,ne By, ge Go (2.11)

By Cartan first structure equation (2.7), we now have:
d®=-wNO+T=-GAO+T
where T is the torsion of @, and so:
T-T=(@-w)AO=pAO (2.12)

By (2.8), we have, for each € By, that T(n) — T(n) € V ® A2V*, and by (2.10) ¢(n) € Go®V* —
(V@ V*)® V*. Of course ¢(n) A ©(n) must be in V ® A?V*, and we can prove that, for each n € By, we
have:

T(n) - T(n) = ¢(n) A On) = (¢ (n)) (2.13)
where 4 is the torsion map 6 : go ® V* — V ® A2V*, obtained by the composition:

§:go@V = (VeV)eV* — Ve A V* (2.14)



where the last map skew-symmetrizes the final two V*-factors. In fact, in terms of the isomorphisms
go® V* =2 Hom(V, go) and V ® A2V* = Hom(A?V, V), the torsion map § can be written in the useful form:

(W) (v Aw) =p(v)w— P(w) v, v,w €V, ¢ € Hom(V, go) (2.15)

from where (2.13) is clear.

So we see that, under a change w — & = w + ¢, the torsion changes acording to T — T=T- 5(p),
which suggests studying the kernel and cokernel of the torsion map d:

d:ef (1)

def
9o =

ker ¢ coker & H(go) (2.16)

g((jl) is called the first prolongation of gy, and H%2(g) the intrinsic torsion space of gy. Because the
map 0 is Go-equivariant, it follows that these two vector spaces have natural induced Go-actions p!) : Gy —

GL(gY) and p°2 : Gy — GL(H"2(go)).

For an element t € V ® A2V*, denote by [t] € H%2(go), its projection into the intrinsic torsion space.
Then the computation above shows that [’i‘] = [T}, as maps from By to H%2(go). In other words, the map
[T] : By — H%2(go) is independent of the choice of the connection w, and so defines an intrinsic torsion
function of the Gy-structure By, which is equivariant:

[T](n - 9) = p**(g~ ) ([T](m)), Vi € Bo, Vg € Go

One of the main steps in Cartan’s equivalence method is to choose the connection w, using the freedom
w — w + ¢, so that the torsion simplifies as much as possible (this is usually called “torsion absorsion”). In
our case we have:

o= | | eaminn

that coincides with the left-invariant Maurer-Cartan form on each fiber 7=1(q) = Go, ¢ € Q, and Cartan
structure equation (2.7) takes the form:

a®' | _ [w) wp | [© ] | T8 A0"+Ti,6" A ©’ +T, 0’ N e (2.17)
de° 0 w§ e’ T%,07 AOF + T3,0" A0’ + T3, 0° A O
where w} = —w!. But we are free to add arbitrary semi-basic parts ¢} and @F, respectivelly to wj and w.

If we expand these semi-basic parts ¢} = cp%k(ak + 5,07 and w§ = ng@j + ‘9%7@_7’ and substitute in

the structure equation (2.17), we see that we can chqose these ¢'s so that the Ths. T, Ty and TG all

vanish. Now add a Semi—basiclpart cpj», with cpj +¢; =0, to w} We expand ‘Pé = (p;kek + <P§,7®’77 and

we can assume already that ¢, = 0. Now note that we can also assume that %, = —¢j;, since any three

tensor ¢’ skew in two indices and symmetric in the other two (i.e., ¢%; = @}; = —J,), must be zero (this
1

is called the S3 lemma). So, if we choose ¢’ = 5(T%;, — TJ,) we vanish (absorve) the T’ torsion terms.

Therefore by an appropriate choice of connection we can reduce the torsion terms in (2.17) to the form:

0
[ T30’ A O }
and, with this choice of connection the corresponding structure equation is (omiting the *):
i© ] _ [ w], e 0
{ 1e° } = [ 0 ws } " { e | 7| To,07 r ek (2.18)
or (compare with [5], eq. (5)):

oot i I
{ d® Wi N O Wi N © 219)

« (% o ] k}
d0* = - winO’ + T% 06



The second equation in (2.19) can be written in the form:
d0” =T 0’ AO" mod{O*} (2.20)
which reveals that T are the components of the structure tensor of the distribution D. More precisely,

if we choose a 0-adapted (local) coframe 6 = [§%] = { ga ] to the distribution D, with dual frame {X;; X, },
then, pulling back (2.41) via 6, we obtain:

do* =T, 67 A60*  mod{0*} (2.21)
where T7, (q) = T$,(0(q)), and so:
2T, = do*(X;, Xx)
= ](J;cej/\ek(Xjan)
= —0%([X;, X)) (2.22)

Incidentally, the previous computations shows that the intrinsic torsion space H%?(go) is V/S ® A25* &
Hom(S A S,V/S), where we recall that S is the subspace of V' generated by the first d vectors {€;};=1.... ¢ of
the basis {€,} for V:

HO2(go) = (V ® A°V*)/Im§ = V/S © A°S" = Hom(S A S, V/5) (2.23)

Now choose an adapted 0-coframe 6 = [§%] = { ga ] , and consider the Riemannian space with Rieman-

ds® =Y (0" + ) (0%)°

i

nian metric:

Consider also the connection 1-form given, in the gauge 6, by the go-valued 1-form w = §*w, with structure
equations the pull-back to the base of (2.19):

dd=—-wAN0+T (2.24)

(recall the reproducing property 8*@ = 6. We have also puted T = 6*T). Let X, denote the frame dual to
0¢. If we consider a trajectory v : I — @, the corresponding velocity is the vector field V', along ~:

V(t) = v () Xa(7(1)), where  v®(t) = 6%(7)
and its (w-covariant) acceleration is given by:

DV dv® DX
== X, 40" e
L = Xt () ()

|
/N
3|
fay
+
<
I~}
—~
N
&
)
—
Q.
S—
N~
=

(2.25)

In particular, if we assume that v is horizontal. i.e., ¥ € D, ), Vt, then splitting again the indices a = (4; a),

we have that v® = 0%*(¥) = 0, and so, since wy (¥) =0:

DV dv’ . :
J Qs .
7 <dt +v (t)wj(’y)) X;

- ()

D 1) w’m) Xi(4(1)) (2.26)



But what happens if we change the gauge? To see this, let us differentiate the equation R;© = g~ 1O, for a

; -1
. | e 4 _ | C B [ ¢t —ctBAT! )
fixed g € Gy, with ® = [ o ] and g7 = [ 0 A ] = [ 0 41 . We then have:

el O _[Ct —¢c'BAt T O ] _[Ccle-C'BATIe”
sle || o A7 e | A-le”

and so, using the structure equations (2.19):

d® = d(R:O")
= d(C'@' -Cc'BAT'O?)
= (C7'd®' - C'BAT'dO"

— (Y (—w; AOF — Wl A @ﬁ) —(C™'BA7Y) (—wf'; NOY 4+ T30 A @k)

12

—(C)iwl AOF — (CT'BATY), T, ©° A ©F
~ —(CHiw, AOF —(CTIBL(ATHi Ty 0 neF

~ —(C7Y) (wi - Bg(A*I)ngk@f) A ©F

~ —(CY) (wi - Bg(Afl)ngkef) ACEO™

~ —(C7Y (wg;c,’; - B;(A—l)ngkc@@f) re™"

~ —(C7Y) (wic,’; - Bg(A—l)ngkcgcgép) re"

~ —(CY) <wiC’fn B} A*l)ngkancﬁ@)p> rne"

~ ((c—l);wic};) A®" —(c:BiTS &' A 6" (2.27)

where ~ means = mod {@“}, and we have also used (2.34). But, on the other side:

~m

0 = &' A ® mod {©°} (2.28)

and &' = (C’_l);wiCﬁl, mod {®“}, and so, comparing (2.27) with (2.28), we deduce that, in order to
preserve covariance of the covariant acceleration (2.26), for horizontal curves, we must have:

(CHiBITS, =0
or equivalently (compare with equation (6) in [5]):
BiTS, =0 (2.29)

But this restricts the set of admissible coframes. In fact, if for example T(n) € Hom(S A S, V/S) is surjective
Vn € By, which means that D is a 2-step brackett generating distribution, then (2.29) implies that Bé =0,

and so we must reduce the gauge group to>:

Glz{[g H:CeSO(d), AeGl(n—d)}cGO

Hereafter we assume that D is a 2-step generating distribution. We then consider the corresponding G-
structure 7 : By = Bg, — @, and we choose a g;-connection form w, on B;, with structure equations:

de" | [wi 0 e’
o =[5 s e ]

3this is the case treated in [5].

(2.30)

T, 0 AOF + T!,0/ NO° + T ©° N @
T$,0' A0 +T%,0/ A0 + Ty 071 &




Arguing as before, we add an arbitrary semibasic form Y5 = <pgj(~)j + 90?1‘7@7 to wj, and using this
freedom, we absorve the Tj5 and Tj  torsion terms. Analogously, adding an arbitrary semibasic form
go;'- = cp;k@k to wé, with cp§ + gog = 0, we absorve the T;k torsion terms. With this choice of connection
form, the structure equation (2.30) reduces to:

@ ] _[wi 0 e’ Ti,©’ A ©" + T 0%\ 6’
{ 40° } = { 0 wg } " { o | T9.07 A ©F (2:31)
or (compare with [5], eq. (8)):
de' = wine] Ti @ re° T ,0% A ©°
) w; A\ 5 + ka© A\ g + B A (2.32)
d0° = wine’ + T4EO/ A0

Finally we can add an arbitrary semibasic form gaj = ¢§a®“ to wj-, with 4,0; + 4,0{ = 0, and arrange things
so that: .

ko = Tia (2.33)
and in this way the wz»—part of the connection w is uniquely defined.

Now look at the T, -part of the torsion T = T[w], defined by the second equation in (2.32). Denote this

torsion part simply by T, and recall that we may see T as a map n € By — ’i‘(n) € Hom(S A S,V/S) =

A25*®V/S. To see explicitly how Gy acts on this torsion part T, let us take a fixed g € Gy. Then, with g~ =

-1 _p—1pg-1 . N ‘
CO CAEA , the equation © def R;© = ¢~1©® implies that: e = (C_l)}ﬁ')k mod {©°},

~

e = (Afl)gGﬁ, and so ©®% changes to (Afl)%‘@ﬁ, when we apply the gauge transformation g. On the
other side, ® A ©" changes to (C”l)ﬁ(C”l)ﬁl@l A®™ mod{®"}. So, in one hand we have:

~ ~ ~0 ~m ~«
d0" =T2 ©® AO®" mod{O®"}=mod{O"}
and on the other: .
i@ = (A71)540°
= (AT, e AeF mod {©}
. ~1 ~m

= (AHST,CiCLO AO" mod{©”}

which means that the torsion part, that we are considering, changes according to:
[0 -1\« T C B
Thln0) = (A TACICH nebo a=| ) 4 | (234

In particular we see that G; acts exactly in the same way, since the B’s have no appearance in (2.34).

When D is a 2-step generating distribution, we can “normalize” the torsion part T in the following way.
In this case, we know that T(n) : SAS — V/S is surjective Vn € By, and thus, for each « =d+1,---,n, we
can choose a bicovector B* = T () €' A€ € A*S*, such that T(n)(B®) form a basis for V/S. But in A25*
we have a metric, since S is Euclidean, and we can choose the linearly independent B® orthonormal, with
respect to that metric, acting if necessary with an appropriate C-part of g (recall that C' € SO(d)). This
imposes the conditions (compare with (11) in [5]):
> 1T =67 (2.35)
ij
Which ¢'s preserve this T-torsion normalization ? Of course those for which A € SO(n —d). So we must
reduce the group to:

ng{g:{g g] C € SO(d), AeSO(n—d)} (2.36)

and this new Ba-structure defines an intrinsic metric for the normal bundle TM/D.



We proceed as before, choosing a connection for B, and doing torsion absortion. The structure equation
has now the form:

d®" | _[wi 0 e’
e [V ][ )

with w’ + w! = 0 and wj + w? = 0. Arguing as before (the S3-lemma), we absorve the T;-k and the Tj,

T, 0 NO"+ T ,0/ NO’ + T} ©° 1O

k= in - g (2.37)
T%,07 AOF + T,60/ A O + T4 0° N &

)

torsion terms. Then we can add an arbitrary semibasic form ¢} = ¢%,0% to w’, with ¢’ + @) =0, and

arrange things so that:
ko = Tha (2.38)

and in this way the wz-—part of the connection w is uniquely defined. Analousgly, we can add an arbitrary
semibasic form ¢§ = gogi@i to w3, with 3 + @2 =0, and arrange things so that:

o =TY, (2.39)

and in this way the wj-part of the connection w is also uniquely defined. With this choice of connection
form, the structure equation (2.37) finally reduces to:

@ ] _[wi 0 e’ T}, ©' N ©" + T, 0% 6’
{d@"‘}{ 0 wg%{@ﬂ Tl e nef 1,0 A e° (2.40)
J iB
or (compare with [5], eq. (8)):
i _ i J i @I a i a B
de" = w; N’ + Tia@,/\gk + T,0°N0 (2.41)
10" = w30’ + T4/ A0F + T9,0/ A6
with the following symmetries:
wh=-—w!, w§=-wl, L o=Tk oy =T, Y TeT) =67 (2.42)
ij

This finish Cartan’s intrinsic geometrization of 2-step non-holonomic systems. In section 4 we examine a
detailed example.

3 Cartan’s affine generalized spaces. Development

Denote by A™ the space IR"™ with its canonical affine structure, and its canonical affine frame, {0; E,}. As
usual we identify a point P € A™ with its position vector P = 0P. An affine isomorphism A : A" — A"
is a mapping of the form:

A:P—a+AP), PecA” (3.1)

where A € GL(n,IR) and a = A(0) € A" (only depends on A). They form a group GA(n), which is the
semi-direct product of R™ by GL(n), and for which we use the following homogeneous representation
GA(n) — GL(n+1,IR):

A a Ay { ; X } with A € GL(n,IR), a € R" (3.2)

which corresponds to identifying A™ with the affine hiperplane IR™ x {1} € R" x IR, through P — { Il) ] )

The Lie algebra ga(n) can be identified with the Lie subalgebra of gl(n + 1,1R) consisting of matrices of the
form:

{2 /0\] def con with ¢ eR", A e gl(n) (3.3)



The Lie brackett ga(n) is given by:
€D A n® Y] = (An—WE) ®[A, V] (3.4)

and the adjoint representation GA(n) on ga(n), by:

Adaay(®A) = (AN 'a+ Af) @ (AAATY) (3.5)
So:
ga(n) =R" & gl(n) (3.6)
and this direct sum is reductive:
AdGA(n)IR” C R" (3.7)
In fact:
Ad(a,A)(é @0)=A{0, V(a,A) € GA(n), V¢ € R" (3.8)

Let @ be a n-dimensional smooth manifold, and for each point ¢ € @ let A4,Q) be the affine tangent
space, i.e., the tangent space T,() with its canonical affine structure. Points in A,Q will be denoted by
0,,P,,Qq, ..., and vectors on T,Q by X,,Y,,... (but we omit the subscrite ¢ when there is no danger of
confusion). An affine frame for 4, consists on a point P € A,Q together with a linear frame {X;,}o=1n
for T,Q. We denote such a frame by {P; X, }.

Let A(Q) the affine frame bundle over @ (see [11], section II1.3 or [15]), which is a principal fiber bundle
with group GA(n), acting on the right of A(Q) b

(P;X,} (a=(a%),A = (AD)) = {P +a"X,; X,Al}

If {P; X,} and {Q; Y,} are two frames for A,(Q), then there is a unique g = (a,A) = (a% Af) € GA(n)
such that {P; X,} - (a% Af) = {Q; Y,}. In fact we determine a and A by the equations Q = P + a*X,
and Y, = X A7, ie., (a, A) measure the relative position of the second frame relative to the first one.

Hereafter we identify a point ¢ € @ with the point 0, € A,Q (the origin of T,Q). Consider an linear
moving frame {04;X,(¢)}, defined on an open set U C Q. For example, if (U;¢®) is a local coordinate
neighbourhood for @, then, for each ¢ € U, {04;0/0¢%} is an affine frame for A,;Q. Each other frame
{P; Y,} for A,Q determine unique (y*,Y,*) € GA(n) such that P = y*X, and Y, = X,Y;*. Thus we see
that (¢%,y*,Y,%) is a trivializing local coordinate system for 7=1(U) 2 U x GA(n) C A(Q).

Now let us consider a generalized affine connection on @, i.e., a connection on A(Q). Let @ the
corresponding connection 1-form, which is a ga(n) = R" & gl(n)-valued 1-form on A(Q):

w=¢*Dwy (3.9)

By the general theory (see [11] or [15]), we know that on 7= (U) = U x GA(n), @ has the following expression:

w = phw =" duwy

Adyy> Hpow)+ (v, Y) Hd(y,Y)

= Y'ly, Y )(pow (y,Y)+ (=Y 'y, Y 1)(dy,dY)

(Y-! cp+wy+dy)) ® (Y 'wY + Y 'dY)

Y He (dy® + " +wly®) @ (Y12 (dYf +wl YY) (3.10)

(where y =y, Y = Y%, ¢ = 9% w = w?), for a unique ga(n) = R" & gl(n)-valued local “gauge potential”
w = ¢* @ wy defined on U. If we put:

Soa _ ]_—vg eb

wy = TIg.0° (3.11)
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where (04;X,(¢)) is a linear (affine) moving frame defined on an open set U C @, §%(q) the corresponding
linear dual coframe, and I'y, 'y, € C°°(U), then from (3.10):

e = (Y (dy’ +¢" +wly)

= (Y"h¢ (dy® +T26° + T, 6°y°) (3.12)
wi = (Y7o (dYy +wiYy)

= (Y7He(dYy +T¢, 607 YY) (3.13)

When I'¢ = 67, so that ¢* = 6%, then (the pull-back to the linear frame bundle of) ¢ is equal to

g def (Y1) 6® which is the canonical (tautological or soldering) form on the linear frame bundle of

Q. In this case, we call @ an affine connection on @ (see [11], pag. 129 or [15]). Moreover we see that (the
pull-back to the linear frame bundle of) w{ defines a linear connection on (). Hereafter we only consider
affine connections.

Consider now a curve 7 = ¢, 0 < t < 1, contained on an open subset U C @, where is defined a linear
moving frame {04;X,(q)}qecr. Then we can define the horizontal lift 7 of 7, with respect to the affine

connection w, as the curve 7 on A(Q) (i.e., a curve of affine frames) such that (%) = ¢; and @ (ﬂ) = 0.
In local coordinates, if ¢, = ¢%(t), then 7 = (¢*(t),y*(¢), Y,*(¢)), and:

< - 0 0 . O
Tt = 0(ge) Xala) + 9 Dy° + Yy Yy

and therefore, by (3.12) and (3.13), the condition of horizontality, @ (ﬁ) = 0, translates into the following
system of ODE’s:

dy® | do° :
G+ @ ey = 0
(3.14)
d;/g’ +wd Yy = 0
or more explicitly:
dy® do° do°
% + Tdt + Flc)eyc . 0
(3.15)
dy,” . dof
@t +FngbP “dt = 0
by
where ddi: means of course dQT(tq‘).

Take a linear (affine) frame {04,; Y, } for Ay Q. Then the horizontal lift 7;, obtained solving the above
ODE’s (3.15), with initial conditions y*(0) = 0 and Y,*(0) = Y;*, where Y, = Y;*X,, defines an affine
isomorphism, called the affine parallel transport along 7, that we denote by the same symbol:

?t : AFIO Q - AQt Q

3.16

(0 Ya} — (PuYa(t)} (316)
that maps the frame {04,;Y,} into the frame {P;;Y;(¢)}, where:
Py = y(t) Xa(q)

(3.17)
Yi(t) = Y'(t) Xalgr)

and, as above, y*(t), Y*(¢) is the solution to the above ODE’s (3.15), with initial conditions y*(0) = 0 and
Y, (0) =Y,

Now, from the second equation in (3.17), we see that:

Py = y*(t) Xala)
= Y ()Y a()Ys(t) (3.18)
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and so the point 0,4, € Ay, @ is the point —y®()(Y ~1)% ()Y, (t), with respect to the affine frame (Py; Y (2)).
Therefore 7, ' maps this position vector onto —y®(t)(Y~1)2(¢)Y}, which, as ¢ varies, describes a curve in

Ay, @, which we denote by:
P(t) = —y*(O)(Y " 1a(t) Yy (3.19)
and is called the development of the curve 7 = ¢; in Ay, Q. If we differentiate this, taking into account the

—1\b
second equation in (3.14), from which we deduce that % = (Y1)%we, we compute that:

P _(dy“

—1\b
O & 2 U RTRCE L B

dt
. ((djt - w;?ye) (1) + y“<t><Y1>z<t>w2) Y,
do®

= S(TDY, (3.20)

In particular, if in (3.20) we take Y, = Xp(go) = X, as our initial frame and put:

with (Y ~1)5(0) = 62, then {e,(t)} is the image in A, Q of the linear frame {X,(q;)} by (the linear part of)
Tl A, Q — Ay Q, e
ea(t) =7 ' (Xalar)

and {e,(t)} is a moving frame in A4, Q. Using the second equation in (3.14), from which we deduce that
b

7 (Y~1)2we, we compute that:

e*ar

de, db°

= (Y o) we Xp = TG — - ec(t 21
o 0w X = 15, D 1) (3.21)
Thus the solution (P(t);e,(t)) of the system of ODE’s:
@ = ded(tljt) eq(t)
(3.22)
c c doc(q:
ddeta = Wa(Qt) eC(t) = Fae ((Zt) # ec(t)

gives a moving frame in A4, @, and P(t) describes a curve starting at the origin go, which is the development
of T =¢q in A, Q.

The curve T = ¢; is called a geodesic (or auto-parallel curve) of the affine connection w if the development
of 7in A, Q is a straight line. So we must have P(t) = at + b, where a, b are constant vectors in T, Q.
Differenting P(t) twice we obtain, using (3.22):

d*0° dg® doe
— 4 I ——— = 3.24
PTER P TR (8:24)
which are the equations of a geodesic.

Assume now that the linear connection w is a gg-connection:

%

wi Wl
(4 2]

4Cartan usually writes the system (3.22) in the simplified form (see, for example, equation (10) in [5],[6],[7] and also reference

o { dP 0
de,

c
w§ ec

(3.23)
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Choose a linear frame {04; X,(g)}, so that {X,} = {X;; X, } and X, is a local basis for the distribution D.
Then €;(0) = X,;(qo) is a basis for Dy = Dy, = IR%. Let us compute the development in AgQ of a curve
T = ¢q¢ (not necessarilly horizontal). We have:

de: o
o I i e.(t)

. do . do”
= Fijdit. ec(t) + Fiaﬁ ec(t)

de’ do
Ty e e(t) + rfaﬁ ex(t)

= (tha ™ et ) e (3.25)

because I = 0, which means that the moving frame {e;(¢)} always evolves within Dy. After solving the
ODE’s (3.25) for the {e;(t)}, with initial condition e;(0) = X;(go), we substitute in:

ar dﬁi(qt)
o= e (3.26)

and we obtain now an ODE for the development P(t) of 7 = ¢; in Dy = IR?. In particular for an horizontal
curve, i.e., 0%(¢;) = 0, its development is the curve in D, obtained solving the above ODE’s. In section 4 we
will see an explicit computation of development of a curve.

For an affine connection w = 6 @ w§, we can define the corresponding curvature 2-form in the usual

way:

Q=do+wAhw

Then its pull-back to the linear frame bundle is given by:

0 0 — 4 0 O n 0 O A 0 O
Qr Qp N 0° Wy 0" wy 0 wy

{ 0 0 } (3.27)

A0 +wi N8 dwi + wd Aws

from which we read the structural equations:

Q= dO* +wing
{ Qy = dwj+wlAwj (3.28)
The first one:
de® = —wi N B" +Q° (3.29)

defines the torsion Q¢ of the affine connection - an IR"™-valued semi-basic 2-form on te linear frame bundle
L(Q) over Q, that can be written in the form:

0 =QL 6" N 6° (3.30)

The meaning of this torsion is well known (see for example [9], [6]) - take an ordered pair (u,v) of tangent
vectors u, v € T,Q, and extend them to vector fields U, V € X(0), defined in an open set O C @, containing

g. We may also assume that [U, V] =0 in O. Consider now a “small” loop AgU’V), based in ¢, defined by:
ALY =Y oY oVl (q) (3.31)

where ®Y (resp., ®V) is the local flow of U (resp., V). Then we develop the loop AEU’V) in T,Q, to
obtain a curve P<(¢), 0 < ¢ < 1 that starts in ¢ = 0,. But, in general, this curve P¢(t) doesn’t close, i.e.,
P<(0) # P<(1). In fact, we can prove that, to second order in €, the failure of P¢(t) to close is measured by a
vector in T,Q = IR", depending only on u A v € A*T,Q (and not on the vector fields U, V'), which is exactly
the torsion of the connection at g evaluated in u A v: Q%(u A v).
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If we look again to equations (2.41), of section 2:

@ = win® + T e Ae* + T ,0°70"
10" = wijne’ + THe/AeF + T$,0/N6e°

that gives the Cartan’s intrinsic geometrization of 2-step non-holonomic systems, we see that we have two
Euclidean connections wé and wj, that conduces to two developments, respectively in Dy and Dy (we
choose a complementary subspace Dy to Dy so that Dy = V/S). The first development has torsion along
“infinitesimal loops” uAv € A*T,, Q, with u € Dy, v € Dy or u,v € Dy, and the torsion vanishes if u, v € Dy.
The second development has torsion along “infinitesimal loops” u A v € A?T, Q, with u € Dy,v € Dy or
u,v € Dy (in this last case the torsion relates to the integrability tensor of the distribution D), and the
torsion vanishes if u,v € Dy-. Moreover we have the symmetries given by (2.42).

4 Example. The constrained particle.

Here we apply the above methods to the so called constrained particle in Q = Riyz (see [17], pag. 256,
[4], pag. 2035 or [3], pag. 53), with kinetic energy:

g=2T =i’ +¢* +2°

and constraint:
0° =dz — ydx

As we have already remarked in the introduction, in these papers, the connection found is neither metric
nor unique. On the contrary, and this one the main differences of the approach we develop here, the
connection found below is intrinsically associated to the non-holonomic system, and moreover it is a metric
connection, though in general with torsion. The difference is therefore very explicit (compared with [2],
example 2 and [4], example 6.2). In both these works the connection is not metric. Another subject that
is treated here and not elsewhere (to our knowledge), is related to the development of Q = IR? into (affine)
R? = Dy C ApIR?, along any curve starting at 0, associated to the intrinsic affine Euclidean connection
that is determined below.

We have that D = ker # = span{Y1, Y2}, where Y; = 8, and Y2 = 8, + y9.. Note that {V7,Ys} is a
T-orthogonal basis for D. Moreover Y12 = [Y1, Y3] = 0., and so the nonholonomy degree is 2. We call D a
2-step distribution with grow vector (2, 3).

We start with the following 0-adapted orthonormal basis:

_8:v+y8z __y8x+az

X, = 0 s Xo ) X3 (41)
Y 1+ 42 /T+ 42
so that D = span{ Xy, X5}, with corresponding dual basis:
d d dz —yd
ol =dy, 2= EVE = LY (4.2)

/1 + y2 ’ /1 + y2
so that D = ker 2. By construction, (6')2 + (92)2|D = ¢|p, and so this is in fact a 0-adapted coframe to

D. We consider now the G;-structure B; = IR® x G, over Q= R3, trivialized with respect to our choice of
the initial 0-adapted coframe (4.2), where Gy is the group:

cosp —singp 0
G, = sinp cosp 0|, peR,aceR-{0}
0 0 a

The corresponding tautological form on B; is:

e! cosp sing 0 o
©=| ©% | =| —sing cosp 0 62
e? 0 0 1/a 63
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So:
1
O! = cos 0! + sin p 62, ©? = —sinph + cosph?, e’ = -4 (4.3)
a
where 6% are given by (4.2), and we compute that:
0'NE* = ©'AB?
0'ANG? = acosp®'AB®® —asing®* B3
2N0° = asinp®'A®®+acosp®’ O (4.4)
We also need the following computations:
1 1
o' =0 do? = o' A 63 do? = — o' A 6? 4.5
’ 1+ y? ’ 1+y? (4:5)

Therefore the first derived system J() is generated by 6' A 62. So, from (4.3), (4.4) and (4.5), we deduce
that:

10 = dpAe?+ 181152 (a cosp®' A O — asinp O A OF)
2 1 COS . 1 3 2 3
de* = dp N O —|—1+y2(acosg0® ANO° —q singp © /\@)
d 1 1
i®® = -“re'--—_e're’ (4.6)
a al+vy
and thus the structure equation is:
sin p cos sin?
40! 0 dp 0 o' a%@l/\(BB—aHyf@QA@?’
dez =|-dp 0 0 IA @); +] e £0'AO% — o ee @2 ) ©° (4.7)
_da 11 1 2
de® 0 0 m (S} —1 77010

Now take a look at the T%,-torsion term, defined by the last equation d®® = T3, ©' A ©®* mod{©*}:

1 1

T3 v Iy <~y Uy e E—
12(7,y,2,a,9) alt g2

Of course we can choose a section of our By = IR? x G bundle, trivialized with respect to our choice of the
initial 0-adapted coframe (4.2), say:
U : (:1:7 y7 z) [ — ($7y7 Zva($7y7 2)790(‘%7 y? Z))

so that T3, becomes constant and equal to 1 (this is called torsion normalization or group parameter
normalization). In fact, take for example:

-1
o: (.’L’,y,Z) — (x7y7zaa($>y72) = Wv (p(xai%z) = 0)

Then, for the corresponding moving coframe, obtained from the initial O-adapted coframe (4.2), acting on
the right with g:

o o' =d
1 Y
> 01 o 02 = L g (4.8)
= 1+y2 = :
53 0 0 _(1 + y2) 93 = dz—ydx _(1 + y2) 93

\ 1+y2

we will have T3, (0 (z,y,2,a,)) = 1. Now we ask - for which coframes the torsion remains constant and
equal to one ? To answer this, let us see how T3, changes under the G-action? We know that R;©® = g 10,
cosp sinp 0
so, with g7' = | —sing cosp 0 , with a # 0, this implies that:
0 0 1/a

1
R;©°=-©°
a
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We take the exterior derivative of both sides mod{@®}:

1 1
- de® = - T,0' A ©% = R;dO®® = (R;T},)R;(®' A ©®%) = (R;T},)®' A ® mod{©’}

and so the T3, changes according to:

" 1
RgT?2 “a T§2

So we must have a = 1, and we reduce our G group to the G5 group:
cose —sing 0

Gy = sing cosp 0|, peRp CGy
0 0 1

and take a G5 bundle By = IR? x Gy, trivialized with respect to our choice of the 1-adapted coframe given
by (4.8) (this is called group reduction). We then choose a connection for this Bs bundle, and compute
the corresponding structure equation (we have omited the “hats” over the @’s):

sin sin?
e’ 0 dp 0 ©! —EanL 0 ne’ + 15 07 A e°
2 S in
d@)z =| —dp 0 0|A @2 +| 550 N0+ B2 e° A 0° (4.9)
d@ 0 0 0 @ @1 A (_)2 + 1iyyz®1 /\93
Now changing:
dp — dp + C10' + .02 + C30°
we get:
de! 0 dp 0 e! C,0' A ©% + C30° A ©?
d®? | = | —dp 0 0 @’ |+ | -0’ N0 - ;0% A0 | +
de?® 0 0 0 e? 0
_Si(rif;(;)sf AN + (fif:yzﬁz CXINCE
e @' N OF 4 el 92 ) (4.10)
©'ne’+ 24,0 A 6°
and choosing C7 =0 = Cy and C5 = W, we get the structure equation:
de' 0 w 0 o' A®'ANO®’+BO*NO°
@2 | = | —w 0 0 e’ |+ | Be're*-A40°)6° (4.11)
e’ 0 0 0] e ©' N0’ + 7,06’
where: )
sin  cos ¢ 1 —2cos“¢p
_d @3, A- _Snpeosy . 4.12
“ Wt e @ (T2 2+ 72 12

The development in Dy, with respect to the w-connection, has symmetric (according to (2.42)) torsion along
“infinitesimal loops” u A v € A*T,, Q, with u € Dy, v € Dy, and the torsion vanishes if u,v € Dy.

If we choose a gauge corresponding to ¢ = 0, i.e., our l-adapted coframe given by (4.8), then the base
structural equations become:

do* =  wA0* + BOAG
9> = —wAl' + BO'AG (4.13)
2
do® = 01N>+ 0 NG
where: ) .
— 3 _ —
S 2(1+y?)? 7 b= 2(14y?)? (4.14)
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and:
dr +yd
o —dy, 2="TFYE s T2 (d— yde) (4.15)

Vity?'
Take a parametrized curve in IR, v(t) = (2(t),y(t), 2(t)), so that ¥ = 0, + 99, + 20, = 0°(¥) Xa(y(t)),
where the ¢’s are given by (4.15), and the X's are the corresponding dual basis. We develop this curve into
]Riy = Dy, with respect to the basis {e1 = X;(0) = 9y, e2 = X2(0) = 0.} for Dg. The equations for this
development are (see (3.22) and (3.25)):

% _ d@i(d,z(t)) e; (t)
, (4.16)
. i o s
dei = (D (1) G 1T, (7(1) 2 e(t)
With w = wi = —wi = W 62, we have that the only non trivial I''s are I's; = —T'3, = W, and so:
1 do(3(t do® (5
{ ddit = Ti(0() 3511(1‘)) ex(t) = 2(1+yl(t)2)2 %(t)) ex(t) (4.17)
e 6% (5 0% (5 :
& = ThHOW) g el) = —rpmr a2 el

which are the differential equations for the moving frame {e;(t),ez(t)}, evolving within Dy, starting for
t =0 with {e; = 0y, eo = 0,}. After integrating these equations we substitute the e;(t) in the first equation
(4.16), to obtain the differential equation for the development of -y in Dy:

P _ d0'(3(1))

(T 4.18
pr Q) (4.18)
In particular, if v is an horizontal curve, which implies that 62(%) = 0, we obtain dd% =0 and % =0, i.e.,
e1(t) = 9, and ey(t) = 9,, and so:
dpP _ do'(4(t)) do*(4(t))
ar 41
dt i vt g O (4.19)
As a concrete example, take () = (t?/2,0, —t%/2). Then 63(¥) =t and
der —  ley(t) eil(t) = (cos 3t) ey + (sin 5t) e
di 2 €2 N 1 ) ! 2 4.20
R b A R e+ Dt (420)
where e; = 9, and ey = 9,. Thus, since (%) = 0 and 6%(¥) = t, we have:
dP 1 1 1 1
i (sm 2t) e+ (cos 2t> e = P@t)=2 (sm it’ —1 + cos 27,‘) (4.21)

since P(t) must verify the initial condition P(0) = (0,0).
Now, with X7, X5 given by (4.1), we have:

. . . def
o= M) Xi(v(1) + 02(9) Xa(7(t) = vt Xy 402 Xo
Or +1y0 v? yv? . . .
1 2%Vx z 1
= v 0, +v = Oy +v 0y + ——0, = 0, + 40, + 20,
Vv Vv e v
. U2
v vV 1+y? o= g
= ] vt = { _ ‘11/1—2 (4.22)
;o vo= Tyt
\V 14+y?

and the equations for a geodesic v are:

d [ vt 0 w vl . 1 3
R e e i
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So they are (compare with [2]):

dv’ -

a  — Y =0 i = 0

&y 5. = { Ly (4.23)
{ @ = ﬁ+y2m+ I+y*2 = 0 i+ fziy = 0
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